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Abstract — In this article, we delve into the notions of J,-statistical convergence and 7,-lacunary statistical
convergence for sequences in general metric spaces, specifically g metric spaces. We thoroughly explore

these concepts within the realm of g-metric spaces.
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I. INTRODUCTION

The formal introduction of statistical convergence
was pioneered by Fast [1], who built upon the
concept of natural density. The definition of the
natural density of a set K € N is as follows:

1
§(K) = lim—|{i e K:i <n}|,
n—-oco N

where the vertical bars denote the cardinality of the
set. A sequence of real numbers u = (u;) is
considered to be statistically convergent to u, € R
if, for any given o > 0, the following condition is
satisfied:

S({i € N: |u; —uy| = 0}) =0.

The concept introduced by Mursaleen and Edely
[2] was further expanded to encompass double
sequences. In the existing literature, researchers
such as Connor [3], Tripathy [4], and many others
have explored statistical convergence.

In a separate development, Fridy and Orhan [5]
introduced an extension of statistical convergence
known as lacunary statistical convergence. The
definition of lacunary statistical convergence is
outlined below:

A lacunary sequence is an increasing integer
sequence 6 = (ky)nenupoy Satisfying ko = 0 and
h, =k, —k,_q = o,asn — oo,

A sequence of real numbers u = (u;) is defined to
be lacunary statistically convergent to u, € R if, for
any given g > 0, the following condition is met:

lim —|[{i € I;: |u; —uy|l = a}| =0
n—-oo th

where I, = (ky—1, kn].

In an effort to generalize the concept of statistical
convergence, Kostyrko et al. [6] put forward the
notions of 7 and J*-convergence. These concepts
involve the use of an ideal, denoted as 7, which
represents a family of subsets of a non-empty set X.
The ideal 7 satisfies closure properties under finite
unions and subsets of its elements. A non-trivial
ideal 7 is characterized by 7+ @ and X ¢ 7.
Furthermore, an admissible ideal in X is a non-
trivial ideal 7 c P(X) that includes the singleton
setsJ o {{w}:w € X}.

It can be easily verified that
Jr ={A S N:|A] < o0}, Js ={ACSN:§(4) =
049 ={ASN:Ypepa ' <o}, and T={Ac
N:[{p eN:AND, # p}| <}, where N=
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Up=1 D, is a disjoint decomposition of N forms an
admissible ideal in N.

In set theory, a filter F on a non-empty set X is a
family of subsets of X that satisfies closure under
finite intersections and supersets. If 7 is an ideal, the
corresponding filter F(J), defined as {X \ A:4 €
73, is known as the dual filter or filter associated
with the ideal 7.

Consider a non-trivial ideal 7 ¢ P(N) defined on
the set of natural numbers, N. In the context of this
ideal, a sequence of real numbers u = (u;) is
considered J-convergent to u, € R provided that for
each o > 0, the following condition holds:

{ieN:|u; —uyl =0} €7.

This type of convergence is symbolically denoted as
J —lim;, o u; = ug.

Notably, when considering specific ideals, namely
orJ =Jrand J = Js, the above definition simplifies
to the familiar definitions of usual convergence and
statistical convergence, respectively.

In the field of mathematical analysis, the concept
of distance functions, or metrics, serves as a
generalization of physical distance. Various
approaches have been developed to extend the
notion of distance functions [7]. Due to the
challenges posed by massive and intricate data sets,
a generalized description of distance functions has
become necessary. Gahler [8] introduced the idea of
a 2-metric as a generalization of the conventional
metric. However, subsequent research has shown
that there is no direct relationship between these two
types of functions. For instance, Ha et al. [9]
demonstrated that a 2-metric does not necessarily
exhibit continuity with respect to its variables.

Building upon these findings, Bapure Dhage [10]
conducted an in-depth investigation into a new class
of generalized metric spaces known as D-metric
spaces, aiming to establish topological properties
within these spaces. Dhage's work laid the
foundation for further studies in this field. However,
subsequent research, as mentioned in [11,12], has
indicated that many claims regarding the basic
topological features of D-metric spaces are
incorrect, thereby invalidating numerous results
obtained within these spaces.

Among these various generalizations, an
alternative extension of the traditional metric is the

concept of G-metric space developed by Mustafa
and Sims [13]. Distances between three points form
the metrics within this space. Notably, obtaining o
within the interior of a triangle signifies that the
perimeter of a triangle with vertices x,y, and z in
R?2, denoted as G (x; y; z), is best represented by the
property (G5). The G-metric function generalizes
the notion of distance between three points. Choi et
al. [14] extended the study to g-metrics of degree n,
which involves the distance between n + 1 points,
aiming to achieve greater generality. In their work,
they investigated the extension of sequence
convergence to ideal forms based on the topological
features of g-metric spaces. Abazari [15] introduced
statistically convergent sequences with respect to
the metrics on g-metric spaces and explored
fundamental properties of this statistical form of
convergence.

This research unveils a novel form of convergence
for sequences within g-metric spaces. The study is
organized as follows: Section 1 offers an extensive
literature review, while Section 2 presents the
principal findings. To establish the fundamental
properties of these concepts, our analysis focuses on
the notions of J,-statistical convergence and
J,-lacunary statistical convergence for sequences in
g-metric spaces.

II. DEFINITIONS AND BASIC PROPERTIES

The purpose of this section is to bring together the
essential data and methods needed to achieve our
main objectives. We will start by introducing
several crucial terms.

Definition 2.1. Let Y be a nonempty set. A function
G:Y XY xY - R* is called a generalized metric,
or G-metric, on Y if it satisfies the following five
properties:

Gl.G(u,v,w)=0iffu=v=w,

G2.0 < G(u,u,v); foreach u, v € G, with u # v,
G3. G(u,u,v) < G(u,v,w), for each w,v,w €Y
withw # v,

G4. Gu,v,w)=G60uw,v) =G6(v,w,u) ="
(symmetry in all three variables),

G5.6(u,v,w) < G(u,a,a) + G(a,v,w), for each
u,v,w,a €Y (rectangle inequality).

The pair (Y, G) is referred to as a G-metric space.
In a more scientifically precise manner, Choi et al.
[14] proposed the introduction of g-metric functions
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distinguished by their degree, represented as n.

These functions essentially define a distance Definition 2.2. Suppose Y be a nonempty set. A
measure between n + 1 points in a given space. To  function g: Y?*! — R*that supplies the following
precisely define this concept, we present the features is named g-metric with order p on Y.
subsequent definition, which describes the notion of (Y, g) is named as a g-metric space.

a g-metric space with a specific degree, denoted as

(i.) g(wo,wl, ...,wp) =0iffwg =w; = =wp,

(i) g(wo, Wi, e, wp) = g(Wp(0y, Wp(2), > Wp(py ), TOr permutation p on {0,1, ..., p},

(iii) g(wo, wy, ..., wp) < 9(q0, q1, - 4p), for each (wo, wy, ..., wy,), (qo, 41, -, qp ) € YP+1 with
fwi:i=01,..,p} c{q;:i =01, ...,p}

(iv) For all wy, wy, ...,Ws, 40, Q1) -, Qe V EY Withs +t+1=p

IWo, W1, ooy W, G0y G1) - Ge) < gWo, We, oo, W, U, 0, ..., V) + 9(qo, G1) - Qe Vs U,y v, V).

It is obvious that when p = 1 we have ordinary Theorem 2.1. Let Y be a nonempty set and g be a
metric space and when p = 2 we have G-metric metric on Y with order p. In this context, the

space. following are provided:
(i)
gw,.,w,q,....,) <glw,...w,u,..,u)+g,..,u,q,..,q)
B s times s times s times
(if)
gw,q,...q9) <gw,u,..,u)+gu,q,..,q),
(iii)
gw, ...,w,uy,..,u) <sg(w,u, ...,u)
s times
and
g (W, e, W, U, ,u) <@p+1-s)9w,w,..,w),
] S times
(iv)
g(wo,wl, ...,Wp) <Yiogwyu, ..., u),
(v)
|g(q,w1,wz, .,Wp) - g(u, Wi, Wy, ... .,Wp)l <max{g(q,u,..,u),g(w,q,..,q)}
(V1)
‘g(w, o WL U W) — g, e, WL, W) S s =S gw g, ),
s times s’ times
(vin)

gwu, .., ) <A+G-1D)pPp+1-s)9w,..,w,u,..,u).
s times

Definition 2.3. Suppose (Y, g) be a g-metric space, (ii) (w;) is called to be g-Cauchy, provided for all
w €Y beapointand (w;) €Y. o > 0, there exists N € N so that

(i) (w;) is g-convergent to w, provided for all o >

: ol . io,il,iz,...,ipzN:g(wi,Wi,wi,...,wl-)<a
0, there exists N € N so that for iy, iy, ..., i, = N o P

Definition 2.4. Take p € N, K € N? and
g(w, W1, Wy, ...,Wp) <o
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K(m) = {iy, iz, )iy <, (iy, iz, ., i) € NP}

then

!
D,(K):= lim = |K(m),
m—-o mP

{il, iy .

and is indicated by gS — lim,,,,,w; = w.

A nontrivial ideal 7, of N x N is called strongly
admissible if {i} x N and N x {i} belong to 7, for
eachi € N.

It is obvious that a strongly admissible ideal is
admissible also.

Definition 2.6. Assume (Y, p) be a metric space A
sequence u = (ujk) in Y is called to be 7,-

convergent to u,, provided that for any o > 0 we
have

A(e) = {(m,n) € N x N: p(uj, up) = €} €9,
and indicated as J, — lim; j o Ujx = Uo.

Definition 2.7. A sequence u = (wy) is J,-
statistically convergent to u,, provided that for any
0,0 >0

1
{(n,m) € NZ:%HU, k),j<nk< mip(ujk»uo)

> o} 25}e72,

and illustrated as 7, — stlim; j e Ujx = Uy.

A double lacunary sequence, denoted as 6, =
0, s = {(k;, 1)} is defined by the existence of two
increasing sequences of integers (j,) and (ky),
satisfying the subsequent conditions:

(i1, ip -, ip) €NP
olp<m,g (w, Wi, Wi, ...,wl-p) =0

{ (i1, ig .., ip) € NP }

i1,l0 o, lp <=M, g (Wia,Wil,Wiz, ...,Wip) >0

is called p-dimensional natural (or asymptotic)
density of the set K.

Definition 2.5. Assume (w;) be a sequence in a g-
metric space (Y, g).

(i) (w;) is statistically convergent to w, provided
forall ¢ > 0,

=0,

(ii) (w;)is called to be statistical g-Cauchy,
provided for all ¢ > 0, there exists i, € N such that

=0.

Jo=0,h. = jr — jr—g % and k, = 0, h

=ks—ks_q > 00, 1,5>00

We will utilize the following notations k., :=
Jrks, hyrgi = h-hg and 6,5 is given by

Lsi={(, k) jr-1 <j < jrand ks y <k < kg},
L Jr s
qr: 1 - Ko 1

o1

and qrs: = qrqs.

Throughout the paper, by 8, = 6, ¢ = {(j;, ks)}
we will denote a double lacunary sequence of
positive real numbers, respectively, unless
otherwise stated.

I11. MAIN RESULTS

Before we state the main results of this work, let us
give the definition of a new statistical method.

Definition 3.1. A sequence (uj) is defined as g-

lacunary statistically convergent to u if, for all ¢ >
0,

p!
(hys)P

(G ko) €1 1 < w

<p:g (u,ujlkl,---,ujpkp) = O'}|
=0,

lim
T—00

and is indicated by gSg, — lim; ;o Ui = u.
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Definition 3.2. The sequence (uy ) is considered

to be g — J,-convergent to u provided that for all
o >0,

(G o). O ) € N7 x WP (10,0, 0,0, 2 0} €

and is demonstrated by g7, — lim; e U, = u. Definition 3.3. The sequence () is called to be
g-J,-statistically convergent to u if, forall g, § > 0,

form) € N 2 (G o) b k) € N 2

Juadp Sky, ek Smig (u,ujlkl,--~,ujpkp) > a} |= 6} € 7,
and is indicated by gSy, — lim; e U, = u. Definition 3.4. The sequence (u;, ) is named to be

g - J,-lacunary statistically convergent to u
provided that for all g, 6 > 0,

p! .
{(T s) € N2 TP |{(1W, ky €ls,1<w<p:g (u,uj1k1,~--,ujpkp) = 0}| = 6} € 7,
and is indicated by gSg, (J;) — lim; x.eowj =u.  Definition 3.5. The sequence (w;y ) is called to be
g-strongly J,-lacunary convergent to u provided
that for all ¢ > 0,
2. P!
(r,s) € N=: Thoyp g (u, ujlkl,---,ujpkp) =o0r €7,

Uwrkw)ElLrs,1sw<p

and is indicated by, gNg, [7,] — lim; ;o uj = u.  Definition 3.6. The sequence (w;y ) is named to be
g-strongly 7,-Cesaro summable to u provided that
forall o > 0,

(n,m) € N2: (nm)p Z Z u, ujlkll'“'ujpkp) >0€7,

]p—l k1 kp—l

and is indicated by, g[C, 1,1][7;] — lim; j,ouje = (i) g[C, 1,1][T] — lim; 00 U = u implies gS;, —
u. lim; 00 Ujie = U.

The subsequent theorem establishes the connection (i) If g is a bounded function, g8y, —
between g[C, 1,1][7] and gS,. lim; 00 U = U implies [C,1,1][7,] —

. lim; oo Ui, = U.
Theorem 3.7. Assume (Y, g) be a g-metric space, Jrkm00 Tk

(ujk) €Y. Proof. (i) Take ¢>0 and g[C, 1,1][7,] —
lim; o Ujr = u. At that time, we have
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p.
= (nm)p Z Z g (u, ujlkll""ujpkp)

jl""'jp=1 kl’...’kpzl
g(u’uhkr""uipkp)za g(u’uhkr'"’ufp"p)za
pl
? (nmy»

|{]1,---,]p snky, - kp<m:g (u,ujlkl,---,ujpkp) > 0}|
and so

o-(nm)P 2 z u Wirkey ""ufpkp)

Jp—l k1 kp—l
p!
> _(nm)p |{]1,-- ,]p S n; kll" ,kp S m:g (u'ujlkl’”.'ujpkp) 2 O—}| .
Then, forany § > 0

(nm)?P

c < (n,m) € N2 (nm)p Z z u, ujlkl,m,ujpkp) =06

=1 ki, kp=1

{(n,m) €NZ |{j1,---,jp <nky, - k,<mg (u,ujlkl,--~,ujpkp) > a}| > 6}

As g[C,1,1][7,] — lim; y,couj = u, it can be (ii) Now, presume that gS;, — lim; 4,0 Ujx = U
inferred that the set on the right-hand side belongs and o > 0 given. From the boundedness of g, there
If) 72, Ieadlig to the conclusion that gS;, — exists Q > 0 such that g (u' ujlkl’...'ujpkp) <Q
1 koo Ujle = U- for all j, j,, -+, j, and ky, ky, -+, k. Then

(nm)P Z Z u Wik '"’uf'pkp>

]p—l k1 kp—l

n m
p!
D YD YT
Jiip=1 k1, kp=1
g(u'ujlkl""'ujpkp)za g(u,ujlkl,...,ujpkp)za
n m
p!
* (nm)P Z Z g (u’ Ujikqys ™ ’ujpkp)
i dp=1 Ky, kp=1

g(u,uhkl u]pkp)<a g(uuhkl -,u]pkp)<a
pl

We determine the sets:
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H;:=1(n,m) € N

(nz:l)p . z

]1’...’117:1 kl’...’

p
Hy: = {(n, m) € N2 iy

|{j1,"'

g (u,ujlkl,---,ujpkp) =0,
kp=1

Jp S kg, ky <,

o (o) 2 2 )

If (m,n) & H,, then
pl

(nm)P

In addition, we obtain

Thus (m,n) € H,. So, we obtain

(n,m) € N (nm)p Z
“Jp=1 K1,
c {(n,m) € N2: (nm)P | {]'1:"'

,jp S n, kll"'

> 9

Skp=1

u, ujlkl"“'ujpkp) >0

Jky, <m,

g (u, T ...,ujpkp) = %} |= %} € J,.

As aresult, we get g[C, 1,1][7,]
u.

— limj_k_mo u]'k =

A similar theorem can be established for gSg, (7,)
and gNg,[7,], providing a corresponding
relationship between the two.

Theorem 3.1. Assume (Y, g) be a g-metric space
and take (uj ) € (Y, 9).

(1) gNg, [T2] — lim; p o = u implies

gsgz(gz) - limj‘k_)oou]'k =Uu.
(ii) If g is a bounded function,
gSGZ(:]Z) - limj,k—)ooujk =u

implies gNg, [7,] — lim; ;oo Ujp = .

Theorem 3.2. Consider 68 = {(j,, ks)} as a lacunary
sequence. If lim;,¢ g, > 1 and lim infsqg > 1, then
953, — j'llignooujk =u= gSp,(7;) - j}ggnooujk = u.
Proof. Let's assume initially that lim inf,.q,- > 1 and
liminfgqs > 1. In this case, there exist positive
constants y,7 > 0 such that g, =1+ y and g5 >

1 + t for sufficiently large values of r and s. This
implies that

hys - 143
ks~ (1+y)A+1)

Assume that gS;, — lim; ;o uj, = u. Then, for all
o > 0 and for sufficiently large r, s we get
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pl

Q L | {jy ...’jp <jp ki, ky, <ksg (U,ujlkl;-.-,ujpkp) = O'} |
ris

- (Jh)p (hi!)p {Gueu) € 1o 1 < w <29 (w0 010,010, ) 2 0

> (aras r>)p (hi)p [{Gw k) € bt < w < pig (w100 01, ) = |

Then, for any § > 0, we get

{(r $) €N% (hrs)p |{(1w' W) €l 1S w < g (Wi, e, ) 2 0f| 2 5}

{(r s) € N2: | < ke, ke < kg

U k SIP
p
9 (W iy ) 2 0} 12 6 ((1 +y§§1 +r)> }E T2

As a result, we obtain

9Se,(J2) — lim ;oo uj = u.

Theorem 3.3. If 6, = 6, ; be a lacunary sequence Proof. Assume limsup, g, < oo, limsupgq, < oo.
with limsup, g, < o, limsup,q, < o, then In this case, there exist positive constants P,R > 0
such that g. <P and gs <R for all r,s.

9Se,(T2) — jlkiglmujk =u=gS,(J,) - jlkiglmujk Considering  gSg, (7,) — lim; j o, = u,  let's

_— assume that
= |{(]'W,kw) ElL,1<w<pg (u, uj1k1""'ujpkp) > 0'}| )
Since gSg, (7,) — lim; j,0 uj, = u, it supplies for
allo>0and é§ > 0,
p! :
2. P! Nrs
{(r s) € N4 (hrs)p =>046¢ €T,

So, we can select 1, s, € N such that(p!L;; < & for Q:=max{N,s:1 <r <715and 1 <5 < 50}

TS
allr 2 and s = s,. and let n, m be integers supplying j,_, < n < j,
and k;_; <m < k. Then, forall ¢ > 0,
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|

<P
(]r—lks—l)p

r s

p!
= Ni i ey
(].T—lks—l)p Z Z J1, JW;kl; ;kw

Judw=1K1,Rw=1 Jji,jwKa e Rw

ey S s, Ky < gy ig (Wi Wiy oo wy, ) 2 0}

T N

1Qrése !
SR S S oo
(]r—lks—l)p (]r—lks—l)p j

R e
v w= TR k=1 1wk

I 2 .2 | ' S

_ _P'Orgss p! Nis e fen Pin s
T (Jroqke_q)P 1Ko 1)P h;i .. ;

(]r 1ts 1) (]r 1ts 1) i jw=Tot TRy, w=To+1 Ta J1 s Jw.Ka, o kw

2.2
p! Q1585 p! Nis o ju ks, e

< —+ — - sup R Ak

(]r_lks_l) (]T—lks—l) jl!"'!jWETO!klv"'!kWErO hjll'..lelli...ka

r S

Jurjw=rot1ky, o kw=ro+1 ji,jw.k1,kw

S r

2.2

p! Qry'sg
<Gkt U

Jurjw=rot1ke, o Rw=ro+1 ji, - jwk,kw
2.2
p! Q1y'sg
< 1 + 6PR.
(]r—lks—l)

Since j,_1kgs_1 = o0 asn,m — oo, it concludes
that for each o > 0

and as a result for any § > 0, the set

fonm) e w2 (nf,i),, {(Gowe o), (ka, o+, Jey) ) € NP x NP

Judp Snky, ok, Smig (u,ujlkl,---,ujpkp) = 0} |= 5} € J,.

It gives that gS,(7,) — lim; g0 Wjx = u.

In g-metric spaces, we present the relationship Theorem 3.4. Considering any lacunary sequence
between g[C, 1,1][7,] and gNg, [7,]. in (Y, g) with liminf, g, > 1 and lim inf;qg > 1

glC,1,1][7,] — j,lkiinooujk = u implies gNg, [7,] — j,lkiinooujk =u.

Proof. Assume that liminf,q, >1 and ¢, >1+yandqs =1+ tforsufficientlylarger,s
liminf;qs > 1. Then, there are y,t > 0 such that which gives that
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ks - A+y)Q+1) q Jr—1ks—1 < l Assume that g[C, 1,1][7,] — lim; j e U = u.
h.s — yT an h.s, ~ vyt Then, we write
p!
N2 g (u’ujlkl"“’ujpkp)
TS Gwkw)Elrs, 1swsp
jT kS
pl
A Z 9 (W Wy, )
rs Jiodp=1 Kqookp=1
Jr-1 ks—1
7 2 2 o)
(hrs) L
. Jr
— Urks)?P | p! Z Z g (u u u )
_— D . p ) jlkll...l jpkp
(hrs) (]rks) Jioodp=1kq, - kp=1 ks
. Jr-1 ks—1
_ (]r—lks—l)p p! Z ( . o )
(hrs)p ju—lks—l . g u’ uhkl’ ’ u]pkp .

jl,...,jpzl kl”“’

Since g[C, 1,1][7;] — lim; 4,0, ujx = u, then we

Kp=1

get
Jr ks
p! )
Urks)? z 9 (w0107 010, ) = 0 and
]1,...,]p=1 kl,...,kpzl
Jr-1 ks—1
p! I3
ok 2 9 (0 11,) 2 0.
]1,...,]p=1 kl,...,kpzl

Upon examining the aforementioned equality, we
obtain the following relation:

P
p
TS Gwikw)Elrs,

Iz
g (u, ujlkl’.“’ujpkp) - 0.

Namely, gNg, [7,] — lim; j 00 Ujx = u.. SO, we
obtain g[C, 1,1][7,] € gNy,[7].

Theorem 3.5. Assume () be a sequence in g-
metric space (Y, g) so that gS;, —
uy and g8y, — lim; o0 U = Uy, then ug = uy.

limj,k_)oo u]'k =

Proof. Let (wj;) be a double sequence in g-metric
space such that gS; —lim;,_ . uj = u, and
985, — lim; ;o wj, = uy. For arbitrary ¢,6 >0,
establish the sets:

T, = {(n,m) € NZ?: (nlrjr;)l’ | {jli""jp <nky, -, k, < m:
9 (uo,u,-lkl, ---,u,-pkp) > a} 1< 6} € F(7,)
and
T, = {(n,m) € N2 [ {jy, e, iy S 1y, oo Ky <
(nm)?P

g (ul,u,-lkl, ---,u,-pkp) > a} 1< 5} € F(7,).
164



So, Ty NT, # @,since T, N T, € F(J,). Take
(s,q) € T, N T, and taket ¢ = L% 5 ¢ 5o

v

(Sq)p 1,...’jp S S’kl’“.’kp S

(sq)P

i.e, for maximum jy, -+, j, < s, kg, kp < q will
supply

<

|{j1."',jp < s,ky, -, ky

g (u0' ujlkl’ °

and

g (ul’ ujlkl’ o

forasmall § > 0. As a result, we have to get

q:9 (uo:uj1k1: ---,ujpkp) > 0}| <6

and

q:9g (ul,ujlkl,---,ujpkp) > a}| <6

. ,u]'pkp) < o,

. 'ujpkp) <o

{jl,-",jp <sS ki, kp<q,9 (uo,ujlkl,m,ujpkp) < 0}

n{jl!'"rjp S S’kl'.“'kp S q

a contradiction, as the neighborhood of u, and u,
are disjoint. So, gS;, — lim; . W, determined
uniquely.

(wi) €
g5y, —

Theorem 3.6. For any
(Y, g)l gSZ - lirnj,k—woujk =Up
limj’k_mujk = Up.

sequence
implies

Proof. Suppose gS, — lim; 4, Ujx = ug. Then,
for all o > 0, the set
A(O—) = {jll rjp < n, klr oty kp

<m:.g (uo,ujlkl,---,ujpkp) >0

J

has natural density zero. So, we get

o,

<mg (uo,ujlkl,
= 0.

;]p S ntklt'"ﬁkp

cee ’ujpkp) 2 O-}|

im ——
nm-o (nM)P

As aresult, forall 0,6 > 0,

:g (ul,ujlkl,m,ujpkp) < a} 0

{(n,m) € N%: (nni)p U+ dp <Mk kg
<m:g (uo,ujlkl, ---,ujpkp) = a}|
- 5]

is a finite set and so belongs to J,, where 7, is an
admissible ideal. Therefore, we obtain gS;, —

lim; 00 Uik = Up.

Theorem 3.7. For any sequence (uj), g7, —
limj_k_)ooujk = Uy, Means g572 - limj,k_)ooujk =
Up.

Proof. The proof is obvious. But the vice versa is
not supplying.

Example 3.1. Let X = R and g be the metric as
follows;

: R3 > RY
= max{|u —v|,|lu —w|, |v—w|}.

g
gwv,w)

165



When we assume 7, = 7J the sequence (u;;,),
where

I {O, ifj=u?k=v3uveN
7k 71, otherwise

Then, Sy, — lim; 40 U, = 1. But (wjy.) is not gJ,-
convergent.

Theorem 3.8. If all subsequence of (wj) is gJs-
statistically convergent to wu, then g§; —
limj'k_,ooujk =u

Proof. The proof is clear, so omitted.

CONCLUSION

In this article, we have extensively explored the
concepts of J,-statistical convergence and J,-
lacunary statistical convergence for sequences in
general metric spaces, with a specific focus on g-
metric spaces. By delving into the intricacies of
these notions, we have gained a deeper
understanding of the behavior of sequences within
the framework of g-metric spaces.

Throughout our investigation, we have examined
the properties and characteristics of 7,-statistical
convergence and J,-lacunary statistical
convergence, shedding light on their significance in
the context of general metric spaces. The study has
allowed us to establish a clear relationship between
these convergence concepts and the underlying g-
metric structures, enabling a more comprehensive
analysis of sequence convergence.

By expanding our understanding of these
convergence notions in g-metric spaces, we have
contributed to the existing body of knowledge in the
field. The insights gained from our exploration can
pave the way for further research and applications
in various areas that utilize g-metric spaces, such as
analysis, functional analysis, and other related
fields.

In summary, our investigation into J,-statistical
convergence and J,-lacunary statistical
convergence in g-metric spaces has provided
valuable insights and expanded our understanding
of these convergence concepts. We anticipate that
this research will inspire future studies and

contribute to the advancement of mathematical
analysis in general metric spaces.
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