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Abstract — One of the most significant task in algebraic coding theory is to determine the structure of new
class of linear or nonlinear codes and to find codes having good parameters. In this study, for any prime p

, we define additive polycyclic codes over sz as a generalization of additive polycyclic codes over F,
studied in [5]. By making use of the polynomials over F, instead of sz, we determine the algebraic
structure of additive polycyclic codes over sz and present their generators completely. We also find the

cardinality for these codes. Moreover, under certain conditions, we show that the Euclidean duals of
additive polycyclic codes over sz are also additive polycyclic codes over sz . Finally, we illustrate what

we discuss in this study by offering some examples of additive polycyclic codes over F, that contain

codewords as three times the number of the codewords of the optimal linear codes with the same length
and minimum distance.
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I. INTRODUCTION over F, as the Gray images [, ,-additive

Researchers have profoundly been carried out the
studies on additive codes over different algebras [1-
5]. In [1], the authors defined [ ,[] , -additive cyclic

codes and determined the generators of these codes.
They also obtained optimal linear codes over finite
fields from these codes. In [2], the authors
introduced a new class of additive codes defined as

0,0 ,[u]-additive codes. They also established
standart generator matrices for these codes and
obtain some optimal linear codes as the Gray images
of these codes. In [3], Borges et al. considered
1,1 ,-additive cyclic codes and gave generators of
these codes and their duals by giving a special inner
product on the polynomials. As a generalization of
[4], Wu and Shi defined [1 ,[] ,-additive polycyclic
codes and determined their minimal spanning set.
They also presented some almost optimal codes

polycyclic codes. Recently, in [5], the authors
considered additive polycyclic codes over F,

induced by a binary vector and they obtained
optimal binary linear codes and quantum codes from
additive polycyclic codes over F, viathe maps they

defined.
In the light of above studies, as a generalization of
[5], we consider additive polycyclic codes over sz

for any prime p in this study. We determine their

generator polynomials and also study their duals.
Finally, we give an example and conclude the study.

Il. PRELIMINARIES
F, is afinite field of q elements. We mean by an
additive code over F, of length n an additive

subgroup of F'. If an additive code over F, of
length n is closed under multiplication by scalars in
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F,, then it is called a linear code over F, of length
n. The Hamming distance d(x,y) between two
vectors x and y is d(x,y)=|{i:x =y}|. The

minimum (Hamming) distance of a code is
min{d(x,y):x,yeC,x;ty}. We show a code
over F, of length n, minimum distance d and size
q“ by [n,k,d]q. The Euclidean dual C* of a code
C over F, of length n is the set of all vectors in
F, which are orthogonal to the codewords in C
with respect to usual inner product.

1. ADDITIVE POLYCYCLIC CODES OVER sz

Let F :{a+bw:a,be F,}, where w is aroot of
a primitive polynomial of degree 2 over F,.
Definition 111.1: Let b=(h,,...,b, ;)€ F. For an
Fe

additive code C over of length n, if

(Cyaby.Co+c, by, €y, +C4b, ) €C whenever
(C4:Cyy.-1Coy)€C, then we say that C is an
additive b -polycyclic code over sz of length n.

There exists a relation between additive polycyclic
codes over F. and submodules of a special F,-

module. Let the polynomial correspondence of a
vector b=(by....b,,)eF, be

b(x)=by +bx+---+b X" eF [x]. the
Fe[X]

P
<x”—b(x)>
module under usual polynomial addition and
multiplication ,and we have the following.

Lemma IIL.II:  There exists a one-to-one
correspondence between additive b-—polycyclic
codes over sz of length n and submodules of

F,[x]-module.R, .

Proof: Let C be an additive b -polycyclic code over
F. of length n and c=(cy,...,C,,) €C. Consider

Then,

quotient ring R = becomes an F,[x]-

the set C’ of all polynomial correspondences of the
codewords in C. Then,

(Cyiby.Co+C, by, €, +C b, ) €C and see that

Coby +(Co +Caby ) X+---+(C,, +C,4b ) X" =xC(X)

7

in F,[x]-module.R,,

closed under multiplication by x and so any
polynomial in F,[x]. Hence, C' is a submodule of

F,[x]-module. R, .

Conversely, let C' be a submodule of F [x]-

which implies that C'is

module R, and consider the set of all vectorial
correspondences of the elements in C'. Let
c(x)eC’'. Then, xc(x) in R, is equal to
Cotby +(Co +C by ) X4+ 4 (C,, +C, 40y ) X" = xc(X)
and its vectorial ~ correspondence s
(Coaby.Co+C, by, +C4b, ) €C, which

implies that C is an additive b -polycyclic code
over sz of length n.

By Lemma IIL.II, we view an additive b -
polycyclic code over sz of length n as a

submodule of F,[x]-module R, . In this case, it is

needed to give generators of a submodule of F, [x]
-module R, to determine algebraic structure of an
additive b -polycyclic code over sz of length n.

Let C beasubmodule of F,[x]-module R, . For
the polynomials wg, (x)+9,(x) and u(x), it is
desired to satisfy the following conditions:
Condition 1: u(x)=0 when there is no nonzero
polynomial over F,  in C. If C has nonzero

polynomials over F , then u(x) IS a nonzero

polynomial in F [x] such that it has minimal
degree.

Condition 2: wg, (x)+9,(x)=0 when there exist
only polynomials over F, in C. If there exist
nonzero polynomials in C which are over sz not

F,, then g,(x),9,(x)eF,[x] and g,(x) has

p )
minimal degree.

Theorem IILIIL If C is an additive b -polycyclic
code over sz of length n, then for some

polynomials g,(x),d,(x),u(x)eF,[x] satisfying
the conditions 1 and 2, C is generated by the
polynomials wg, (x)+9,(x) and u(x), that is,



C =(wg, (x)+d,(x),u(x)),
where we may assume that deg g, (x) <degu(x).
Proof: Let c(x)eC be over F, . Then, for some
q(x),r(x)eF,[x], r(x)=c(x)-q(x)u(x)eC
where degr(x)<degu(x) or r(x)=0. The

conditon 1 forces that r(x)=0 and

c(x)=q(x)u(x).

Now, let ¢(x)=wc,(x)+¢c,(x)eC beover F,
not F,. Then, for some polynomials
q(x).n(x)eF,[x], c(x)=0,(x)g,(x)+r(x)
where degr,(x)<degg,(x) and we also have

we (%) = 6 () [ wg (X) + 95 () ]+ (P ~1)k () 9, (X) + wry (x).
Furthermore, for some polynomials

6 (x),6(x)eF[x]. ey (%)= (x)u(x)+r,(x)
where degr, (x) < degb(x) and we also have
we, (X) +6, (X) = 6 (X)[ wa (x) + 95 (x) ]+ G, (x)u(x)
W (%) +( P 1)y () g, (%) + 1, (x).
wg, (X)+9,(x),u(x)eC, we get
wr, (x)+(p—-1)g,(x)g,(x)+r,(x)eC. Then, the
condition 2 forces that r(x)=0
(P-1)q,(x) g, (X)+1r,(X)=a;(x)u(x) for
0 (X) € F,[x]. Then, it follows that

Since

and so

some

we, (X)+¢, (X) =0, [ wg, (x)+ 9, (X) ]+ [ a, (X)+ag (X) Ju(x),

which completes proof of the first part.
For proof of the second part, if

degg,(x)>degu(x), then for some polynomials
q(x),r(x)eF,[x] with degr(x)<degu(x), we
have g,(x)=0q(x)b(x)+r(x). In this case, it
follows from additive b -polycyclic code C" over
F . of length n defined by (wg, (x)+r(x),u(x))

that C =C", which completes the proof.
Since the proof of the following is similar to the
proof of Lemma 3.2 in [1], we give it without proof.

Lemma lILIV: If C =(wg, (X)+g,(x),u(x)) isan
additive b -polycyclic code over sz where

g (x), 9, (x),u(x)eF,[x] satisfy the conditions 1

and 2, then the polynomials g, (x), g, (x) and u(x)
are unique.

Let C=(wg, (x)+d,(x),u(x)) be an additive b-
polycyclic code over sz of length n where the
polynomials g, (x),g,(x),u(x)eF,[x] satisfying
the conditions 1 and 2. If
X" —b(x)=0q,(x)u(x)+r(x) for some
6 ()1 (x) € Fy [x]
degr,(x)<degu(x) or r(x)=0., then we get

polynomials where
r(x)=x"-b(x)—q,(x)u(x)eC, which is only
possible r(x)=0. Similarly, if
X"—b(x)=0,(x)g,(x)+r,(x) for

& (0., () <, [
degr,(x)<degg,(x) or r,(x)=0, then we get
wr, (x) =w[ X" —b(x) ]-wa, (x)g,(x) e C, which
r,(x)=0.

when
some

polynomials where

is only possible when Because

o )5 0] =

by condition 1, we get that
X" —b(x)
g,(x).
gl(X) 2( )
characterization of an additive b -polycyclic code
over sz of length n as the following:

Theorem HLV: For  the polynomials
9, (x), 9, (x),u(x)eF,[x] satisfying the
conditions 1 and 2, if C=(wg, (x)+d,(x),u(x))
is an additive b -polycyclic code over sz of length

9, (x)eFy[x],
u(x)

sum up

divides

Then, we exact

n, then deg g, (x)<degu(x),
g,(x),u(x)|x"=b(x) and u(x)|Xng:Tt;()x)gz(x).

Moreover,  the
2n-deg( g, (x))-deg(u(x))

q :
Proof: The cardinality of C follows from proof of
Theorem 3.4 in [1].

Iv.EUCLIDEAN DUALS OF ADDITIVE
POLYCYCLIC CODES OVER sz

cardinality of C is



Let the polynomial b(x) be a nonzero constant in
F, andsay b(x)=b. Let o(b) be the multiplicative
order of b in F, —{0}. For nonzero beF,, we call

an additive b -polycyclic code as an additive b -
constacyclic code. The following determines the
Euclidean duals of additive b -constacyclic codes
over sz.

Theorem IV.1: The Euclidean dual of an additive b
-constacyclic code over sz of length n is an

additive b™-constacyclic code over sz of length

n.
Proof: Let ,&(c)=(bc,.Cy,...,C,,) for a vector

c=(Cp-.,Cy)€C and ,5'(c)=, 57(,5(c)).

Observe that , 07" (c)=¢ and
»0°" (e)=(c, . Cypub e, )€CL Now, et
d=(d,,....d,;)eC*. It  follows  from

0=,5"""(c)-d =cb'd, , +cdy +--+¢,d, ,
=c- ,6(d)
that ,,&6(d)e C™, which completes the proof.

. b

V. EXAMPLE

Example V.I: Let p=3 and n=13. For the vector
b=(2,0,1,112,010,0,0,0,2)eF;°, take the
generators  u(x)=x'+x"+x*+1, g,(x)=x+2
andg,(x)=x*+x+1. Let C be an additive b-
polycyclic code over F, of length 13 where
C =(wg, (X)+9,(x),u(x)). Then, by computer
software MAGMA, we say that C isa [13,21/2,3],

additive code and this code contains codewords as
three times the number of the codewords of the

optimal linear code [13,10,3], .

VI.CONCLUSION
In this study, we give the definition for additive
polycyclic codes over sz for any prime p and

study their algebraic structures. We characterize the
generator polynomials for additive polycyclic codes
over sz with respect to polynomials over F . We

give the cardinality of these codes. Furthermore, for

special case of additive polycyclic codes over sz

we show that the Euclidean duals of these codes are
also additive polycyclic codes. over sz . Finally, by

giving example of an additive polycyclic code over
F, of length 13 containing codewords as three
times the number of the codewords of the optimal

linear code with the same length and minimum
distance, we complete the study.
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