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Abstract – The main aim of this research is to reveal Tschirnhausen helical surface in three-dimensional 

Euclidean space 𝔼3. We construct Tschirnhausen helical surface, and obtain its Gauss map, Gaussian 

curvature, mean curvature. Moreover, we compute some relations of the curvatures of that kind surface. 
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I. INTRODUCTION 

Mathematicians, especially geometers have been 

studied the surface theory for almost five hundred 

years. Some books can be seen about the theory in 

literature [1-7]. 

 

We investigate the Tschirnhausen helical surface 

in three dimensional Euclidean space 𝔼3.  

 

In Section 1, we indicate some definitions of 3-

space. 

 

In Section 2, we serve the helical surface and then, 

we present Tschirnhausen helical surface, and 

compute its Gaussian and mean curvatures. We 

present some relations for the curvatures of the 

surface. 

 

We serve a conclusion in Section 3. 

 

In this paper, we equivalent a vector (p, q, r) with 

its transpose. 

 

 

 

 

Next, in 𝔼3, we define the fundamental forms I, II, 

shape operator matrix, Gauss curvature, mean 

curvature of the surface 𝔁 = 𝔁(𝑢, 𝑣). 
 

Let 𝔁 be a surface 𝑀2 in 𝔼3. The cross product of 

�⃗⃗⃗� = (𝓂1,𝓂2,𝓂3) and �⃗� = (𝓃1, 𝓃2, 𝓃3) of 𝔼3 is 

defined by 

 

 

 

�⃗⃗⃗� × �⃗� = |

𝑒1 𝑒2 𝑒3
𝓂1 𝓂2 𝓂3

𝓃1 𝓃2 𝓃3
|, 

 

where | | is described as determinant. We consider 

the following matrices 

 

𝐼 = (𝑔𝑖𝑗)2×2, 

and 

 

𝐼𝐼 = (ℎ𝑖𝑗)2×2, 

where 
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𝑔11 = 𝔁𝑢 ∙ 𝔁𝑢,    

 

𝑔12 = 𝔁𝑢 ∙ 𝔁𝑣 = 𝑔21,    

 

𝑔22 = 𝔁𝑣 ∙ 𝔁𝑣, 

 

ℎ11 = 𝔁𝑢𝑢 ∙ 𝐺,    

 

ℎ12 = 𝔁𝑢𝑣 ∙ 𝐺 = ℎ21,    

 

ℎ22 = 𝔁𝑣𝑣 ∙ 𝐺, 

 

" ∙ " is a Euclidean dot product, the Gauss map of the 

surface is given by 

 

𝐺 = 𝐺(𝑢, 𝑣) =
𝔁𝑢 × 𝔁𝑣
‖𝔁𝑢 × 𝔁𝑣‖

. 

 

We calculate 𝐼−1. 𝐼𝐼, and it follows the shape 

operator matrix 

 

𝓢 =
1

𝑑𝑒𝑡𝐼
(

𝑔22ℎ11 − 𝑔12ℎ12 𝑔22ℎ12 − 𝑔12ℎ22

𝑔11ℎ12 − 𝑔12ℎ11 𝑔11ℎ22 − 𝑔12ℎ12

). 

 

Finally, we obtain the following formula of 

Gaussian curvature 

 

                           𝐾 = 𝑑𝑒𝑡(𝓢) 

 

=
ℎ11ℎ22 − ℎ12

2

𝑔11𝑔22 − 𝑔122
 

 

and the mean curvature formula 

 

             𝐻 =
1

2
𝑡𝑟(𝓢) 

 

=
𝑔11ℎ22 + 𝑔22ℎ11 − 2𝑔12ℎ12

2(𝑔11𝑔22 − 𝑔122)
, 

 

respectively. When 𝐾 = 0, the surface 𝔁 is flat, and 

it is minimal when 𝐻 = 0. 

 

II. TSCHIRNHAUSEN HELICAL SURFACE 
 

In this section, we present the surface of rotation 

and the helical surface in 𝔼3.  

 

Consider open interval I, let 𝛾 ∶ I ⊂ ℝ⟶  Π be a 

curve, and ℓ be a line in Π. 

 

We define the surface of rotation as a surface 

rotating the generating curve 𝛾 about the axis ℓ. 

 

When the generating curve rotates about ℓ, it 

replaces parallel lines orthogonal to ℓ, then the 

accelerate of replacement is in proportion to the 

accelerate of rotation.  

 

Therefore, the above surface is named the helical 

surface having axis ℓ, pitch  𝓅 ∈ ℝ+. 

 

The orthogonal matrix is given by 

 

𝔒(𝑣) = (
𝑐𝑜𝑠𝑣 −𝑠𝑖𝑛𝑣 0
𝑠𝑖𝑛𝑣 𝑐𝑜𝑠𝑣 0
0 0 1

). 

 

Here, 𝑣 ∈ ℝ. Therefore, 𝔒 supplies the following, 

simultaneously, 

 

𝔒. ℓ = ℓ,    𝔒𝑡 . 𝔒 = 𝔒.𝔒𝑡 = ℑ3,  det𝔒 = 1, 

 

where ℑ3 is the identity matrix of order 3. 

 

If the rotation axis be ℓ, there is a transformation 

transformed ℓ to the axis 𝑥3. 

 

 

The generating curve is given by 
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𝛾(𝑢) = (𝔣(𝑢), 0, 𝔤(𝑢)), 

 

where 𝔣(𝑢), ℊ(𝑢) ∈ 𝐶𝑘(I , ℝ). 
 

Hence, the helical surface spanned by the (0,0,1) 
having pitch 𝓅, is defined by 

 

ℋ(𝑢, 𝑣) = 𝔒(𝑣). 𝛾(𝑢) + 𝓅 𝑣 ℓ𝑡, 

 

where 𝑢 ∈ I, 𝑣 ∈ [0, 2𝜋). 
 

So, we have the following helical surface 

 

ℋ(𝑢, 𝑣) = (

𝔣(𝑢)𝑐𝑜𝑠𝑣
𝔣(𝑢)𝑠𝑖𝑛𝑣

𝔤(𝑢) + 𝓅𝑣
). 

 

When 𝓅 = 0, the helical surface is transform to the 

surface of rotation. 

 

Considering the following Tchirnhausen curve 

for 𝑎, 𝑏, ℎ ∈ ℝ in 𝔼3 

 

           𝛾[𝑛, a](𝑢) = (𝒫(𝑢), 0, 𝒬(𝑢)) 

 

= a

(

 
 
 

cos 𝑢

cos𝑛 (
𝑢
3)

0
sin 𝑢

cos𝑛 (
𝑢
3))

 
 
 

, 

 

we calculate the Gauss map, and also find the 

curvatures of the Tchirnhausen surface. See [3] for 

details of Tschirnhausen curve. 

 

In 𝔼3, the Tschirnhausen helical surface (see 

Figure 1 and Figure 2 for 𝓅 = 1, see Figure 3 and 

Figure 4 for 𝓅 = 0) spanned by the (0,0,1), has 

pitch 𝓅 ∈ ℝ+, taking 𝒶 = 1 on generating curve, is 

defined by 

 

 

 

Fig. 1: Tschirnhausen helical surface, 𝓅 = 1 

 

 

𝓣(𝑢, 𝑣) =

(

 
 
 
 
 

cos 𝑢 cos 𝑣

cos (
𝑢
3)

cos 𝑢 sin 𝑣

cos (
𝑢
3)

sin 𝑢

cos (
𝑢
3)
+ 𝓅𝑣

)

 
 
 
 
 

, 

 

where the generating space curve is described by 

 

𝛾(𝑢) = (
cos 𝑢

cos (
𝑢
3)
, 0,

sin 𝑢

cos (
𝑢
3)
), 

 

and 𝑢 ∈ I, 𝓅 ∈ ℝ+, 𝑣 ∈ [0, 2𝜋). 
 

By using the first differentials of the 

Tschirnhausen helical surface 𝓣(𝑢, 𝑣) depends on 𝑢 

and 𝑣, we reveal the following first quantities 
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Fig. 2: Curves on Tschirnhausen helical surface, 𝓅 = 1 

 

Fig. 3: Tschirnhausen rotational surface, 𝓅 = 0 

 

Fig. 4: Curves on Tschirnhausen rotational surface, 𝓅 = 0 

𝑔11 =
8 cos2 (

𝑢
3) + 1

9 cos4 (
𝑢
3)

, 

 

𝑔12 = 𝓅
(8 cos4 (

𝑢
3) − 4 cos

2 (
𝑢
3) − 1)

3 cos2 (
𝑢
3)

, 

 

𝑔22 = 𝓅
2 + 16 cos4 (

𝑢

3
) − 24 cos2 (

𝑢

3
) + 9. 

 

By using above results, we get the following 

 

det(𝑔𝑖𝑗) = det 𝐼 

                 = (9 − 64𝓅2 cos8 (
𝑢

3
)

+ (64 𝓅2 + 128) cos6 (
𝑢

3
)

− 176 cos4 (
𝑢

3
) + 48 cos2 (

𝑢

3
))

/ 9 cos4 (
𝑢

3
). 

 

Hence, the Gauss map (see Figure 3 and Figure 4) 

of Tschirnhausen helical surface is given by 

 

𝐺(𝑢, 𝑣) =
1

 𝑊1/2
(

𝐺1(𝑢, 𝑣)

𝐺2(𝑢, 𝑣)

𝐺3(𝑢, 𝑣)
), 

 

where 

 

𝐺1 = 3𝓅 sin 𝑢 cos
2 (
𝑢

3
) sin 𝑣

− 𝓅 cos (
𝑢

3
) cos 𝑢 sin (

𝑢

3
) sin 𝑣

+ sin 𝑢 cos 𝑣 cos 𝑢 sin (
𝑢

3
)

+ 3cos (
𝑢

3
) cos 𝑣 cos2 𝑢, 
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𝐺2 = 3𝓅 sin 𝑢 cos
2 (
𝑢

3
) cos 𝑣

− 𝓅 cos (
𝑢

3
) cos 𝑢 sin (

𝑢

3
) cos 𝑣

− sin 𝑢 sin 𝑣 cos 𝑢 sin (
𝑢

3
)

− 3cos (
𝑢

3
) sin 𝑣 cos2 𝑢, 

 

𝐺3 = −8 sin (
𝑢

3
) cos4 (

𝑢

3
) (4 cos2 (

𝑢

3
) − 3), 

 

and 

 

𝑊 = (9 − 64𝓅2 cos8 (
𝑢

3
)

+ (64 𝓅2 + 128) cos6 (
𝑢

3
)

− 176 cos4 (
𝑢

3
) + 48 cos2 (

𝑢

3
))

/cos (
𝑢

3
). 

 
 

Fig. 5: Gauss map of Tschirnhausen helical surface, 𝓅 = 1 

 

 

Fig. 6: Curves on Gauss map of Tschirnhausen helical 

surface, 𝓅 = 1 

 

Therefore, the mean curvature of Tschirnhausen 

helical surface 𝓣(𝑢, 𝑣) is described by 

 

𝐻 =
𝒽(𝑢)

𝑊3/2
, 

 

where 
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III. CONCLUSION 

 

By using above findings, we have the following 

results. 

 

Corollary 1.  Let 𝓣 ∶  M2  ⟶  𝔼3 be an immersion 

defined by 𝓣(𝑢, 𝑣). Then, M2 has the following 

relation 

 

𝐻2 =
𝒽2

4𝓀
𝐾. 

 

Corollary 2.  Let 𝓣 ∶  M2  ⟶  𝔼3 be an immersion 

obtained by 𝓣(𝑢, 𝑣). M2 has umbilic point if and 

only if the following relation holds 

 

𝒽 = ∓2𝓀1/2. 
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