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Abstract —A functional Hilbert space is the Hilbert space of complex-valued functions on some set Y € C that the
evaluation functionals ¢ (f) = f(¢), ¢ € Y are continuous on 7. The Berezin number of an operator X is defined
by ber(X) = sup.ey|X(¢)| = supgey|(XK,, K.)|, where the operator X acts on the functional Hilbert space 3 =

£ (Y) over some (non-empty) set Y. We get a few Berezin number inequalities in this paper that build on some past
findings in the literature. We also discover other associated inequalities.
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I. INTRODUCTION

Berezin transformations have played a key role
in several operator theory-related fields, including
mathematical inequalities, mathematical analysis,
numerical analysis, applied mathematics, and
mathematical physics, to mention a few. To describe
the Berezin number and norm, we start by
discussing certain concepts and characteristics of
operators on a Hilbert space.

Let H be a complex Hilbert space. A functional
Hilbert space (briefly, FHS) H = # (F) is a Hilbert
space complex-valued functions on some set on
some set Y € C that the evaluation functionals
o.(f) = f(5), ¢ € Y are continuous on . Then by
Riesz representation thorem, for each & € Y there is
an unique element k.(§) € H such that f(¢) =
(f, k), for all f €. The function k on Y XY
defined by k(&) = k(¢, ¢) is called the reproducing

kernel of H. Let Sc = X be the normalized

kel

reproducing kernel of the space H. The Berezin

symbol (or Berezin transform) of the operator X €

B(H) is the bounded function X on Y defined by
X(6) = (X3, 3N s €Y,

(see, [1]), where B(H) is defined as the C*-algebra
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of all bounded linear operators on . The Berezin
set and Berezin number of an operator X are defined
by
Ber(X) = {X(¢):¢ € Y}

and

ber(X) = sup{|X(c)|: ¢ E Y}

= SuprY|<XSg; Sg)l

respectively (see, [15]). For more details on the
Berezin symbol, we recommend the reader to [3, 7,
10, 11].

The Berezin range and Berezin number of an
operator X ina FHS are, respectively, a subset of X's
numerical range and numerical radius (i.e., w(X) =
sup{|(Xu,u)|, |lu|l = 1}). We refer to [8, 16] for
numerical radius for fundamental characteristics. It
is significant that

ber(X) < w(X) < [IX]|. (1.1)
It is commonly known that

1 1
ber(x) < 2 (11l + I1X°]2) 12)

for every X € B(H) (see [11, Theorem 4]). Huban
et al. strengthened the second inequality in (1.2)
using the Cartesian decomposition for operators in
[13] by doing the following:
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1

—1X*X + XX*||per < ber?(X)

4 (1.3)
1 * * '

< E”X X+ XX ”ber.

for any operator X € B(H') The same authors have
also demonstrated that

(ber(X))" < %”IXIZ”E

1.4
+ X 20| .

ber

and

(ber())™ < IWIXI% + (1 = P)IX" 1 llper
for0 <y <1lande > 1(see, [14,Th.3.1and 3.2]).
Recently, Giirdal [11, Theorem 1] generalized some
inequalities for powers of the Berezin radius. See
the most recent studies on Berezin radii inequalities
[9, 12] and Berezin radius inequalities of block
matrix [2, 4] for more results in this area.

II. MAIN RESULTS

The results that follow are important in and of
themselves.

Theorem 1. Let X,Y,Z € B(H) withX,Y > 0, the
operator matrix
[X Z*
Z Y
be positive and p, ¢ > 1 with % + i =1.

(i) If e > 0 and pe,0e = 1, then

] € B(H®H)

1 1
ber?s(2) < ||—Xp€ +—yoe 2.1)
'D o ber
(i) If e > 1 and pe,ge = 2, then
1
berze(z) < E[”X”gerllyllger (22)
+ beré(YX)]
and
1/l 1
ber?¢(Z) < = ”—Xps +—Y°¢
2 P o ber
(2.3)

+ berS(YX)>

Proof. Let ¢€Y be an arbitary. From the
inequalities given by [16, Lemma 1, p. 2], we have
2
(Z3e, 3e)|™ < (X6, SNV, Ic)-
By using the the Holder-McCarthy inequality in [17,
p. 20], we get

2
HZSe S| < (XTe SOV, S,
1
< ;(XSC,SC)”E + E(YS,;,S,;)“
1 PEK X 1 oENY o
< —(XPE3, Jo) + ;(Y 3 3¢)
1 1
= <<_Xp€ + - YO'S) Sc; Sc)
p o
fore > 0, and
o~ o~ 2£
supcey|(ZJq,Jg)|
1 1
< supgey (XP +-17¢)3,3)

D o
We deduce that
ber?*(2) = supoer (23, 3| <

1 1
< Supg‘EY ((_ng + _Ya-é.:) Sg: Sg)

P o
1 1
o
P o ber

which proves (2.1). So, by using extension of the
celebrated Cauchy-Schwarz inequality in [6, p. 20],
we get
2
(Z30, 3| < (XFe SNV, 3)
2 XS Sell + XS, YS)]
- 2

and fore > 1
(236,30
&
- (IIXSgIIIIYSgII + (X3, Y5c>l>
- 2
XSl Y Sell” + [44Se, Y3
2
XS MY Sl + [rxse 3|
2

| (2.4)

Taking the supremum over ¢ €Y in the above
inequality, we deduce

RNTE
SupgeY|<Z~5c"5C>|
XSNYSl” + [(XSe YS)|
Ssupcey<“ g” ” g” 2 | c C|
1
< 2 G 1))
+ Supgeyl(yxsg'sc)lg)

[EnN

< 2 (supceY”XSC||£Supc€Y“Y3C”‘g

+ supcey|(YXSg, Tsc)lg)

which is equivalent to



1
ber?*(Z) < 5 (IXlIger Y l5er + ber®(YX))

This inequality gives the inequality (2.2). By using
the inequality (2.4), we get

1
(235, 50| < 5 (xS
+ (X3, Y30)")

1/1
<3 (Il

+ (X3, YSC)|8)

1/1 2P 1 2%¢
5 Gl + sl ™2

1
2™

+ (X3, YSC)|E)

1/1 ye pe
2(p(x I, 3,) 2

== &€
+ (YZJC,JC)Z + s vso))
¢)

o~

1 1

1 (((1 XPE 4+ 1 Yos) o~
2 p o \SC’
+ (x5, YSC)|E)
and, we reach that
1
SupgeY|<Z~5§, ‘SC>| SupgeY (((;Xps +

- Y"S) S 3 + |(X\sg, Y\sg)|e)
which implies that

—_ o~

)

2e 1 l pPE l og
ber<¢(Z) < XPE+—-Y
2\ llp o

+ berS(YX)>

ber
as required.

With special choices p,o and ¢ in Theorem 1, we
get the following result.

Corollary 1. (i) ber?s(Z) <
ez-andp =0 =2in(21),
(ii) ber(Z) < 51X + Yy, fore =~ and p =0 =
2in (2.1),

(iii) ber?(Z) < ZIIX? + Y|y fore = 1and p =
o =2in(2.1) (see [5]),

(iv) ber?(Z) < ”%X” +iye
(see [5]).

~[IX2E + Y 2| fOF

fore =1in(2.1)

ber
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(v) ber?*(Z) < - [”X”Ber”Y”Ber + ber(YX)] for
e=1in(2.2) (see [5])

(vi) ber*(Z) < - [”X”Ber”Y”Ber + ber?(YX)] for
e=21in(2.2),
(vii)
berf(YX)) fore>1andp =0 =2in (2.3)

ber?:(Z) < %(g X228 + Y22 oy +

+

ber

(viii) ber*(Z2) <= <|| X2 4= YZ"
berz(YX)> fore =2 andp,o > 1in(2.3).

(iX) ber*(Z) < %(g X + V4l + berZ(YX))
forp=0=¢e=2in(2.3).

Assume that [];4:?4* ;*BB] € B(H@®H). Putting

= |A*|%, Y = |B|? and Z = B*A* in Theorem 1,
we obtain the following theorem.

Theorem 2. Let A,B € B(H) and p,o > 1 with
2+ 1=1 Then

p o

(i) If e > 0 and pg,oe = 1, then

1 1
ber?¢(AB) < ”— |A*|?P€ + — | B|?7¢ (2.5)
P 4 ber
(i)lfe>1, then
ber?*(AB) < 5 [||A||Ber||B||Ber 2.6)
+ber€(IBI |4%12)]
(iii) If e > 1 and pe,oe > 2, then
/11
ber?e(aB) < 5 |- 14712
2\llp
1 2
+ —|B|“¢ (2.7
o ber

+ bert(|B|?|A*|?)

With special choices p,o and € in Theorem 2, we
get the following result.

Corollary 2. (i) ber?(4B) <-[[|A"|* +
|B|*lper for e = ~and p = ¢ = 21in (2.5),

(ii) ber(AB) <=|[|A*[2 + |B|?|lye, for &= in
(2.5),

(iii) ber2(AB) < [[1A*|* + |B|*|lper for £ =1 in



(2.5) (see [5]),

(iv) ber?(AB) < ”%IA*IZP +2|BJ?
landp,o >1 in(25)

(V) ber*(AB) < - [IIAII erlIBllger +
ber?(IBI2|4"|)] for & = 2 in (2.6),
(vi) ber? (AB) < 2 (2114°1% + [BI* ey +

for e =
ber

ber£(|B|2|A*|2)) fore>1andp=c=2in
@2.7).

(vii)  ber*(AB) <3 <|| A%+ 2B ||+

ber

ber2(|B|2|A*|2)> fore =2and p,o > 1in(2.7),
e 4 1 1 %18 1 8
(viii) ber*(AB) SE(E”M | +;|B| ||ber+
berZ(IBlzlA*|2)> forp=0=¢=2in(2.7).

Now, we will prove the following theorem.

Theorem 3. Let X,Y,Z € B(H) withX,Y >0
and the operator matrix

X Z*] € B(HOK)

be positive. Then we have
ber?(Z) < I(1 - )/)Xg

+yY£||,,er||X||ber||Y||},;Z (2.8)
and
1
ber?(Z) < ||(1 —y)X® + wfnbernyxe
(2.9)

+(1- Y)Ysllber

fory € [0,1] and € > 1.
Proof. Let ¢€Y be an arbitary. From the
inequalities given by [16, Lemma 1, p. 2] and the
McCarthy inequality for € > 1, we get
(236,30 < (XS0, SNV S0, 3o
= (X, STV, SV AXI, IOV S, I
< [(1 =X, 3¢)
+ Y (VS SONXS e S (YS, ST
and
(1 - )/)(XSC, S(;>S + Y(Ysg: twg)s
< (1 —y)Xe3, 3,) + (Vo3 3
=([(1-py)X*+ VYE]JQ «5(;)

3¢)
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For € > 1, by using the convexity, we reach that
2&
(23, 3]
= [(1 - V)(X?SC, Sg)
&

+ (Y3, S (XS, S E(YS,,

< [(1 - )X, 3 )*

+ V(Yo SO XS, (Y,

<([(1-y)X*

+YYEII o, INHXT(, I )Y S,
and, so

2e ~§ Y 2¢e

ber<¢(Z) = supgey|(ZJq,J¢)|

< supcey{([(1 — y)X*

+ VY130 FHAS, ST, S

= 1A =IXE + YNy, IXUEE Y 1557
as required the inequality (2.8). Using similar
arguments above, we deduce that

2

(230, 3| < (X SNV, )
= (X0 STV, I (X T, I (Y, SN
< [ = XS, Ie) + V(Y S, I [V (XS, 3)
+ (1 =y, 3]
and
(AN c>|

Scys(l—y)
Scys(l—y)

5()6(1—)/)

R )e(l—y)}

< (A =X +yYeI3,, I Ny X®
+ (1 -PYeI3, 3¢)
Hence, by taking the supremum over ¢ € Y in the

above inequality, we reach that
1

ber?(2) <1 —y)X* + )/Y£||ber||VX£

+(1- V)Y‘S”ber
which proves the inequality (2.9).

From Theorem 3, then we have the following result.

Corollary 3. We have

1
ber*(Z) < —|IX*
2e (2.10)
1 1
+yYe|E, IXIZIYIZ,,
and
1
ber(Z) < — IIXS +yYelE,, (2.11)
2£
If we put X = |A*|%2, Y = |B|? and Z = B*A*, in

Theorem 3, then we have the following result.

Theorem 4. Let A, B € B(#), then for y € [0,1]
ande > 1,



ber?(AB)
< I(1- ]/3|A*|2£

i i (2.12)
+yIBIZEIE, |ANIZ, 1B
and
ber?(AB) < ||(1 —y)|A*|%
1
+ B 2¢ E A* 2¢
y|B] ||ber||)/|1 | (2.13)
+ (1 =y)BI*IE,,
In particular,
ber?(AB)
1 1
< M4 + BIPU5,, ANl per IBller - (2.14)

2¢

and
1

1 =
ber(AB) < ;IIIA 1 + [BI*lz,,
&
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