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Abstract –  In this paper we introduce the  concept of strongly Aσ
λ(p)

− convergence of fuzzy numbers 

with respect to an Orlicz function and examine some properties of the resulting sequence spaces and 

(σ)-statistical convergence. It also shown that if a sequence of fuzzy numbers is strong (σ) convergent 

with respect to an Orlicz function then it is (σ)-statistically convergent. 

Keywords – Orlicz Function,Paranorm, De La Vallee-Poussin Means, Fuzzy Number. 

 

I. INTRODUCTION 

The concept of paranorm is closely related to linear 

metric spaces.It is a generalization of that of 

absolute value. Let X be a linear space. A function 

RXg →: is called paranorm, if 

 (i) ( ) 00 =g ,(ii) ( ) 0xg , for all Xx ,  

(iii) ( ) ( )xgxg =− , for all Xx ,  (iv) 

( ) ( ) ( )ygxgyxg ++ , for all Xyx , ,  and (v) if 

( )n  is a sequence of scalars with 

( )→→ nn   and ( )nx  a sequence of vectors 

with ( ) ( )→→− nxxg n 0 , then 

( ) ( )→→− nxxg nn 0 .This property is called 

continuity of multiplication by scalars.The space 

X  is called the paranormed space with the 

paranorm g. 

 Let 𝜎 be a one-to-one mapping of the set of 

positive integers into itself such that 𝜎𝑚(𝑛) =

𝜎(𝜎𝑚−1(𝑛)),𝑚 = 1,2,3, …  . A continuous linear 

functional 𝜑 on 𝑙∞ , the set of all bounded 

sequences, is said to be an invariant mean or a 𝜎-

mean if and only if 

(i) 𝜑(𝑥) ≥ 0 when the sequence 𝑥 =

(𝑥𝑛) has 𝑥𝑛 ≥ 0 for all n, 

(ii) 𝜑(𝑒) = 1, where e=(1,1,1,…) and 

(iii) 𝜑({𝑥𝜎(𝑛)}) = 𝜑({𝑥𝑛})  𝑎𝑙𝑙 𝑥 =

(𝑥𝑛) ∈ 𝑙∞. 

             For certain kinds of mappings 𝜎, every 

invariant mean 𝜑 extends the limit functional on 

the space c,the set of all convergent sequences, in 

the sense that 𝜑(𝑥) = 𝑙𝑖𝑚𝑥 for all 𝑥 = (𝑥𝑛) ∈ 𝑐. 

Consequently, 𝑐 ⊂ 𝑉𝜎, where 𝑉𝜎 is the set of 

bounded sequences all of whose 𝜎-means are 

equal. 

An Orlicz function is a function M:

   → ,0,0  , which is continuous, non-

decreasing and  convex with M(0)=0, M(x) > 0 for 

x > 0 and M(x) →→ xas . 

 An Orlicz function is said to satisfy ∆2-

condition for all values of u, if there exists a 

constant K > 0, such that M(2u)   KM(u), u   0. 

 Lindenstrauss and Tzafriri [8] used the idea 

of Orlicz function to construct the sequence space 
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becomes a Banach space which is called an Orlicz 

sequence space. The space Ml  is closely related to 

the space pl  which is an Orlicz sequence space 

with .1,)( = pxxM p  

 In the later stage different Orlicz sequence 

spaces were introduced and studied by Parashar 

and Choudhary [9], Esi,Isik and Esi [10] , Esi [11], 

Esi and Et [12], Esi[13] and many others. 

 The purpose of this paper is to introduce 

and study the concepts of strong  𝐴𝜎
𝜆(𝑝)

 

convergence of fuzzy numbers with respect to an 

Orlicz function  and (𝜎)-istatistical convergence 

and some relations between them. 

Let  p=(pk)   , then the following well-

known inequality will be used the paper: 

For sequences (ak) and (bk) of  complex numbers 

we have  

 

                                

)|||(||| kkk p

k

p

k

p

kk baKba ++  

 

where K = max (1,2H-1) and kk pH sup= . 

 We now give here a brief introduction 

about the sequences of fuzzy numbers (see [1] and 

[6]) 

 Let  denote the set of all bounded 

intervals ],[ AAA =  on the real line R. For 

DBA , , define  

 

, 

 ( )  , max ,d A B A B A B= − − . 

Then it can be easily seen that d defines a metric 

on  and ( )dD,  is a complete metric space [1]. 

Also the relation   is a partial order on D . 

 A fuzzy number is a fuzzy subset of the real 

line R which is bounded, convex and normal.Let 

𝐿(R) have compact support, i.e. if X  𝐿(R) then 

for any  1,0 , X is compact,where 

 X ( ) (  : 0,1t X t if =    

and 

 0X ( ) ( ): 0cl t R X t if =   = , 

where ( )cl A  is the closure of A. 

 The set R of real numbers can be embedded 

in 𝐿(R)  if we define r  𝐿(R)  by 

 ( )
1,

0,

if t r
r t

if t r

=
=


. 

 The additive identity and multiplicative 

identity of 𝐿(R)  are denoted by 0  and 1 , 

respectively. Then the arithmetic operations on 

𝐿(R)  are defined as follows: 

 ( )( ) ( ) ( ) sup ,X Y t X s Y t s t R =  −  ; 

( )( ) ( ) ( ) sup ,X Y t X s Y s t t R =  −  ; 

( )( ) ( ) ( ) sup / ,X Y t X s Y t s t R =   ;  

( )( ) ( ) ( ) / sup ,X Y t X st Y s t R=   . 

These operations can be defined in terms of 

 -level sets as follows: 

  1 1 2 2,X Y a b a b
      = + +  , 

  1 1 2 2,X Y a b a b
      = − −  ; D

BAandBAifonlyandifBA 

D
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     1,2 1,2
min ,maxi i i ii i

X Y a b a b
    

 
  =
 

, 

( ) ( )
1 1

1

2 1, , 0iX a a a


  
− −

−    =     
 

for each . 

 For r in R and X in 𝐿(R), the product rX is 

defined as follows: 

( )
( )1 0

0 0

X r t if r
rX t

if r

− 
=

=
. 

 Define a map :d ( ) ( )  0L R xL R R+→   

by ( ) ( )0 1, sup ,d X Y d X Y 

 = . For YX , 𝐿(R) 

define YX   if and only if 
 YX   for any 

 1,0 . It is known that (𝐿(R), d ) is a complete 

metric space [7]. 

 A metric on 𝐿(R) is said to be a translation 

invariant if ( ) ( )YXdZYZXd ,, =++  for 

ZYX ,, 𝐿(R). 

 LEMMA. [2]. If d  is a translation 

invariant metric on 𝐿(R), then 

 (i) ( ) ( ) ( ),0 ,0 ,0d X Y d X d Y+  + , 

 (ii) ( ) ( ),0 ,0d X d X  , 1 . 

 A sequence 𝑋 = (𝑋𝑘)  of fuzzy numbers is 

a function X from the set N  of natural numbers 

into 𝐿(𝑅). The fuzzy number kX  denotes the value 

of the function at Nk  . 

 A sequence 𝑋 = (𝑋𝑘) of fuzzy numbers is 

said to be bounded if the set  NkX k :  of fuzzy 

numbers is bounded. 

 A sequence 𝑋 = (𝑋𝑘)  of fuzzy numbers is 

said to be converge to a fuzzy number oX  if for 

every 0  there is a positive integer 𝑛𝑜 such that 

( ) ok XXd ,  for 𝑘 > 𝑛𝑜. 

  

 

 

 

II. RESULTS 

Let ( )n=  be a non-decreasing sequence 

of positive real numbers tending to infinity and 

11=  and  11 ++ nn   ,  nnI nn ,1+−=  . Let M 

be an Orlicz function, ( )kpp =  be any sequence of 

strictly positive real numbers and 𝑋 = (𝑋𝑘)  be 

sequence of fuzzy numbers, then for some 𝜌 > 0; 

 Esi [13] has defined the following classes 

of sequences of fuzzy numbers: 

  𝐹𝑜[𝑀, , 𝑝] =

{(𝑋𝑘):   lim
𝑛→∞

1

𝑛
∑ [𝑀 (

𝑑̅(𝑋𝑘,0̅)

𝜌
)]
𝑝𝑘
= 0𝑘∈𝐼𝑛 }, 

              𝐹[𝑀, , 𝑝] =

{(𝑋𝑘):   lim
𝑛→∞

1

𝑛
∑ [𝑀 (

𝑑̅(𝑋𝑘,𝑋0)

𝜌
)]
𝑝𝑘
= 0𝑘∈𝐼𝑛 }, 

             𝐹∞[𝑀, , 𝑝] =

{(𝑋𝑘):   sup
𝑛

1

𝑛
∑ [𝑀 (

𝑑̅(𝑋𝑘,0̅)

𝜌
)]
𝑝𝑘
< ∞𝑘∈𝐼𝑛 } 

and in this paper, we define the following new 

classes of sequences of fuzzy numbers: 

𝐹𝑜[𝐴𝜎 , 𝑀, , 𝑝]

= {𝑋

= (𝑋𝑘):   lim
𝑛→∞

1

𝑛
∑ 𝑎𝑚𝑘 [𝑀(

𝑑̅ (𝑋
𝜎𝑘 (𝑚)

, 0̅)

𝜌
)]

𝑝𝑘

𝑘∈𝐼𝑛

= 0,   𝑢𝑛𝑖𝑓𝑜𝑟𝑚𝑙𝑦 𝑖𝑛 𝑚}, 

         𝐹[𝐴𝜎 , 𝑀, , 𝑝] = {𝑋 =

(𝑋𝑘):   lim
𝑛→∞

1

𝑛
∑ 𝑎𝑚𝑘 [𝑀(

𝑑̅(𝑋
𝜎𝑘 (𝑚)

,𝑋0)

𝜌
)]

𝑝𝑘

=𝑘∈𝐼𝑛

0, 𝑢𝑛𝑖𝑓𝑜𝑟𝑚𝑙𝑦 𝑖𝑛 𝑚}, 

10  
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          𝐹∞[𝐴𝜎 , 𝑀, , 𝑝] = {𝑋 =

(𝑋𝑘):   sup
𝑛,𝑚

1

𝑛
∑ 𝑎𝑚𝑘 [𝑀(

𝑑̅(𝑋
𝜎𝑘 (𝑚)

,0̅)

𝜌
)]

𝑝𝑘

<𝑘∈𝐼𝑛

∞}. 

We denote 𝐹[𝐴𝜎 , 𝑀, , 𝑝], 𝐹𝑜[𝐴𝜎 , 𝑀, , 𝑝] and 

𝐹∞[𝐴𝜎 , 𝑀, , 𝑝] as 𝐹[𝐴𝜎 , 𝑀, ], 𝐹𝑜[𝐴𝜎 , 𝑀, ] and 

𝐹∞[𝐴𝜎 , 𝑀, ], when 1=kp for all k. If 𝑋 = (𝑋𝑘)

 𝐹[𝐴𝜎 , 𝑀, , 𝑝] we say that 𝑋 = (𝑋𝑘) is of strongly 

𝐴𝜎
𝜆(𝑝)

- convergent to fuzzy number 𝑋0 with respect 

to the Orlicz function M. If ,M(x)=x, A=(C,1) 

matrix order 1, nn =   for all n, and 𝜎(𝑛) =

𝑛 , then 𝐹[𝐴𝜎 , 𝑀, , 𝑝]= 𝐹[𝑝], 𝐹𝑜[𝐴𝜎 , 𝑀, , 𝑝]=𝐹𝑜[𝑝]        

and 𝐹∞[𝐴𝜎, 𝑀, , 𝑝]=𝐹∞[𝑝], which were defined by 

Mursaleen and Basarir [2]. If 𝑋 = (𝑋𝑘) 𝐹[𝑝],           

we say that 𝑋 = (𝑋𝑘) strongly convergent to fuzzy 

number 𝑋0.  

 In this section we examine some 

topological properties of  𝐹[𝐴𝜎 , 𝑀, , 𝑝], 

𝐹𝑜[𝐴𝜎 , 𝑀, , 𝑝] and 𝐹∞[𝐴𝜎 , 𝑀, , 𝑝] classes. 

 If d  is a translation invariant, we have the 

following theorem. 

THEOREM 1. For any Orlicz function M 

and any sequence ( )kpp =  of strictly positive real 

numbers, then 𝐹[𝐴𝜎, 𝑀, , 𝑝], 𝐹𝑜[𝐴𝜎 , 𝑀, , 𝑝] and 

𝐹∞[𝐴𝜎 , 𝑀, , 𝑝],  are linear spaces over the set of 

complex numbers. 

PROOF. We shall prove only for 

𝐹𝑜[𝐴𝜎 , 𝑀, , 𝑝]. The others can be treated similarly. 

Let 𝑋 = (𝑋𝑘) , 𝑌 = (𝑌𝑘) ∈ 𝐹𝑜[𝐴𝜎 , 𝑀, , 𝑝] and 

C , . In order to prove the result we need to 

find some 03   such that 

 

lim
𝑛→∞

1

𝑛
∑ 𝑎𝑚𝑘 [𝑀(

𝑑̅(𝛼𝑋
𝜎𝑘 (𝑚)

+𝛽𝑌
𝜎𝑘 (𝑚)

,0̅)

𝜌3
)]

𝑝𝑘

=𝑘∈𝐼𝑛

0,   𝑢𝑛𝑖𝑓𝑜𝑟𝑚𝑙𝑦 𝑖𝑛 𝑚. 

𝛼 

Since 𝑋 = (𝑋𝑘) , 𝑌 = (𝑌𝑘) ∈ 𝐹𝑜[𝐴𝜎 , 𝑀, , 𝑝], there 

exist  some  01   and 02   such that 

 lim
𝑛→∞

1

𝑛
∑ 𝑎𝑚𝑘 [𝑀(

𝑑̅(𝑋
𝜎𝑘 (𝑚)

,0̅)

𝜌1
)]

𝑝𝑘

=𝑘∈𝐼𝑛

0,   𝑢𝑛𝑖𝑓𝑜𝑟𝑚𝑙𝑦 𝑖𝑛 𝑚 

 and   

               lim
𝑛→∞

1

𝑛
∑ 𝑎𝑚𝑘 [𝑀(

𝑑̅(𝑌
𝜎𝑘 (𝑚)

,0̅)

𝜌2
)]

𝑝𝑘

=𝑘∈𝐼𝑛

0,   𝑢𝑛𝑖𝑓𝑜𝑟𝑚𝑙𝑦 𝑖𝑛 𝑚. 

Define ( )213 2,2max  = . Since M is non-

decreasing and convex 

1

𝑛
∑ 𝑎𝑚𝑘 [𝑀(

𝑑̅ (𝛼𝑋
𝜎𝑘 (𝑚)

+ 𝛽𝑌
𝜎𝑘 (𝑚)

, 0̅)

𝜌3
)]

𝑝𝑘

𝑘∈𝐼𝑛

≤
1

𝑛
∑ 𝑎𝑚𝑘 [𝑀(

𝑑̅ (𝛼𝑋
𝜎𝑘 (𝑚)

, 0̅)

𝜌3
𝑘∈𝐼𝑛

+
𝑑̅ (𝛽𝑌

𝜎𝑘 (𝑚)
, 0̅)

𝜌3
)]

𝑝𝑘

 

1

𝑛
∑ 𝑎𝑚𝑘

1

2𝑝𝑘
[𝑀(

𝑑̅ (𝑋
𝜎𝑘 (𝑚)

, 0̅)

𝜌1
)

𝑘∈𝐼𝑛

+𝑀(
𝑑̅ (𝑌

𝜎𝑘 (𝑚)
, 0̅)

𝜌2
)]

𝑝𝑘

≤
1

𝑛
∑ 𝑎𝑚𝑘 [𝑀(

𝑑̅ (𝑋
𝜎𝑘 (𝑚)

, 0̅)

𝜌1
)

𝑘∈𝐼𝑛

+𝑀(
𝑑̅ (𝑌

𝜎𝑘 (𝑚)
, 0̅)

𝜌2
)]

𝑝𝑘
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≤
𝐾

𝑛
∑ 𝑎𝑚𝑘 [𝑀(

𝑑̅ (𝑋
𝜎𝑘 (𝑚)

, 0̅)

𝜌1
)]

𝑝𝑘

𝑘∈𝐼𝑛

+
𝐾

𝑛
∑ 𝑎𝑚𝑘
𝑘∈𝐼𝑛

[𝑀(
𝑑̅ (𝑌

𝜎𝑘 (𝑚)
, 0̅)

𝜌2
)]

𝑝𝑘

 

→ 0, 𝑎𝑠 𝑛 → ∞ 𝑢𝑛𝑖𝑓𝑜𝑟𝑚𝑙𝑦 𝑖𝑛 𝑚. 

where K = max (1,2H-1), kk pH sup= , so that 

 𝛼𝑋 + 𝛽 𝑌 ∈ 𝐹𝑜[𝐴𝜎 , 𝑀, , 𝑝]. 𝑇ℎ𝑖𝑠 𝑐𝑜𝑚𝑝𝑙𝑒𝑡𝑒𝑠 the 

proof. 

THEOREM 2. For any Orlicz function M 

and a bounded sequence ( )kpp =  of strictly 

positive real numbers, 𝐹𝑜[𝐴𝜎 , 𝑀, , 𝑝] and 

𝐹[𝐴𝜎 , 𝑀, , 𝑝] are paranormed spaces with 

𝑔(𝑋) =

𝑖𝑛𝑓

{
 

 

𝜌
𝑝𝑛

𝐻⁄ : (
1

𝑛
∑ 𝑎𝑚𝑘 [𝑀(

𝑑̅(𝑋
𝜎𝑘 (𝑚)

,0̅)

𝜌
)]

𝑝𝑘

𝑘∈𝐼𝑛 )

1
𝑀⁄

  ≤

1,
𝑛 = 1,2,3, …
𝑚 = 1,2,3, …

}
 

 

  

where ( )HM ,1max= . 

PROOF. Clearly ( )0 0g = and 

( ) ( )XgXg −= . It can be seen easily that 

( ) ( ) ( )YgXgYXg ++  for 𝑋 = (𝑋𝑘) , 𝑌 =

(𝑌𝑘) ∈ 𝐹𝑜[𝐴𝜎 , 𝑀, , 𝑝], since d  is a translation 

invariant.Since ( ) 00 =M , we get 0=






 H

pn

Inf   

for 0X = .Conversely, suppose that 0)( =Xg , 

then  

 

𝑖𝑛𝑓

{
 

 

𝜌
𝑝𝑛

𝐻⁄ : (
1

𝑛
∑ 𝑎𝑚𝑘 [𝑀(

𝑑̅(𝑋
𝜎𝑘 (𝑚)

,0̅)

𝜌
)]

𝑝𝑘

𝑘∈𝐼𝑛 )

1
𝑀⁄

  ≤

1,
𝑛 = 1,2,3, …
𝑚 = 1,2,3, …

}
 

 

= 0. 

This implies that for a given 0 , there exists 

some  ( ) 0  such that 

(
1

𝑛
∑ 𝑎𝑚𝑘 [𝑀(

𝑑̅(𝑋
𝜎𝑘 (𝑚)

,0̅)

𝜌𝜀
)]

𝑝𝑘

𝑘∈𝐼𝑛 )

1
𝑀⁄

  ≤

1. 

Thus, 

(
1

𝑛
∑ 𝑎𝑚𝑘 [𝑀(

𝑑̅ (𝑋
𝜎𝑘 (𝑚)

, 0̅)

𝜀
)]

𝑝𝑘

𝑘∈𝐼𝑛

)

1
𝑀⁄

  

≤ (
1

𝑛
∑ 𝑎𝑚𝑘 [𝑀(

𝑑̅ (𝑋
𝜎𝑘 (𝑚)

, 0̅)

𝜌𝜀
)]

𝑝𝑘

𝑘∈𝐼𝑛

)

1
𝑀⁄

≤ 1 

 

for each n and m. 

Suppose that 𝑑̅ (𝑋
𝜎
𝑘𝑠(𝑚)

, 0̅) ≠ 0 for some 

𝑠 ∈ 𝐼𝑛. Let 0→ , then 

𝑑̅(𝑋
𝜎
𝑘𝑠(𝑚)

,0̅)

𝜀
→ ∞. It 

follows that 

(
1

𝑛
∑ 𝑎𝑚𝑘 [𝑀(

𝑑̅(𝑋
𝜎
𝑘𝑠(𝑚)

,0̅)

𝜀
)]

𝑝𝑘

𝑘∈𝐼𝑛 )

1
𝑀⁄

→ ∞,    

which is a contradiction. Therefore 𝑋
𝜎
𝑘𝑠(𝑚)

≠ 0̅. 

Finally, we prove that scalar multiplication is 

continuous. Let   be any complex number. By 

definition 
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𝑔(𝛾𝑋) =

𝑖𝑛𝑓

{
 

 

𝜌
𝑝𝑛

𝐻⁄ : (
1

𝑛
∑ 𝑎𝑚𝑘 [𝑀(

𝑑̅(𝛾𝑋
𝜎𝑘 (𝑚)

,0̅)

𝜌
)]

𝑝𝑘

𝑘∈𝐼𝑛 )

1
𝑀⁄

  ≤

1,
𝑛 = 1,2,3, …
𝑚 = 1,2,3, …

}
 

 

. 

Then 

 𝑔(𝛾𝑋) =

𝑖𝑛𝑓

{
 

 

(|𝛾|𝑡)
𝑝𝑛

𝐻⁄ : (
1

𝑛
∑ 𝑎𝑚𝑘 [𝑀(

𝑑̅(𝑋
𝜎𝑘 (𝑚)

,0̅)

𝑡
)]

𝑝𝑘

𝑘∈𝐼𝑛 )

1
𝑀⁄

  ≤

1,
𝑛 = 1,2,3, …
𝑚 = 1,2,3, …

}
 

 

 

where 



=t . Since ( )Hpk  ,1max , we have 

𝑔(𝛾𝑋)

( )( ) MH
1

,1max  𝑖𝑛𝑓

{
 

 

𝑡
𝑝𝑛

𝐻⁄ : (
1

𝑛
∑ 𝑎𝑚𝑘 [𝑀(

𝑑̅(𝑋
𝜎𝑘 (𝑚)

,0̅)

𝑡
)]

𝑝𝑘

𝑘∈𝐼𝑛 )

1
𝑀⁄

  ≤

1,
𝑛 = 1,2,3, …
𝑚 = 1,2,3, …

}
 

 

. 

So, the scalar multiplication is continuous 

follows from the above inequality. 

III. CONCLUSION 

In this conference paper, we studied some 

sequence spaces of fuzzy numbers defined by 

Orlicz function. Some topological properties 

were argued.  
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