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I. INTRODUCTION

The foundations of the partition theory date back
to 1674. "How many ways can a positive number be
written as the sum of positive numbers?" With the
question of the partition theory, work has begun.
From the past to the present, many scientists have
worked on the partition of positive integers
([61.[71.[8].[91.[11],[12],[13],[16],[17].[22]). For a
positive integer n, the partition function to be
studied is the number of ways n can be written as a
sum of positive integer n. The summands are called
parts.

Partitions are divided into compositions and
partition. The displacement of summands in
partition is not important.

For the positive integer n, the partition number is
denoted by p(n), while the composition number is
denoted by P(n).

Example: The number 6 has 11 partitions, and the
number of compositions is 32.

e The set of partition of 6 is {6; (1,5); (2,4);
(1,1.4); (3.3); (32.1); (3,1,1,1); (2,2,2);
(2,2,1,1); (2,1,1,1,1); (1,1,1,1,1,1)} and 6
has 11 partitions.

e The set of composition of 6 is {6; (1,5);
(5.1); (2,4); (4.2); (1,1,4); (1 4,1); (4 ,1,1);
(3,3); (3.2,1); (3,1,2); (2,3,1); (2,1,3);
(1,2,3); (1,3,2); (3,1,1,1); (1,3,1,1);
(1,1,3,1); (1,1,1,3); (2,2,2); (2,2,1,1);
(2,1,2,1); (21,1,2); (1,2,2,1); (1,1,2,2);
1,2,1,2);(1,1,1,1,2); (1,1,1,2,1);
(1,1,2,1,1); (1,2,1,1,1); (2,1,1,1,2);
(1,1,1,1,1,1)} and 6 has 32 compositions.
Euler investigated the generating function of the
number of partitions of an integer n; as follows

TS ) ELENE SR
n=1 n=0

where 0<x<1 [Ap;ostol, 1976]. )

The number of composition of an positive
integers n as
P(n)=2""1
[Gupta, 1970 ve Sulls 2011].

As the works on the partition theory improved,
new information was obtained by restricted
partition. In the literature, the restricted partitions
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are significant as unrestricted partition of an
integer ([7], [10], [18]).

From [10, page 309], we recall that the number
of partitions of k into parts not exceeding m is
denoted by p,,,(k) for integers m, k. Then
pm(k) = p(k) form = k. Itis clear that p,,, (k) is
less than p(k)and the computation of p,, (k) is
easier for integers m, k. The generating function
for the number of partitions of k into parts not
exceeding m is defined as

1 o ~ i
Fm(x) = ?;1 Tl 1+ Zi:o Pm(l) xt.

Il. MATERIALS AND METHOD

In this note we focus on the summand size
restricted compositions.

We remember some phrase from [1]. Let n be a
positive integer and we define the set

Pn = {(al: a,, ...,at) ta; ta, ++a;
=n; ai,tEZ+}.

In [1], we have reared the set P, of composition
for a positive integer n by using recurrence relations
on the set B,. First, we recall operations with a
partition a = (a4, a,, ..., a;) of integer n;

1@(1 = (1, al, az, eny at)
1®a = (1+ay,ay,...,a;)

Then 1®a, 1®a € P, and so we also use the
notaions 1 ® B,, 1 @ B, for the set of new type
elements, i.e.

10P, = {1@a : a € P,},
1®P, = {1®a : a € B,}.

Now we recall some expression from [4].

Let n,a being positive integers. B, , is the set of

composition of n with restriction a.

Pa = {(xl,x, X)) P X Xy F X, =0,
a=x;,vi€e{12,..,m}}.

Therefore |P, 4| is number of compositions of n

with restriction a.

Example: For compositions of 6 with restriction 2,
P6,2: (21212)1 (2121111)1 (2111211)1 (2115112)1

(1,2,2,1); (1,1,2,2); (1,2,1,2); (1,1,1,1,2);
1,1,1,2,1); (1,1,21,1); (1,2,1,1,1); (2,1,1,1,2);
(1,1,1,1,1,1)} and |Pg 5|=13.

Now we get the generating function for the
numbers of a positive integers with restriction
integers a.

Theorem: Let a is a positive integer. The

generating function for the numbers of a positive
integers with restriction integers a is that

1-x
oo n _—
Z7"'=0|P‘n-;a|'x - 1-2x4xat+1’

Proof: Let a is a positive integer.

) a—-1
D [Pualx™ = ) [Pula™ + [Paglxe
n=0 n=0 o

+ xZ|Pn+1,a|x”.

n=a
We recall |Puy1a| = 2|Pua| = |Proaal in [4].
Then using the recurrence, we rewrite the series

o) a—1
D [Pualx™ = ) [Puala™ + [Paglxe
n=0 n=0
oo
+3 ) (2Pual = [Pacgal)x”
n=a
a—1
= > |Puala™ + [Pualx®
n=0 oo oo
+ 2x Z |Pn,a|x” - X Z |Pn_a,a|x”
n=a n=a
a—1
= > |Puala™ + [Pualx®
n=0
oo [ee]
+ 2x Z |Pn_a|x" — X Z |Pn_a’a|x"
n=a n=a
a—-1 a—1
+ 2x Z |Poalx™ — 2x Z|Pn’a|x" :
n=0 n=0

Then we get
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a—-1
[Bralx™ = > [Puale + [Puglx
n=0

(00} oo
+ 2x Z |Pn,a|x” - X Z |Pn_a,a|x”
n=0 n=a
a-1
— 2xZ|Pn,a|x” .
n=0
Hence

E n _ — X ;11;0 na a,a
1P, | (1 —2x) T828|Poalx™ + |Poalx®
n,a -

n=0

i

1—2x + xat1
1—2x)(1 + X8cian-1xn) 4 2a-1xa
_ n=1

1—2x + xo*t
(=20 +x X212 + 207k

1—2x +xat?

By doing the necessary arithmetic operations, the

following expression is
obtained:

_ 1-0* " a-1.a
Z°° |P |x”=(1 2x)(1+x =% )+2 x _
n=0["n,a 1—2x+x0+1

- a—1
((1—2x)+x(1—2x)%)+2“‘1xa

1-2x+x9+1
(1—2x)+x(1—(2x)*71)+2971x2

1—2x+xa+1 -
(1-2x)+x—20"1x0 420" 1xa

1-2x+xat1

Thus, the proof is completed.
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