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Abstract — In this study, we examine a distinct set of twisted surfaces in the three-dimensional Euclidean
space E3. Our focus lies in the investigation of the differential geometry of this surface family, including
the determination of their curvatures. Furthermore, we establish the essential conditions for minimal
surfaces within this framework. Additionally, we calculate the Laplace—Beltrami operator for this
particular surface family and provide an illustrative example.
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I. INTRODUCTION

Initially, Chen [4, 5, 6, 7] proposed the notion of
sub-manifolds (s#) of finite order, which are
immersed in Euclidean space E™ or pseudo-
Euclidean space E}'. This was accomplished by
employing a limited set of eigenfunctions obtained
from the Laplacian operator. Subsequently,
significant attention and research efforts have been
devoted to exploring and investigating this subject
matter.

Takahashi  established that a Euclidean
submanifold is categorized as 1-type if and only if it
is either minimal or minimal within a hypersphere
of E™. The construction of minimal submanifolds
was pioneered by Lawson [20]. Subsequently,
Garay [16] investigated Takahashi's theorem in the
context of E™. Aminov [2] extensively examined
the geometric properties of sm. Chen et al. [8],
throughout four decades, devoted their research
endeavors to the study of 1-type submanifolds and
the 1-type Gauss map (Gm) within the framework of
space forms.

In the three-dimensional Euclidean space,
denoted as E3, Takahashi [22] conducted an

investigation into the properties of minimal
surfaces. Ferrandez et al. [14] established that
surfaces exhibiting specific characteristics are either
minimal cross-sections of a sphere or a right circular
cylinder. Choi and Kim [10] directed their research
towards the study of the minimal helicoid, which
demonstrates a pointwise 1-type Gauss map gm of
the first kind. Garay [15] introduced a class of
surfaces of finite type based on revolution. Dillen et
al. [11] explored a distinct set of surfaces
characterized by certain properties, including
minimal surfaces, spheres, and circular cylinders.

Moreover, significant research endeavors have
been conducted by Berger and Gostiaux [3], Do
Carmo [12], Gray [17], and Kreyszig [18] regarding
the investigation of twisted surfaces named
helicoids.

The purpose of this research is to investigate the
properties of a family of twisted surfaces in the
three-dimensional Euclidean space E3. Our specific
objectives are to compute the matrices associated
with the fundamental form, Gm, and shape operator
(sp) for this surface family. Utilizing the
Cayley—Hamilton theorem, our aim is to determine
the curvatures of these surfaces. Moreover, we seek
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to establish the conditions for determining
minimality within this framework. Additionally, we
aim to explore the connection between the Laplace-
Beltrami operator and these specific types of
surfaces.

Section 2 provides an extensive elucidation of the
fundamental principles and concepts that form the
basis of three-dimensional Euclidean geometry.

Section 3 is devoted to presenting the curvature
formulas to surfaces in E3.

In Section 4, we provide a comprehensive
definition of the family of twisted surfaces,
highlighting  their  unique  properties and
characteristics.

Section 5 shifts the focus towards the discussion
of the Laplace—Beltrami operator for a smooth
function in E3, along with the application of the
aforementioned surfaces in its computation.

Lastly, we conclude the research in the final
section.

Il. PRELIMINARIES

In this work, we adopt the subsequent notations,
formulas, equations (Egs.), and other relevant
expressions.

Let M be an oriented hypersurface in E**1 with
its so S, position vector x. Consider a local
orthonormal frame field {e,, e,, ..., e,,} consisting of
principal directions of M coinciding with the
principal curvature k; fori = 1,2, ..., n.

Let the dual basis of this frame field be
{Q,Q,,...,Q,}. Then, the first structural Eq. of
Cartan is determined by

n
d.Qi = Z ‘Qj /\(,L)ij,
i,j=1

where w;; indicates the connection forms
coinciding with the chosen frame field. By the
Codazzi Eq., we derive the Eqgs.:

ei(k;) = wy(e;) (ki — k),
(Dij(el)(ki - kj) = U)il(ej)(ki — k),

for different i,j,l = 1,2, ..., n.
We assume
k),

Sj = O'j(kl, kZ'

where o; denotes the j-th elementary symmetric
function defined by

1Si1<i2<"'<ij$7’l

gi(ay,az, ..., a,) = Qi Ay e Qi

We give the notation
q)l] = O-j(kl, kz, ey ki—ll ki+1, eey le)'

We get

and

Sn+1 = Sp4z2 = =+ = 0.

The sy, is referred to as the k-th mean curvature
(Me) of the hypersurface M. The MC is described

by

H_l
_nsl'

and the Gauss—Kronecker curvature of M is
determined by

K =s,.

If s; =0, the hypersurface M is known as j-
minimal.

In Euclidean (n + 1)-space, to obtain the
curvature formulas K; (See [1] and [19] for details.),
i =0,1,...,n, we have the following characteristic
polynomial Eq.:
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Ps(x) = Z(—l)k sx™ k=0,
k=0

that is,
det(S — x)7, = 0. (2.1)

Here, i = 0,1, ..., n, J,, denotes the identity matrix.
Hence, we obtain the curvature formulas

()=

We consider the immersion r=r(u,v) from
M? c E? to E3.

Definition 1. An inner product of two vectors
a = (al,a% a%) and b = (b',b?,b3)
of E3 is determined by
(a,b) = a'b! + a?b? + a3b3.
Definition 2. A vector product of
a = (a,a% a%) and b = (b',b? b3)
of E3 is defined by
€1 €2 €3
axb= det(a1 a’ a3>.
bl b? b3
Definition 3. The matrix
(1) (0)

describes the so matrix S of surface r in Euclidean
3-space [E3, where

(gij)2x2 and (bij)2><2

determine the first and the second fundamental form
matrices, respectively, and

aij =t 1), by =(r;, @), i,j =12,

d . 92 . .
1, =£Whenl = 1,1y =5 —wheni = 1landj =

2, etc., e, denotes the base elements of E3, and

T, X1,

= — 2.2
Tt X 5] (2.2)

indicates the Gm of the surface r.

I11. CURVATURES IN THREE-SPACE

In this section, we give the curvature formulas of
any surface r = r(u, v) in E3.

Theorem 1. A surface r in E3 holds the following
formulas,

j(:o:l, 2:7(‘1:_@, .‘}(2:@

3.1
Up) Up) 31

where
Nt +mT+1,=0

determines the characteristic polynomial Eq. of the
sp matrix,

n, = det(g;;), no = det(b;;),

(8ij),,, indicates the first fundamental form matrix
and (b;;), , denotes the second fundamental form
matrix.

Proof. The matrix
-1
(s;)  (biy)
determines the so matrix of surface r in Euclidean
3-space [E3. We obtain the characteristic polynomial
Eq.
det(S — xJ,) = 0.

Then, we have the curvatures

(=1
()=
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Definition 4. A surface r is named j-minimal if X =
0, where j = 1,2.

Theorem 2. A surface r = r(u,v) in E3 has the
relation

Ho(ti;) — 226, (bi;) + H,(8i5) = O,

where (g;;), (i), (t;;) determine the fundamental
form matrices, O, represents the zero matrix.

Proof. Taking n = 2 in (2.1), it works.

IV. TWISTED SURFACES FAMILY IN [E3

In this section, we define the twisted surfaces
family (TSF), then find its differential geometric
properties in Euclidean 3-space E3.

A ruled surface, denoted by
r(u,v) =p() +uq)
=a(0,0,v)
+u(cosv, sinv, 0)

where a # 0, can be classified as a right twisted (or
helicoid) in E3 if it can be generated by translating
a straight line that intersects a fixed straight line,
while maintaining a perpendicular relationship
between the lines throughout the generation process.
By considering the xy-plane as the perpendicular
plane and selecting the z-axis as the reference line,
the parametric equation for the right twisted surface

IS given as:
X Uu Cosv
r(u, p) = (y) = <u Sil’lU))
z pv

whereu € R, 0 < v < 2w, and p # 0 represents the
pitch. Further details can be found in the works of
Berger and Gostiaux [3], Do Carmo [12], Gray [17],
and Kreyszig [18].

Definition 5. A TSF is an immersion t from
M? c E? to E3 with rotating axis z, defined by

x #(w) cosg(v)
t(u,v) = <y> = | #() sing(v) (4.1)
z A(u) + p(v)

where pitch p # 0, and
f=Ffw, g =9W), A=A, £=4£)

denote the differentiable functions.
Taking the first derivatives of TSF determined

by Eq. (4.1) w.r.t. u, v, respectively, we obtain the
first fundamental form matrix

fi+ AL phytey )
) = 4.2
60 = Cone 292 1wims) @42
where
u ou/ ’ G ov)’
2 (6%)2 e <64f’a)2
v \ou/) ” TV \ow/
Hence,

D = det(q;) = #2(F2 + £2Dg5 + v Fikl.

Using (2.2) we obtain the following Gm of the TSF
determined by Eq. (4.1):

p’ﬁu’kaingf - #’hug'vcosg'
—pFyute,co08g — Fhy,g,5ing |, (4.3)
$Fudv

G

= D1/2

By taking the second derivatives w.r.t. u, v, of TSF
described by Eq. (4.1), and by using the Gm given
by Eq. (4.3), we find the components of the second
fundamental form matrix

b1 = ##gv (#u/buu - /Lu#uu),

1
b2 = __pﬁig),/&v = D21, (4.4)

D2
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1 .0 =3
b2z = _T/Z# (fg’gh’u + p’ﬁu(g’y’kvv - kvgvv))v . ou? " dv?
£y ect.- By using (4.2) and (4.4), we compute the
following so matrix

Py =

and
924 9% S = (5i)
fuu = W' Gy = W} _
of (4.1) with components
_ gv[#gg’g(#uhuu - h’u’ﬁuu) + pzkg(#('ﬁuhuu - /Lu#uu) + ’Iﬁ%h’u)]f
$11 = Dg/z
_ p’kv[ﬁ%g’s(’ﬁz + ’hzzz) + pzﬁgg’vszy + p#ﬁu(g’v’hu/&vv - hu/&vg'vv)]
$12 = — @3/2 ’
_ pGutey [f’ﬁu(’ﬁu’ﬁ'uu - ’ﬁuhuu) - ﬁt% (#1% + /Li)],
$21 = @3/2
Dbt |2 + A gu + 9o (PBBuFE + Aoy + Ao (£93 + 02 R3)EE + £9342) )]
S92 = — )
503/2

Finally, using (3.1), with (4.2), (4.4), respectively, Theorem 3. Lett be a 7’SF determined by Eq. (4.1)
we find the curvatures of the T7SF defined by Eq. in [E3. t contains the following curvatures
(4.1) as follows.

:]CO=1,

1
251 = 37 O bhugu ki + £ Fudi o + 20 Bigu Pk + 7 g0

_pzfg’vhu&gﬁ'uu - 15‘39/73/%#% + ’ﬁ'zg’g%i - p##skvg’vv + Pfﬁ%/@w

_p#’ﬁu’ha’kvg’vv + p’ﬁ"ﬁug’v’hi’kvv)'

1
K, = Eg‘v(#zhu(_’ﬁg’gﬁu + pﬁukvgw - pﬁugvkw)#uu - (#2(—#g3ﬁu + p’fug’vv’kv

_pg‘v’ﬁu%vv)’huu + pz’ﬁsg’v’ki)’ﬁu)

Here, K, represents the MC, K, denotes the
Gaussian curvature. Proof. By using the Cayley—Hamilton theorem, we
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reveal the following characteristic polynomial Eq.
of the so matrix of TSF defined by Eq. (4.1):

:7(:0)(2 - 23‘(1)( + ‘7(2 = 0

where

2Ky =811 + 522,

Kz = 911522 — $12%521-
The curvatures K; of t are obtained by the above
Eqgs.
Corollary 1. Let t be a 7SF defined by Eq. (4.1) in

E3. t is 1-minimal iff the following partial
differential Eq. holds

P2 #fugo ot + 8 Fugifu
+20% 85 g P bl + § Gobifu
—P* b hutish, — 8 Fotub,,
+# gohs — vhfi v
+pftiGukoy — PEFUALA G0y
+pfugofiitery = 0,

where D # 0.

Corollary 2. Let t be a 7SF determined by Eq.

(4.1) in E3. t is 2-minimal iff the following partial
differential Eq. reveals

#zgvhu (_#g’iﬁu + p’ﬁ'u’kvg’vv - p#ugv’kvv) Fuu
_(#ng(_#g)ghu + p’ﬁug’vv’kv - pgv’ﬁu’kvv)’huu

+P21§3%/&5)#u = 0.

where © # 0.

V. LAPLACE—BELTRAMI OPERATOR OF THE
TWISTED SURFACES FAMILY IN E3

In this section, our focus is on the Laplace—
Beltrami operator (LB¢) of a smooth function in E3.
We will proceed to compute it utilizing the TSF,
which is defined by Eq. (4.1).

Definition 6. The LBo of a smooth function ¢ =
@(xt,x?) in D c R? of class C? is the operator
defined by

fo = :oi/z Z ox! (91/2 ' a(p1>’ (-1
ij=1
where
(Qij) = (gr) ™"
and
D= det(gl-j).

Therefore, the LBoof the TSF given by Eq. (4.1)
is determined by

119 oty 9 ot
Y (12,1190 9 (172,129
Di/2 [au (Q g au) HED (CD g av)

d ot d
T (~1/2.21 7" v
+ v (tD g 6u> + v

At =

ot
(1)1/2922 a_)] ,(5.2)
v
where

o _ B gE+v A
g D )

p’hu’kv _ 21

12 _

2 2
o _BotH

g 5

Taking the derivatives of the functions determined
by Egs. (5.3) in (5.2), w.r.t. u and v, resp., we find
the following.

Theorem 4. The LBoof the TSF t denoted by Eq.
(4.1) is determined by
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Proof. With direct calculating by (5.2), we obtain
At = 2K, G,
At = (Aty, At,, Aty),
where X; describes the M'C, G represents the Gm
of t. with components

1
Att1 = F’ (pzf’ﬁugvkghuu + #3’ﬁu93huu + sz’ﬁigvhu’kg + #zg’s’ﬁ&’hu

_pzfg’v’h’u’k%#uu - #393hu#uu + #Zggﬁi - D#ﬁ/&v%v + pf’ﬁggfv%vv

_p#’ﬁu’hi’kvg‘vv + p#’ﬁug’vhikvv)(p#ukvﬁng’ - ’ﬁhug’vcosg’):

1
Aty = = (P $hugo i + £ Fugd b + 202 i gkl + 8938

_pzfg’v’hu’klziﬁuu - ﬁ3g’3hu#uu + 75&29’13;%131 - p#fgkvg’vv + pf’ﬁggvkvv

_p#fuhi’kvg’vv + p##ug’vhlztkvv)(_pﬁukvcosg” - #hugvsing),

1
Aty = 5 G* fhugohihun + § fugihu + 20°Figohuhts + £33y

_pz’ﬁg)v’hu’klzﬂ’ﬁuu - #Sg“ghu’ﬁuu + #Zgg’hi - p’ﬁﬁgkvgvv + p#’ﬁggv’&vv

_p#ﬁuhi’kvgvv + p’ﬁ’ﬁugvhi’kvv)##ugw

Definition 7. The surface t is called harmonic if
each componets of At is zero. The curvatures are determined by

Example 1. Substituting p = 1, u?+1 1
Ky =1,%;

“eer T e
fw)=u, glv)y=v, AlW) =u, £(v)=v

Then, we obtain
into a 7SF defined by Eq. (4.1) in E3, we have the

Gm and the so matrix, respectively,

w41 sinv — ucos v 0

1 sinv — ucos v At = ————| —usinv—cosv | #| 0 ).
u

Finally, the surface is not minimal and non-

0 1 harmonic.
(2u? + 1)V/? o
5= 1 u? : Example 2. Substituting p = 1,

T Qu+DY2 (QuE +1)1/2
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fw=u g)=v, A(w) =0, £(v)=v

into a TSF defined by Eq. (4.1) in E3, we obtain the
Gm and the so matrix, respectively,

1 sinv
G = m — COSV |,
u

1
0 —_—
(u? + 1)1/2
S = 1
—_—— 0
(u? + 1)3/2
The curvatures are defined by
1
K0=1,JC1=O,JCZ=—W.

Hence, we get
At = (0,0,0).

Therefore, the surface is 1-minimal and harmonic.

V1. CONCLUSIONS

This study is focused on the investigation of the
geometric properties exhibited by the family of
twisted surfaces within the three-dimensional
Euclidean space.

The main objective is to analyze and gain a
comprehensive understanding of the unique
characteristics of these surfaces. The field of
differential geometry plays a crucial role in
providing crucial insights into the local geometry,
including properties such as curvatures and tangent
spaces, of the twisted surfaces family. The
application of the Cayley-—Hamilton theorem
enables an effective determination of the curvatures
of these specific surfaces by expressing the
characteristic polynomial in terms of the
corresponding matrices themselves.

Furthermore, this research establishes the
necessary conditions for minimality within the
conoid surfaces family, serving as criteria to identify
when a surface can be considered minimal within
this specific family. Additionally, the exploration of
the Laplace—Beltrami operator sheds light on its

relationship with the twisted surfaces family.

Through this investigation, this research
contributes to an enhanced understanding of the
geometric  properties, curvatures, minimality
conditions, and the interplay with the
Laplace—Beltrami operator within the family of
twisted surfaces in the three-dimensional Euclidean
space.
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