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Abstract — In this paper, we introduce the M, —method using by triple sequence A = (Apnk) and discuss

general topological properties of this method.
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I. INTRODUCTION

We introduce a new definition of limit of a
triple sequence and a triple series on convergent
triple sequences and Silverman-Toeplitz theorem
for triple sequences and triple series.

A triple sequence (real or complex) can be
defined as a function x: N X N X N - R(C), where
N, R and C denote the set of natural numbers, real
numbers and complex numbers respectively. The
different types of notions of triple sequence was
introduced and investigated at the initial by Aiyub et
al. [1], Esi et al. [2-5], Bharathi et al. [7],
Subramanian et al. [8-18], Debnath et al. [6] and
many others.

2.Definitions and Preliminaries

2.1 Definition
Let (x,,nx) be atriple sequence. We say that
limyy n k>0 Xmnk = X, If for every e >0, the set
{(m,n, k) € N3: [xp — x| = €} is finite, N being
the set of positive integers. In such a case, x is
unique and x is called the limit of (xp,px)-

2.2 Definition

Let (x,,nx) be atriple sequence. We say that
§ = Xm=0 Xn=0 Xk=0 Xmnk if s =

Limyy k=00 Smnks where Smnk =
m n

k _
120 Ds=0 Xt=0 Xrst M, Mk =0,1,2,---.

2.3 Definition

The triple series Yom—0 Xneo 2ikeo Xmnk 1S
said to converge absolutely if
Yim=0 Xn=0 2k=0 |Xmnk| CONVErges.

2.4 Definition

Let A = (al5t,) be a six dimensional infinite
matrix and x = (x,,1) a triple sequence. Then the
transformation sequence is A(x) = ((AX)mnk),
where

(AX)mnk = Xm=0 Xn=0 Zk=0 AomieXrst-
If limy p koo (AX)mnr = S, We say that the triple
sequence x = (Xnkx) 1S A— summable or
summable A to s, written as Xk — s(4). If
limyy n ko0 (AX) mnk =S, whenever
limp nksoXmnk =S, We say that the six
dimensional infinite matrix A = (al:%,) is regular.

2.5 Theorem
limyy n k>0 Xmnk = x if and only if

() limp oo Xmni = x,n,k = 0,1,2, -+,
(i) limp oo Xmuik = x, M,k = 0,1,2, -,

@) limy o Xmnie = x,m,n =0,1,2, -,
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(iv) for any € > 0, there exists and N € N
such that |x,.x — x| <€,V m,n,k > N. (Note
that this is Prinsheims definition of limit of a triple
sequence)

2.6 Theorem

If the triple series Ym—o Yme0 Xkeo Xmnk
converges, then

lim, n k>0 Xmnx = 0 but the converse is
not true.

2.7 Theorem

The six dimensional infinite matrix A =
(alst, is regular if and only if
H t
()SUDm Kk Dreo Dszo Dtwo |mnk] < ©,

(D)liMmy koo @imer = 0,7,5,t =0,1,2, -,

(i) liMuy koo Do om0 Dokmo Apsige =

1,

(V)i oo Zrmo |@nnel = 0,5, ¢ =
01112; Y

(V)limm,n,k—mo Z:‘c’:o |a“lr'rf11;lk| = OI T, t=
01112; Y

(Vi)limm,n,k—)oo Z?:o |a:rfrtlk| = 0! r,s=
0,1,2,---.

3. The summability method of M
In this section, we
M; —method for triple sequences.

introduce the

3.1 Definition

Let (A4,,,x) be a triple sequence such that
Ym=0 Ln=0 Zk=0 |Amnk| < co. The method M, is
defined by the six dimensional infinite matrix
(al3t,), where

(arst —
mnk
{){«m—r’n—s‘k_t lf r S m, n S S, t S k

0, otherwise

3.2 Definition
The methods M; and M, are said to be
consistent if s, > o(M;) and s,5 » 0 (M,) =

’
O=0 .

3.3 Definition

We say that M, is included in M,, written as
My € M, if s, > 0(My) = sy > 0(M,). The
two methods M; and M,, are said to be equivalent if
M; € M, and M, € M, .

IVV.DISCUSSION AND RESULTS

4.1 Theorem

The method M, is regular if and only if

210‘;31=0 Z;LO=0 Z}?:o lmnk =1.

In the sequel, let M; and M,, be regular methods such
that each row and each column of the infinite
matrices A = (A;,x) and u = (Umni) are regular.

4.2 Theorem
If M; and M, be two regular methods then
O=0 ,.
4.3 Theorem
If My and M, are regular, then My € M,, if
and only if ¥7_o Xnzo Lk=o [gmnikl < o and
Z‘;.;’)L=0 Z;?:O ZI?:O Imnk = 1.

4.4 Theorem

The regular methods M, and M, are
equivalent if and only if

Ym=0 2ne0 2keo |Gmnkl <
o, Z;.;')l=0 Z;.:)ZO ZI?:O gmnk =1 a.nd

Z%:O Z;zzozo Zlcio=0 |hmnk| <
0, ¥m=0 Lne=o Lk=0 Rmnk = 1.

45 Theorem
If limm,n,kﬁwamnk =0

Yim=0 2n=0 Xk=o |Pmnk| < 0,
where

and
then

limm,n,k—mocmnk =0, Cmnk =
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m n k —
r=0 &Ls=0 Zt:o am—r,n—s,k—tbrst» m, Tl,k -

0,12,

We now have the following results on the
Cauchy multiplication of M; — summable triple
sequences and triple series.

4.6 Theorem

If Y=o Xn=o 2k=o |@Gmnkl <o and
(bynk) 18 My — summable to B, then (cpnik) IS

M; — summable to AB, where

m n k —
r=0 &s=0 Zt:o am—r,n—s,k—tbrst: m, Tl,k -

01112' eee, 00, and Z?;)l=0 Z?{LO Z;:.):O amnk = A

4.7 Theorem

Cmnk =

If  Ym—0 Xn=0 Zk=o |@mnk| <  and
Ym=0 2n=0 2k=0 Dmnx 1S My — summable to B,
then Yoo Ymeo 2ikeo Cmnk 1S M3 — summable to
AB,

where Cmnk

m n k —
r=0 Zs:O Zt:o am—r,n—s,k—tbrst' m,n, k =
0,1,2,:-+,00.and

Z;?:O Z?lozo ZZO:O Amnk = A.

We define we define (M;M,)(x) =
M; (Mﬂ(x)) for triple sequence x = (X;nk)-

4.8 Theorem
Let M;,M, be regular methods. Then,
(M, - M,,) is also regular.

4.9 Theorem
Let My, M, and My are regular methods,
M; € M, ifand only if (M5)(M;) & (M3)M,,.

4.10 Theorem
Let M, M, and M are regular methods, then
the following statements are equivalent:

() M; € My;

(ii) (M5)(M;) € (M5)(M,,); and

(i) Xm=0 Zn=0 Zk=o0 |gmnk| <o and
Yim=0 Zin=0 k=0 Imnk = 1, Where

ulx) i

=9 (x) =
Y=o Lreo Zieo JmnkX™y"z%; A(x) =
Z‘;.;)l=0 ZZ):O Zl?:o Amnkxmynzk}ﬂ(x) =

Yim=0 Ln=o k=0 HmnkX"Y"Z".

V. CONCLUSION

In this study we introduced the M, —method using
by triple sequence A = (A4,,nx) and discussed
general topological properties of this method.
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