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I. INTRODUCTION 

The foundations of the partition theory date back 

to 1674. "How many ways can a positive number be 

written as the sum of positive numbers?" With the 

question of the partition theory, work has begun. 

From the past to the present, many scientists have 

worked on the partition of positive integers 

([6],[7],[8],[9],[11],[12],[13],[16],[17],[22]). For a 

positive integer n, the partition function to be 

studied is the number of ways n can be written as a 

sum of positive integer n. The summands are called 

parts.  

Partitions are divided into compositions and 

partition. The displacement of summands in 

partition is not important.  

For the positive integer n, the partition number is 

denoted by p(n), while the composition number is 

denoted by P(n). 

 

Example: The number 6 has 11 partitions, and the 

number of compositions is 32. 

• The set of partition of 6 is {6; (1,5); (2,4); 

(1,1,4); (3,3); (3,2,1); (3,1,1,1); (2,2,2); 

(2,2,1,1); (2,1,1,1,1); (1,1,1,1,1,1)} and 6 

has 11 partitions. 

• The set of composition of 6 is {6; (1,5); 

(5,1); (2,4); (4,2); (1,1,4); (1 ,4,1); (4 ,1,1); 

(3,3); (3,2,1); (3,1,2); (2,3,1); (2,1,3); 

(1,2,3); (1,3,2); (3,1,1,1); (1,3,1,1); 

(1,1,3,1); (1,1,1,3); (2,2,2); (2,2,1,1); 

(2,1,2,1); (2,1,1,2); (1,2,2,1); (1,1,2,2); 

(1,2,1,2); (1,1,1,1,2); (1,1,1,2,1); 

(1,1,2,1,1); (1,2,1,1,1); (2,1,1,1,1); 

(1,1,1,1,1,1)} and 6 has 32 compositions. 

  Euler investigated the generating function of the 

number of partitions of an integer 𝑛; as follows 

 

𝑓(𝑥) = ∏
1

1 − 𝑥𝑛
= ∑ 𝑝(𝑛)

∞

𝑛=0

∞

𝑛=1

𝑥𝑛 

  where 0<x<1 [Apostol, 1976]. 

 

    The number of composition of an positive 

integers n as  

𝑃(𝑛) = 2𝑛−1 

[Gupta, 1970 ve Sılls 2011]. 

 

    As the works on the partition theory improved, 

new information was obtained by restricted 

partition. In the literature, the restricted partitions 
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are significant as unrestricted partition of an 

integer ([7], [10], [18]). 

    From [10, page 309], we recall that the number 

of partitions of 𝑘 into parts not exceeding 𝑚 is 

denoted by 𝑝𝑚(𝑘)  for integers 𝑚, 𝑘. Then 

𝑝𝑚(𝑘) = 𝑝(𝑘) for 𝑚 ≥ 𝑘. It is clear that 𝑝𝑚(𝑘) is 
less than 𝑝(𝑘)and the computation of 𝑝𝑚(𝑘) is 
easier for integers 𝑚, 𝑘. The generating function 
for the number of partitions of k into parts not 
exceeding 𝑚 is defined as  

 

𝐹𝑚(𝑥) = ∏
1

1−𝑥𝑖 = 1 + ∑ 𝑝𝑚(𝑖)∞
𝑖=0

𝑚
𝑖=1 𝑥𝑖 . 

 

 

II. MATERIALS AND METHOD 

 

In this note we focus on the summand size 

restricted compositions. 

We remember some phrase from [1]. Let n be a 

positive integer and we define the set 

 

𝑃𝑛 = {(𝑎1, 𝑎2, … , 𝑎𝑡) ∶ 𝑎1 + 𝑎2 + ⋯ + 𝑎𝑡

= 𝑛,     𝑎 𝑖 , 𝑡 ∈ ℤ+}. 
 

In [1], we have reared the set 𝑃𝑛+1 of composition 

for a positive integer 𝑛 by using recurrence relations 

on the set 𝑃𝑛. First, we recall operations with a 

partition 𝑎 = (𝑎1, 𝑎2, … , 𝑎𝑡) of integer 𝑛; 

 

1⨀𝑎 = (1, 𝑎1, 𝑎2, … , 𝑎𝑡) 

                  1⨁𝑎 = (1 + 𝑎1, 𝑎2, … , 𝑎𝑡) 

 

Then 1⨀𝑎, 1⨁𝑎 ∈ 𝑃𝑛+1  and so we also use the 

notaions 1 ⨀ 𝑃𝑛 , 1 ⨁ 𝑃𝑛 for the set of new type 

elements, i.e. 

 

                  1⨀𝑃𝑛 = {1⨀𝑎 ∶ 𝑎 ∈ 𝑃𝑛}, 

1⨁𝑃𝑛 = {1⨁𝑎 ∶ 𝑎 ∈ 𝑃𝑛}. 
 

Now we recall some expression from [4]. 

Let 𝑛, 𝑎 being positive integers. 𝑃𝑛,𝑎 is the set of 

composition of n with restriction a. 

𝑃𝑛,𝑎 = {(𝑥1, 𝑥, … , 𝑥𝑚) ∶ 𝑥1 + 𝑥2 + ⋯ + 𝑥𝑚 = 𝑛,

𝑎 ≥ 𝑥 𝑖, ∀𝑖 ∈ {1,2, … , 𝑚}}. 

Therefore |𝑃𝑛,𝑎| is number of compositions of n 

with restriction a. 

 

Example: For compositions of 6 with restriction 2, 

𝑃6,2= (2,2,2); (2,2,1,1); (2,1,2,1); (2,1,1,2); 

(1,2,2,1); (1,1,2,2); (1,2,1,2); (1,1,1,1,2); 

(1,1,1,2,1); (1,1,2,1,1); (1,2,1,1,1); (2,1,1,1,1); 

(1,1,1,1,1,1)} and |𝑃6,2|=13. 

 

Now we get the generating function for the 

numbers of a positive integers with restriction 

integers a. 

Theorem: Let 𝑎 is a positive integer. The 

generating function for the numbers of a positive 

integers with restriction integers a is that 

                      ∑ |𝑃𝑛,𝑎|𝑥𝑛 =
1−𝑥

1−2𝑥+𝑥𝑎+1
.∞

𝑛=0   

 

Proof:  Let 𝑎 is a positive integer. 

∑|𝑃𝑛,𝑎|𝑥𝑛 =

∞

𝑛=0

∑|𝑃𝑛,𝑎|𝑥𝑛

𝑎−1

𝑛=0

+ |𝑃𝑎,𝑎|𝑥𝑎

+ 𝑥 ∑|𝑃𝑛+1,𝑎|𝑥𝑛 .

∞

𝑛=𝑎

 

We recall |𝑃𝑛+1,𝑎| = 2|𝑃𝑛,𝑎| − |𝑃𝑛−𝑎,𝑎| in [4]. 

Then using the recurrence, we rewrite the series  

  

∑|𝑃𝑛,𝑎|𝑥𝑛 =

∞

𝑛=0

∑|𝑃𝑛,𝑎|𝑥𝑛

𝑎−1

𝑛=0

+ |𝑃𝑎,𝑎|𝑥𝑎

+ 𝑥 ∑(2|𝑃𝑛,𝑎| − |𝑃𝑛−𝑎,𝑎|)𝑥𝑛

∞

𝑛=𝑎

= ∑|𝑃𝑛,𝑎|𝑥𝑛

𝑎−1

𝑛=0

+ |𝑃𝑎,𝑎|𝑥𝑎

+ 2𝑥 ∑|𝑃𝑛,𝑎|𝑥𝑛

∞

𝑛=𝑎

− 𝑥 ∑|𝑃𝑛−𝑎,𝑎|𝑥𝑛

∞

𝑛=𝑎

= ∑|𝑃𝑛,𝑎|𝑥𝑛

𝑎−1

𝑛=0

+ |𝑃𝑎,𝑎|𝑥𝑎

+ 2𝑥 ∑|𝑃𝑛,𝑎|𝑥𝑛

∞

𝑛=𝑎

− 𝑥 ∑|𝑃𝑛−𝑎,𝑎|𝑥𝑛

∞

𝑛=𝑎

+ 2𝑥 ∑|𝑃𝑛,𝑎|𝑥𝑛

𝑎−1

𝑛=0

− 2𝑥 ∑|𝑃𝑛,𝑎|𝑥𝑛

𝑎−1

𝑛=0

 . 

 

Then we get   
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∑|𝑃𝑛,𝑎|𝑥𝑛 =

∞

𝑛=0

∑|𝑃𝑛,𝑎|𝑥𝑛

𝑎−1

𝑛=0

+ |𝑃𝑎,𝑎|𝑥𝑎

+ 2𝑥 ∑|𝑃𝑛,𝑎|𝑥𝑛

∞

𝑛=0

− 𝑥 ∑|𝑃𝑛−𝑎,𝑎|𝑥𝑛

∞

𝑛=𝑎

− 2𝑥 ∑|𝑃𝑛,𝑎|𝑥𝑛

𝑎−1

𝑛=0

 . 

Hence  

∑|𝑃𝑛,𝑎|𝑥𝑛 =

∞

𝑛=0

(1 − 2𝑥) ∑ |𝑃𝑛,𝑎|𝑥𝑛𝑎−1
𝑛=0 + |𝑃𝑎,𝑎|𝑥𝑎

1 − 2𝑥 + 𝑥𝑎+1
    

=
(1 − 2𝑥)(1 + ∑ 2𝑛−1𝑥𝑛𝑎−1

𝑛=1 ) + 2𝑎−1𝑥𝑎

1 − 2𝑥 + 𝑥𝑎+1

=
(1 − 2𝑥)(1 + 𝑥 ∑ (2𝑥)𝑛−1𝑎−1

𝑛=1 ) + 2𝑎−1𝑥𝑎

1 − 2𝑥 + 𝑥𝑎+1
 . 

 

By doing the necessary arithmetic operations, the 

following expression is 

obtained:

∑ |𝑃𝑛,𝑎|𝑥𝑛 =∞
𝑛=0

(1−2𝑥)(1+𝑥
1−(2𝑥)𝑎−1

1−2𝑥
)+2𝑎−1𝑥𝑎

1−2𝑥+𝑥𝑎+1 =

((1−2𝑥)+𝑥(1−2𝑥)
1−(2𝑥)𝑎−1

1−2𝑥
)+2𝑎−1𝑥𝑎

1−2𝑥+𝑥𝑎+1 =

(1−2𝑥)+𝑥(1−(2𝑥)𝑎−1)+2𝑎−1𝑥𝑎

1−2𝑥+𝑥𝑎+1 =

(1−2𝑥)+𝑥−2𝑎−1𝑥𝑎+2𝑎−1𝑥𝑎

1−2𝑥+𝑥𝑎+1  . 

Thus, the proof is completed. 

 

 

REFERENCES 

 
[1] Al, B. And Alkan M. 2019. Some Relations Between 

Partitions and Fibonacci Numbers, Proc. Book of 
2nd.Micopam 

[2] Al, B. And Alkan M. 2020. On The Relations For The 

Number Of Partitions. Filomat. 34(2): 567-574.  

[3] Al, B. And Alkan, M. 2021. Note on Non-Commutative 

Partition Proc. Book of 3rd&4th. Micopam.  

[4] Al, B. And Alkan, M. 2022. Compositions Restiricted to 

the Largest Part, Proc. Book of ICEANS 2022.  

[5] A. V. Sılls. 2011. Compositions, Partititons and 

Fibonacci Numbers, Fibonacci Quart. 49,4, page 348-

354. 

[6] Andrews, G. E. 1976. The Theory of Partitions, Addison-

Wesley Publishing, New York. 

[7] Andrews, G. E. and Erikson, K. 2004. Integer Partitions, 

Cambridge University Press, Cambridge. 

[8] Andrews, G. E., Hirschhorn M. D. and Sellers, J. A.  

2010. Arithmetic Properties of Partitions with Even Parts 

Distinct, Ramanujan Journal, 23, (1--3), 169--181. 

[9] Apostol, T. M. 1951. On the Lerch Zeta Function, Pacific 

J. Math. 1, 161--167. 

[10] Apostol, T. M. 1976. Introduction to Analytic Number 

Theory, Springer-Verlag.  

[11] Bernedt, B. C. Lecture Notes on the Theory of Partitions. 

[12] Chen, S. C. 2011. On The Number of Partitions with 

Distinct Even Parts, Discrete Math. 311, 940-943. 

[13] Euler, L. 1988. Introduction To Analysis of The Infinite, 

vol. 1, Springer-Verlag, (translation by J.D. Blanton). 

[14] Ewell, J. A. 1980. Recurrences For Two Restricted 

Partition Functions, Fibonacci Quart. 18, 1 2. 

[15] Ewell, J. A. 2004. Recurrences for the partition function 

and its relatives. Rocky Mountaın Journal Of 

Mathematıcs, 34 (2), Springer. 

[16] H. Gupta, 1970. Partitions - A Survey, Journal of 

Research of the Notional Bureau of Standards - B. 

Mathematical Sciences, 74B, 1. 

[17] Hardy G. H. and Wright E. M. 1960.  An Introduction To 

the Theory of Numbers, 4th ed., Clarendon Press, 

Oxford. 

[18] Mana, P., 1969, Problem B-152, The Fibonacci 

Quarterly, 7:3 (Oct.), 336.  

[19] Merca, M. 2016. Fast computation of the partition 

function. Journal of Number Theory, 164, 405-416.  

[20] Merca, M. 2017. New relations for the number of 

partitions with distinct even parts Journal of Number 

Theory, 176, 1-12.  

[21] Merca, M. 2017. On the number of partitions into parts 

of k different. Discrete Mathematics 340, 644-648.  

[22] Watson, G. N. 1937. Two Tables of Partitions, Proc. 

London Math. Soc. 42, 550 55. 


