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Abstract — This study focuses on exploring a distinct family of conoid surfaces in the three-dimensional
Minkowski space IL3. Our main objective is to delve into the differential geometry of this family, analyzing
its curvatures in detail. Furthermore, we establish the essential conditions for achieving minimality within
this specific framework. Additionally, we calculate the Laplace—Beltrami operator for this family of
surfaces and illustrate our findings through an example.
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I. INTRODUCTION

The concept of submanifolds of finite order
immersed in Euclidean m-space E™ or pseudo-
Euclidean m-space E}' was originally introduced by
Chen [4, 5, 6, 7], utilizing a finite set of
eigenfunctions derived from their Laplacian. Since
then, this subject has been extensively examined
and investigated.

Takahashi demonstrated that a FEuclidean
submanifold is classified as 1-type if and only if it
is either minimal or minimal within a hypersphere
of E™. The minimal submanifolds were originally
provided by Lawson [20]. Subsequently, Garay [16]
examined Takahashi's theorem in the context of E™.
Aminov [2] conducted extensive research on the
geometry of submanifolds. Over the course of four
decades, Chen et al. [8] dedicated their research
efforts to investigating 1-type submanifolds and the
1-type Gauss map (Gm) within the realm of space
forms.

In the three-dimensional Euclidean space,
denoted as [E3, Takahashi [22] conducted an
investigation into minimal surfaces. Within this
framework, two types of surfaces were identified:

spheres and surfaces with minimal sections.
Ferrandez et al. [14] established that surfaces
possessing specific characteristics can be classified
as either minimal sections of a sphere or a right
circular cylinder. Choi and Kim [10] directed their
research towards the study of the minimal helicoid,
which exhibits a pointwise 1-type Gm of the first
kind. Garay [15] introduced a category of surfaces
of finite type that are based on revolution. Dillen et
al. [11] explored a distinct set of surfaces
characterized by various properties, including
minimal surfaces, spheres, and circular cylinders.

Furthermore, researchers such as Berger and
Gostiaux [3], Do Carmo [12], Gray [17], and
Kreyszig [18] have conducted in-depth
investigations on right conoids in three-dimensional
space. These studies have specifically examined
different types of right conoids, including the
helicoid, Whitney umbrella, Wallis's conical edge,
Pliicker's conoid, and hyperbolic paraboloid.

The aim of this study is to investigate the
properties of the conoid surfaces family in the three-
dimensional Minkowski space L3. Our specific
objectives are to compute the matrices associated
with the fundamental form, Gm, and the shape
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operator (so) of this family. We will employ the
Cayley—Hamilton theorem to determine the
curvatures of these surfaces. Moreover, we seek to
establish criteria for identifying minimality within
this context. Additionally, we will explore the
connection between the Laplace—Beltrami operator
and these particular types of surfaces.

Section 2 provides a comprehensive overview of
the fundamental principles and concepts that form
the basis of three dimensional Minkowski geometry.

Section 3 is devoted to presenting the curvature
formulas that are applicable to surfaces in LL3.

In Section 4, a thorough definition of the conoid
surfaces family is presented, highlighting their
unique properties and characteristics.

Section 5 delves into the discussion of the
Laplace—Beltrami operator for a smooth function in
L3, and explores the utilization of the previously
examined surfaces in its computation.

Finally, the research concludes in the last section.

1I. PRELIMINARIES

In this paper, the following notations, formulas,
equations (Egs.), etc., are utilized.

Consider a hypersurface M in (n+ 1)-
dimensional Minkowski space L"*1, characterized
by its position vector x and its se S. Let
{e,, e, ...,en} denote a local orthonormal frame
field comprising the principal directions of M,
which align with the principal curvatures k;, where
i=12,..,n.

Let the dual basis of this frame field be
{6,,0,,...,0,}. Then, the first structural Eq. of
Cartan is determined by

n
dai = Z 9] /\(L)i]',
i,j=1

where w;; indicates the connection forms
coinciding with the chosen frame field. By the
Codazzi Eq., we derive the Egs.

ei(k;) = wij () (ki — ky),
wij(e) (ki = k;) = wy(e;) (ki = ko),
for different i, j, | = 1,2, ..., n.
We let
v kn),

S] = O-j(kl, kz, ™

where o; denotes the j-th elementary symmetric
function defined by

oi(ay,az,...,a,) = i, Az, - Ay
15i1<i2<"'<ij57’l
We consider the notation
Jj_
T'i = O'j(kl, k2; veey ki_l’ ki+1) ey kn)

According to the given definition, we have

and

Sn+1 = Sptz = - = 0.
The sy, is referred to as the k-th mean curvature of

the oriented hypersurface M. The mean curvature is
described by

H_l
_nsl'

and the Gauss—Kronecker curvature of M is
determined by

K =s,.

If s; =0, the hypersurface M is known as j-
maximal if it is space-like, j-minimal if it is time-
like hypersurface.

In Minkowski (n+ 1)-space, to obtain the
curvature formulas K; (See [1] and [19] for details.),
i =0,1,...,n, we have the following characteristic
polynomial Eq.:
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Ps(l) =0,
i.e.,
n
Z(—1)ksk,1n-k — det(S — D)7, = 0. (2.1)
k=0

Here, i = 0,1, ...,n, J,, denotes the identity matrix.
Hence, we reveal the curvature formulas

()=

Let x =x(u,v) indicates an immersion from

M? c E? to L3

Definition 1. An inner product of two vectors
v=w!v?v®andw= (wlw? w?3)

of I3 is described by

3,43

(v, w) = vlw! + v2w? — v3w3.
Definition 2. A vector product of
v=w!v?v®andw= (wlw? w?3)
of I3 is determined by
e; e, —eg
VX W= det</zr1 v? w3 )

w! w? w3

Definition 3. The matrix
-1
(si5) (b))

determines the so matrix S of surface T in
Minkowski 3-space L3, where

(gif)sz and (bif)sz

indicate the first and the second fundamental form
matrices, respectively, and

gij = (xi; %]), bl] = (xl'jlg>l l,] = 1,2'

2

O0x . 0°x .
= - when i =1, Yy = 5 when i =1 and

Jj = 2, etc., e, denotes the natural base elements of
E3, and

Xy X,
[EMRE |

g (2.2)

determines the Gm of the surface x.

11I. CURVATURES IN MINKOWSKI THREE-SPACE

In this section, we obtain the curvature formulas
of any surface x = x(u, v) in L3.

Theorem 1. A surface x in L3 has the following
curvature formulas,

:]C():l

by definition,

2K, = —— (3.1

where
C2/12 + Cll + CO - O

describes the characteristic polynomial Eq. of the so
matrix,

¢, = det(g;;), ¢ = det(h;;),

and

(811),,, and (Bi1) .,

denote the first, and the second fundamental form
matrices, respectively.

Proof. The matrix
-1
(sj) (bsj)
describes the so matrix of surface ¥ in Minkowski 3-

space IL3. We reveal the characteristic polynomial
Eq.:
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det(S — A7,) = 0.

Thus, we obtain the curvatures

By
(3)36 = ks + ks = _%’
(g)ycz — kik, = E—‘z’

Definition 4. A surface x is called j-maximal
(resp. j-minimal) if ¥ = 0 and surface is space-like
(resp., time-like), where j = 1,2.

Theorem 2. A surface x = x(u,v) in L3 has the
following relation

HoIIT — 226,11 + 7,1 = O,

where 1,11, 111 determines the fundamental form
matrices, O, represents the zero matrix having
order 2 of the surface.

Proof. Regarding n = 2 in (2.1), it runs.

IV.CONOID SURFACES FAMILY IN I3

In this section, we establish the definition of the
conoid surfaces family (CSF) and subsequently
explore its differential geometric properties within
the Minkowski 3-space LL3.

A ruled surface described by the Eq.
7w,v) =m@) + un(v)
= (B(v),0,0)
+u(0, cosha(v), sinha(v))

is termed a right conoid in L3 if it can be generated
by the translation of a straight line that intersects a
fixed straight line, while ensuring that the lines
maintain a perpendicular relationship throughout
the generation process. By considering the yz-plane
as the perpendicular plane and selecting the x-axis
as the reference line, the parametric Eq. for the right

conoid is given by

x ()
r(u,v) = <y> = | u cosha(v) |.
z u sinha(v)

The helicoid, Whitney umbrella, Wallis's conical
edge, Pliicker's conoid, and hyperbolic paraboloid
are all instances of right conoid surfaces in E3. For
further information, refer to the works of Berger and
Gostiaux [3], Do Carmo [12], Gray [17], and
Kreyszig [18].

Definition 5. 4 CSF is an immersion % from
M? c E? to L3 with the reference line x, defined by

x h(v)
x(u,v) = (y) = | f(u) coshg(v) (4.1)
z f () sinhg(v)
where

f=fW, g=9g®), h=h)
denote the differentiable functions.
Taking the first derivatives of CSF x determined

by Eq. (4.1), w.r.t. u, v, respectively, we obtain the
first fundamental form matrix

(ai) = <f0uz _fzg% + hg) (4.2)

and

2 2 2
6= s -G
Hence,
det(g;;) = £,29,
where € = —1,
Q=f*gs—h

Using (2.2) we obtain the following Gm of the CSF
determined by Eq. (4.1):
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f9v
h,, sinhg(v)
h,, coshg(v)

G= (4.3)

Ql/z

Taking the second derivatives w.r.t. u, v, of CSF
described by Eq. (4.1), and by using the Gm given
by Eq. (4.3), we find the second fundamental form
matrix

. L 0 _fugvhv
(bij) T 012 <_fugvhv f(guhy, — hvgw)) (4.4)

and

0%h
W=

d%g
v = W;

ect. By using (4.2) and (4.4), we compute the
following so matrix

S = (511) 55
of (4.1):
0 _ 9,
f 1/2
f.9,h0 f(9,hw—hvg,,) |
QB/Z QB/Z

Hence, using (3.1), with (4.2), (4.4), respectively,
we find the curvatures of the CSF defined by Eq.
(4.1) as follows.

Theorem 3. Let x be a CSF determined by Eq. (4.1)

_ f(gvhvv - hvgm, * (_4g127h127(f2g127 - hlzﬂ) + fz(gvhvv - hvgm, 2)

in L3, x contains the following curvatures

f(g,hmw — hug,,

2?(1 = Q3/2 )

212
guh
X, = ;2”.

Here, K, represents the mean curvature, ¥,
denotes the Gaussian curvature.

Proof. By the Cayley—Hamilton theorem, we reveal
the following characteristic polynomial Eq. of the so
matrix of CSF defined by Eq. (4.1):

:7(0[12 - 27(1[1 + :}Cz = 0,

where
Ky =1,
2Ky = 833,
Ky = —512%21-

The curvatures X; of x are obtained by the above
Egs.

Theorem 4. Let x be a CSF described by Eq. (4.1)
in 3. x has the following principal curvatures

1/2

1,2 2(f2g2 — h2)3/2

Proof. By using Eq.
det(S — kJ,) =0,

we have

1
ki, = > (522 * (4512551 + 9229 1%).

Then, it is obvious.

Corollary 1. Let ¥ be a CSF defined by Eq. (4.1) in
L3. x is 1-minimal iff the following partial
differential Eq. appears

f(gvhvv - hvgm, =0,

where Q + 0.
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Corollary 2. Let t be a CSF determined by Eq.
(4.1) in 1L3. x is 2-minimal iff the following partial
differential Eq. occurs

gshi =0,

where Q #+ 0.

V. LAPLACE—BELTRAMI OPERATOR OF THE CONOID
SURFACES FAMILY IN L3

In this section, our focus is on the Laplace—
Beltrami operator (LBo) of a smooth function in LL3.
We will proceed to compute it utilizing the CSF,
which is defined by Eq. (4.1).

Definition 6. The LBo of a smooth function ¢ =
d(xt,x?) (D cR?) of class C? is the operator
defined by

2

Ap = gl—l/zi;%(glﬂg” ), 6
where
(QU) = (gt
and

g = det(gU)

Therefore, the LBo of the CSF given by Eq. (4.1)
is determined by

1 10 O0x 0 0x
__~ |2 (g1/2,11 2% Z(o1/2,12 2%
Ax gl/? [au (g 8 6u> * [au (g 8 617)
(5.2)
0 0x 0 O0x
— (o1/2421 " | el/2422 7"
+ ov (g 8 8u> + [av (g g av)]

where

(5.3)

By taking the derivatives of the functions
determined by Egs. (5.3) in (5.2), w.r.t. u and v,
resp., we determine the following.

Theorem 5. The LBo of the CSF x denoted by Eq.
(4.1) in L3 is given by

Ax = 2%, G,

where XK, describes the mean curvature, G
represents the Gm of x.

Proof. Via direct calculating by (5.2), we obtain
Ax S (Axl, sz, AX3),

with components

_ fzgv(gvhvv - hvgm,

Ax, 02 )
_ fhv (gvhvv - hvgm;) Sil’lhg (17)
Ax, = 02 )
fhv (gvhvv - hvgm;) COShg ('U)
Ax3 = .

QZ

Definition 7. The surface x in L3 is called harmonic
if each componets of Ax is zero.

Example 1. Substituting
fw)=u, gw)=v, h(v) =v

into a CSF x defined by Eq. (4.1) in L3, the
curvatures are determined by

1

?CO=1, ?Clzo, 7(2=m.

Then, the surface is 1-maximal if % is space-like, 1-
minimal if x is time-like. Therefore,

Ax = (0,0,0).

Finally, x is a harmonic surface.
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Theorem 6. The LBo of the CSF x denoted by Eq.
(4.1) in L3is given by

fzgv(gvhvv - hvgm,

Ax = Bx,

where

e 0 O \|
B = | 0 hv (gvhvv - hvgm;) tanhg ('U) 0 |
Q? |
0 0 hv (gvhvv - hvgm,) COthg (17)
QZ

Proof. Taking care of
Ax = 2K, G,
it is obvious.

Corollary 3. The LBo of the CSF x denoted by Eq.
(4.1) in 1.3 is given by

Ax = (0,0,0),

where
A%y = f2g,(9,how — hug,,) = 0, hQ* # 0,

sz = hV('gvhvv - hv'gm}) tanhg(v) =0, QZ #0,

Ax3 = hy,(gyhyy — hygww) cothg(v) =0, Q% # 0.

Proof. If B = 0 in Theorem 6, then it is clear.

VI. CONCLUSIONS

This paper aims to explore the geometric
characteristics of the conoid surfaces family in the
three-dimensional Minkowski space LL3.

The differential geometry of the conoid surfaces
family plays a crucial role in providing important
insights into the local geometry, including
curvatures and tangent spaces. The utilization of the
Cayley—Hamilton theorem effectively determines
the curvatures of these specific surfaces by
expressing the characteristic polynomial in terms of
the matrices themselves. Moreover, this study

establishes the conditions for minimality within the
conoid surfaces family, serving as criteria to
determine when a surface can be considered
minimal in this particular family. Furthermore,
investigating the Laplace—Beltrami operator sheds
light on its relationship with the conoid surfaces
family.

This research significantly enhances our
understanding of the geometric properties,
curvatures, conditions for minimality, and the
relationship with the Laplace—Beltrami operator in
the context of the conoid surfaces family in L3.
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