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Abstract – In this article, we obtain Bohr radius for the subclass 

ℛℋ
𝑛 (𝛼, 𝛾, 𝛽) = {𝑓 = ℎ + �̅�: Re[ℎ′(𝑧) + 𝛼𝑧ℎ′′(𝑧) + 𝛾𝑧2ℎ′′′(𝑧) − 𝛽] > |𝑔′(𝑧) + 𝛼𝑧𝑔′′(𝑧) + 𝛾𝑧2𝑔′′′(𝑧)|}, 

where ℎ(𝑧) = 𝑧 + ∑ 𝑎𝑘𝑧𝑘∞
𝑘=𝑛+1 , 𝑔(𝑧) = ∑ 𝑏𝑘𝑧𝑘∞

𝑘=𝑛+1  are analytic in the open unit disk, and 𝛼 ≥ 𝛾 ≥ 0, 

0 ≤ 𝛽 < 1 and 𝑛 ≥ 1. 
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I. INTRODUCTION 

Let ℋ be the class of complex-valued harmonic 

functions 𝑓 in 𝑈 = {𝑧 ∈ ℂ ∶  |𝑧| < 1}, normalized 

so that 𝑓(0) = 0, 𝑓𝑧(0) = 1. Also, let ℋ0 =
{𝑓 ∈ ℋ ∶  𝑓�̅�(0) = 0}. Such an 𝑓 ∈ ℋ0 has the 

decomposition 𝑓 = ℎ + �̅�, where ℎ and 𝑔 are 

analytic in 𝑈 and has the following representation: 

ℎ(𝑧) = 𝑧 + ∑ 𝑎𝑘𝑧𝑘

∞

𝑘=2

,     𝑔(𝑧)

= ∑ 𝑏𝑘𝑧𝑘

∞

𝑘=2

.                                 (1) 

A harmonic function 𝑓 is locally univalent and 

sense-preserving in 𝑈 if and only if 𝐽𝑓(𝑧) =
|𝑓𝑧(𝑧)|2 − |𝑓�̅�(𝑧)|2 is positive in 𝑈. Set 

ℋ0
𝑛 = {𝑓 = ℎ + �̅� ∈ ℋ ∶ ℎ′(0) − 1 = 𝑔′(0)

= ℎ′′(0) = ⋯ = ℎ(𝑛)(0) = 𝑔(𝑛)(0)

= 0}, 

where n ≥ 2. When n = 1, we have ℋ0
1 ≡ ℋ0. 

Thus, each 𝑓 = ℎ + �̅� ∈ ℋ0
𝑛 has the form  

ℎ(𝑧) = 𝑧 + ∑ 𝑎𝑘𝑧𝑘

∞

𝑘=𝑛+1

,  

and 

   𝑔(𝑧)     = ∑ 𝑏𝑘𝑧𝑘

∞

𝑘=𝑛+1

.                 (2) 

See [2,4]. In [7], Ponnusamy et. al. introduced a 

class 𝑃ℋ
0 ≔ {𝑓 ∈ ℋ0 ∶ 𝑅𝑒[ℎ′(𝑧)] > |𝑔′(𝑧)|} for 

𝑧 ∈ 𝑈 and they proved that functions in 𝑃ℋ
0  are 

univalent in 𝑈.  

In [6], Nagpal and Ravichandran studied a class 

𝑊ℋ
0  of functions 𝑓 ∈ ℋ0  satisfying the condition  

𝑅𝑒[ℎ′(𝑧) + 𝑧ℎ′′(𝑧)] > |𝑔′(𝑧) + 𝑧𝑔′′(𝑧)| for 𝑧 ∈ 𝑈.  

Ghosh and Vasudevarao [5] investigated the class 

𝑊ℋ
0 (𝛼) of functions 𝑓 ∈ ℋ0 satisfying the condition 

𝑅𝑒[ℎ′(𝑧) + 𝛼𝑧ℎ′′(𝑧)] > |𝑔′(𝑧) + 𝛼𝑧𝑔′′(𝑧)| for 

0 ≤ 𝛼, and 𝑧 ∈ 𝑈. 

Yaşar and Yalçın defined ℛℋ
0 (𝛼, 𝛾) class 

functions 𝑓 = ℎ + �̅� ∈ ℋ0 and satisfy  

Re[ℎ′(𝑧) + 𝛼𝑧ℎ′′(𝑧) + 𝛾𝑧2ℎ′′′(𝑧)]
> |𝑔′(𝑧) + 𝛼𝑧𝑔′′(𝑧)
+ 𝛾𝑧2𝑔′′′(𝑧)|                (3) 

where 𝛼 ≥ 𝛾 ≥ 0 (See [8]). 

Denote by ℛℋ
𝑛 (𝛼, 𝛾, 𝛽), the class of functions 𝑓 =

ℎ + �̅� ∈ ℋ0 and satisfy 

Re[ℎ′(𝑧) + 𝛼𝑧ℎ′′(𝑧) + 𝛾𝑧2ℎ′′′(𝑧) − 𝛽]
> |𝑔′(𝑧) + 𝛼𝑧𝑔′′(𝑧)
+ 𝛾𝑧2𝑔′′′(𝑧)|                                  (3) 
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where 𝛼 ≥ 𝛾 ≥ 0, 0 ≤ 𝛽 < 1 and 𝑛 ≥ 1 (See [3]). 

The class ℛℋ
1 (𝛼, 𝛾, 𝛽) = ℛℋ(𝛼, 𝛾, 𝛽) generalizes 

several previously studied classes of harmonic 

mappings. For examples, ℛℋ(0,0,0) = 𝒫ℋ
0  [9], 

ℛℋ(1,0,0) = 𝒲ℋ
0  [10], ℛℋ(𝛼, 0,0) = 𝒲ℋ

0 (𝛼) [5], 

ℛℋ(0,0, 𝛽) = 𝒫ℋ
0 (𝛽) [7] and ℛℋ(𝛼, 𝛾, 0)  =

ℛℋ
0 (𝛼, 𝛾) [8]. We denote ℛℋ

𝑛 (𝛼, 𝛾, 0) = ℛℋ
𝑛 (𝛼, 𝛾) 

and ℛℋ
1 (𝛼, 𝛾, 𝛽) = ℛℋ(𝛼, 𝛾, 𝛽). 

 

Definition 1. Let 𝑓 = ℎ + �̅� ∈ ℋ0 be a harmonic 

function ℎ and 𝑔 are given by (1). Then the Bohr 

Phenomenon is to find the constant 0 < 𝜌∗ ≤ 1 such 

that the inequality 

𝜌 + ∑(|𝑎𝑘| + |𝑏𝑘|)

∞

𝑘=2

𝜌𝑘 ≤ 𝑑 (𝑓(0), 𝜕(𝑓(𝑈))) 

holds for all |𝑧| = 𝜌 ≤ 𝜌∗, where 

𝑑 (𝑓(0), 𝜕(𝑓(𝑈))) denotes the Euclidean distance 

between 𝑓(0) and the boundary of 𝑓(𝑈). The largest 

such 𝜌∗ is called the Bohr radius. 

The idea of Bohr radius, originated from the work 

of Bohr (see [1]) on the inequality ∑ |𝑎𝑘|𝜌𝑘∞
𝑘=2 ≤ 1 

(𝜌 ≤ 1/3) for an analytic function with the power 

series ∑ 𝑎𝑘𝑧𝑘∞
𝑘=0 , which is known as Bohr’s 

Theorem. Finding the Bohr radius for such 

inequalities with diverse possibilities has become a 

popular topic. 

II. BOHR RADIUS FOR THE CLASS ℛℋ
𝑛 (𝛼, 𝛾, 𝛽) 

Lemma 1. [3] Suppose 𝑓 ∈ ℛℋ
𝑛 (𝛼, 𝛾, 𝛽). Then 

for 𝑛 ≥ 1 and 𝑘 ≥ 𝑛 + 1, 

|𝑎𝑘| + |𝑏𝑘| ≤
2(1 − 𝛽)

𝑘[1 + (𝑘 − 1)𝛼 + (𝑘2 − 3𝑘 + 2)𝛾]
. 

 

Lemma 2. [3] Suppose 𝑓 ∈ 𝑅ℋ
𝑛 (𝛼, 𝛾, 𝛽). Then 

|𝑧| + ∑
2(1 − 𝛽)(−1)𝑘−1|𝑧|𝑘

𝑘(1 + (𝑘 − 1)𝛼 + (𝑘 − 1)(𝑘 − 2)𝛾)

∞

𝑘=𝑛+1

≤ |𝑓(𝑧)|. 
 

Theorem 1. 𝑓 ∈ ℛℋ
𝑛 (𝛼, 𝛾, 𝛽). Then 

|𝑧| + ∑ (|𝑎𝑘| + |𝑏𝑘|)|𝑧|𝑘

∞

𝑘=𝑛+1

≤ 𝑑 (𝑓(0), 𝜕(𝑓(𝑈))) 

for |𝑧| < 𝜌∗, where 𝜌∗ is the unique positive root 

in (0,1) of 

𝜌 + ∑
2(1 − 𝛽)𝜌𝑘

𝑘(1 + (𝑘 − 1)𝛼 + (𝑘 − 1)(𝑘 − 2)𝛾)

∞

𝑘=𝑛+1

= 1 − ∑
2(1 − 𝛽)(−1)𝑘

𝑘(1 + (𝑘 − 1)𝛼 + (𝑘 − 1)(𝑘 − 2)𝛾)

∞

𝑘=𝑛+1

. 

The radius 𝜌∗ is the Bohr radius fort he class 

ℛℋ
𝑛 (𝛼, 𝛾, 𝛽). 

 

Proof. From Lemma 2, it follows that the distance 

between origin and the boundary of 𝑓(𝑈) satisfies 

𝑑 (𝑓(0), 𝜕(𝑓(𝑈))) ≥ 

1 − ∑
2(1 − 𝛽)(−1)𝑘

𝑘(1 + (𝑘 − 1)𝛼 + (𝑘 − 1)(𝑘 − 2)𝛾)

∞

𝑘=𝑛+1

.     (3) 

Let consider the continuous function 

Φ(𝜌)

= 𝜌 + ∑
2(1 − 𝛽)𝜌𝑘

𝑘(1 + (𝑘 − 1)𝛼 + (𝑘 − 1)(𝑘 − 2)𝛾)

∞

𝑘=𝑛+1

− 1 + ∑
2(1 − 𝛽)(−1)𝑘

𝑘(1 + (𝑘 − 1)𝛼 + (𝑘 − 1)(𝑘 − 2)𝛾)

∞

𝑘=𝑛+1

. 

 

Now 

Φ′(𝜌) = 1 + 

2(1 − 𝛽) ∑
𝜌𝑘−1

1 + (𝑘 − 1)𝛼 + (𝑘 − 1)(𝑘 − 2)𝛾

∞

𝑘=𝑛+1

 

> 0 

for all 𝜌 ∈ (0,1), which implies that Φ is a strictly 

increasing continuous function. Note that Φ(0) < 0 

and 

Φ(1) = 

2(1 − 𝛽) ∑
1

𝑘(1 + (𝑘 − 1)𝛼 + (𝑘 − 1)(𝑘 − 2)𝛾)

∞

𝑘=𝑛+1

 

+2 ∑
(−1)𝑘

𝑘(1 + (𝑘 − 1)𝛼 + (𝑘 − 1)(𝑘 − 2)𝛾)

∞

𝑘=𝑛+1

 

> 0. 
Thus by Intermediate Value Theorem for 

continuous function, we let 𝜌∗ be the unique root of 

Φ(𝜌) = 0 in (0,1). Now using Lemma 1 and the 

inequality (3), we have 

|𝑧| + ∑ (|𝑎𝑘| + |𝑏𝑘|)|𝑧|𝑘

∞

𝑘=𝑛+1

≤ 𝜌 + ∑
2(1 − 𝛽)𝜌𝑘

𝑘(1 + (𝑘 − 1)𝛼 + (𝑘 − 1)(𝑘 − 2)𝛾)

∞

𝑘=𝑛+1
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≤ 𝜌∗ + ∑
2(1 − 𝛽)𝜌∗

𝑘

𝑘(1 + (𝑘 − 1)𝛼 + (𝑘 − 1)(𝑘 − 2)𝛾)

∞

𝑘=𝑛+1

 

                                                   

= 1 − ∑
2(1 − 𝛽)(−1)𝑘

𝑘(1 + (𝑘 − 1)𝛼 + (𝑘 − 1)(𝑘 − 2)𝛾)

∞

𝑘=𝑛+1

 

≤ 𝑑 (𝑓(0), 𝜕(𝑓(𝑈))), 

which hold for 𝜌 ≤ 𝜌∗. Now consider the analytic 

function 

𝑓(𝑧) = 

𝑧 + 2(1 − 𝛽) ∑
(−1)𝑘−1

𝑘(1 + (𝑘 − 1)𝛼 + (𝑘 − 1)(𝑘 − 2)𝛾)
𝑧𝑘

∞

𝑘=𝑛+1

. 

Then clearly 𝑓 ∈ ℛℋ
𝑛 (𝛼, 𝛾, 𝛽) and at |𝑧| = 𝜌∗, we 

get 

|𝑧| + ∑ (|𝑎𝑘| + |𝑏𝑘|)|𝑧|𝑘

∞

𝑘=𝑛+1

= 𝑑 (𝑓(0), 𝜕(𝑓(𝑈))). 

Hence the radius 𝜌∗ is the Bohr radius for the class 

ℛℋ
𝑛 (𝛼, 𝛾, 𝛽). 

Now using Theorem 1, we can obtain Bohr radius 

for the classes ℛℋ
0 (0,0,0) ≡ 𝑃ℋ

0 , ℛℋ
0 (𝛼, 0,0) ≡

𝑊ℋ
0 (𝛼), ℛℋ

0 (0,0, 𝛽) ≡ 𝒫ℋ
0 (𝛽) and ℛℋ(𝛼, 𝛾, 0)  =

ℛℋ
0 (𝛼, 𝛾) Here we mention the following: 

 

Corollary 1. 𝑓 ∈ 𝑃ℋ
0 . Then 

|𝑧| + ∑(|𝑎𝑘| + |𝑏𝑘|)|𝑧|𝑘

∞

𝑘=2

≤ 𝑑 (𝑓(0), 𝜕(𝑓(𝑈))) 

for |𝑧| ≤ 𝜌∗, where 𝜌∗ is the unique positive root 

in (0,1) of 

𝜌 + 2 ∑
𝜌𝑘

𝑘

∞

𝑘=2

= 1 − 2 ∑
(−1)𝑘

𝑘

∞

𝑘=2

. 

 

Corollary 2. 𝑓 ∈ 𝑊ℋ
0 (𝛼). Then 

|𝑧| + ∑(|𝑎𝑘| + |𝑏𝑘|)|𝑧|𝑘

∞

𝑘=2

≤ 𝑑 (𝑓(0), 𝜕(𝑓(𝑈))) 

for |𝑧| ≤ 𝜌∗, where 𝜌∗ is the unique positive root 

in (0,1) of 

𝜌 + 2 ∑
𝜌𝑘

𝛼𝑘2 + (1 − 𝛼)𝑘

∞

𝑘=2

= 1 − 2 ∑
(−1)𝑘

𝛼𝑘2 + (1 − 𝛼)𝑘

∞

𝑘=2

. 

Corollary 3. 𝑓 ∈ 𝒫ℋ
0 (𝛽). Then 

|𝑧| + ∑(|𝑎𝑘| + |𝑏𝑘|)|𝑧|𝑘

∞

𝑘=2

≤ 𝑑 (𝑓(0), 𝜕(𝑓(𝑈))) 

for |𝑧| ≤ 𝜌∗, where 𝜌∗ is the unique positive root 

in (0,1) of 

𝜌 + 2(1 − 𝛽) ∑
𝜌𝑘

𝑘

∞

𝑘=2

= 1 − 2(1 − 𝛽) ∑
(−1)𝑘

𝑘

∞

𝑘=2

. 

Corollary 4. 𝑓 ∈ 𝑅ℋ
0 (𝛼, 𝛾). Then 

|𝑧| + ∑(|𝑎𝑘| + |𝑏𝑘|)|𝑧|𝑘

∞

𝑘=2

≤ 𝑑 (𝑓(0), 𝜕(𝑓(𝑈))) 

for |𝑧| < 𝜌∗, where 𝜌∗ is the unique positive root 

in (0,1) of 

𝜌 + ∑
2𝜌𝑘

𝛾𝑘3 + (𝛼 − 3𝛾)𝑘2 + (1 − 𝛼 + 2𝛾)𝑘

∞

𝑘=2

= 1 − ∑
2(−1)𝑘

𝛾𝑘3 + (𝛼 − 3𝛾)𝑘2 + (1 − 𝜆 + 2𝛾)𝑘

∞

𝑘=2

. 

The radius 𝜌∗ is the Bohr radius fort he class 

𝑅ℋ
0 (𝛼, 𝛾). 

REFERENCES 

 
[1] Bohr H.,: A theorem concerning power series. Proc 

London Math Soc 13:1–5, 1914. 

[2] Clunie, J., Sheil-Small, T.:Harmonic univalent functions. 

Ann. Acad. Sci. Fenn. Ser. A. I. 9, 3-25, 1984. 

[3] Gochhayat, P., Mahata, S.: Geometric Properties of 

Certain Subclass of Close-to-Convex Harmonic 

Mappings. Vietnam Journal of Mathematics 

https://doi.org/10.1007/s10013-022-00583-2. 

[4] Duren, P.: Harmonic mappings in the plane, Cambridge 

Tracts in Mathematics, 156, Cambridge Univ. Press, 

Cambridge, 2004. 

[5] Ghosh, N., Vasudevarao, A., The radii of fully 

starlikeness and fully convexity of a harmonic operator, 

Monatsh Math., 188, 653-666, 2019. 

[6] Nagpal S.,  Ravichandran, V., Construction of subclasses 

of univalent harmonic mappings, J. Korean Math. Soc., 

53, 567–592, 2014. 

[7] Ponnusamy S, Yamamoto H, Yanagihara H. Variability 

regions for certain families of harmonic univalent 

mappings. Complex Variables and Elliptic Equations 

58(1), 23-34, 2013. 

[8] Yaşar, E., Yalçın, S.: Close o convexity of a class of 

harmonic mappings defined by a third order differential 

inequality. Turkish Journal of Mathematics. 45, 2, 2021. 

[9] Li, L., Ponnusamy, S.: Injective section of univalent 

harmonic mappings. Nonlinear Anal. 89, 276–283 2013. 

[10] Nagpal, S., Ravichandran, V.: Construction of subclasses 

of univalent harmonic mappings. J. Korean Math. Soc. 

51, 567–592, 2014. 

 


