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Abstract — In functional analysis, linear operators induced by functions are frequently encountered; these
contain Hankel operators, constitution operators, and Toeplitz operators. The symbol of the resultant
operator is another name for the inciting function. In many instances, a linear operator on a Hilbert space
H results in a function on a subset of a topological space. As a result, we regularly investigate operators
induced by functions, and we may also investigate functions induced by operators. The Berezin sign is a
wonderful representation of an operator-function relationship. F. Berezin proposed the Berezin switch in
[8], and it has proven to be a vital tool in operator theory given that it utilizes many essential aspects of
significant operators. Many mathematicians and physicists are fascinated by the Berezin symbol of an
operator defined on the functional Hilbert space. The Berezin radius inequality has been extensively studied
in this situation by a number of mathematicians. In this paper, we use the Alughte transform and the
generalized Alughte transform to develop Berezin radius inequalities for Hilbert space operators. We
additionally offer fresh Berezin radius inequality results. Huban et al. [15] and Basaran et al. [6] supply the
Berezin radius inequality.
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extensively studied in this situation by a number of
mathematicians. In this paper, we use the Alughte
transform and the generalized Alughte transform to
develop Berezin radius inequalities for Hilbert
space operators. We additionally offer fresh Berezin
radius inequality results. Huban et al. and Basaran
et al. supply the Berezin radius inequality.

I. INTRODUCTION

Hankel operators, constitution operators, and
Toeplitz operators are some examples of the linear
operators induced by functions that are commonly
seen in functional analysis. The symbol of the
resultant operator is another name for the inciting
function. In many instances, a linear operator on a

Hilbert space # results in a function on a subset of
a topological space. As a result, we frequently look
into operators that functions induce, and
occasionally we look into functions that operators
induce. The Berezin sign is a wonderful
representation of an operator-function relationship.
F. Berezin proposed the Berezin switch in [8], and
it has proven to be a vital tool in operator theory
given that it utilizes many essential aspects of
significant operators. The Berezin symbol of an
operator defined on the reproducing kernel Hilbert
space fascinates many mathematicians and
physicists. The Berezin radius inequality has been

Let 7 be a complex Hilbert space and B(H)
define the C*-algebra of all bounded linear operators
on H. Recall the functional Hilbert space (briefly,
FHS) H = H(¥) is a Hilbert space on some set
(nonempty) F, such that evalution functional
Y.(f),s € F, are continouns on a J. Hence, by
Riesz representation theorem, for each ¢ € X, there
is an unique element k. € H such that f(¢) =
(f,k¢), for all f € 2. The family {k.:¢ € X} is
called the reproducing kernel in /. For ¢ € F, k. =

III;_CII is defined the normalized reproducing kernel.
S
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For V € B(H), the function V defined on ¥ by
V() = (Vk k) is the Berezin symbol of V.
Berezin symbol firstly has been introduced by
Berezin ([8]). The Berezin set and Berezin number
of the operator V are defined by
Ber(V) = {V(¢):¢c € ¥}
and
ber(V) = sup{V(¢): ¢ € X} = sup.ce|(Vk, k)|
respectively (see, [18, 19]). The Berezin symbol has
been thoroughly studied for the Toeplitz and Hankel
operators on the Hardy and Bergman spaces. It is
frequently used in many fields of study and uniquely
identifies an operator. We recommend the reader to
[4-7, 13] for more information on the Berezin
symbol.

In a FHS, the Berezin range and Berezin number
of an operator V are a subset of numerical range and
numerical radius of V, respectively. There are
interesting properties of numerical range and
numerical radius. For basic properties numerical
radius, we refer to [10, 11, 14]. The fact that
ber(V) <w(V) < ||[V]| (1.2)
is significant. It is common knowledge that for all
Ve B(H),

1
ber(V) <= (IVllper + IV21357), (1.2)
(see [16, 17]). Huban et al. consolidationed the

second inequality in (1.2) using the Cartesian
decomposition for operators in [15]:

1
Z ”V*V + VV*”ber

< ber?(V) < ZlIV*V + VV*|lper (1.3)

for any operator V € B(H ). The same authors have
also obtained that

(ber())" <z ||IvVI2re + v+ 2a=n%|| - (1.4)
and

(ber(V))g

1 *
< -lyIVIZ+ @ = DIV P llper, (1.5)

forO0 <y <1lande=>1(see [16, Th. 3.1 and Th.
3.2]. They also showed the following as stronger
than [3]:

ber(V) < ZIVI+ 1V llper (1.6).

Another improvement has been established by
Basaran et al. [6] and Huban et al. [15]:

ber2(X) < V12 + 1V Pllper, (L.7).

Let T = U|T| be the polar decomposition of the
bounded linear operator T with U a partial isometry.
The Aluthge transform T~ of T is denoted by T~ =
|T|*/2U|T|Y?, see [1].

Fort € (0,1)

A (T) = IT|*UIT|'*

is called the generalized Aluthge transform (see, [2,
9.

1. MAIN RESULT

Before we start the section, we presented two
lemmas.

Lemma 2.1. A,B € B(H) and p,o > 1 with %+
%= 1. Then
Q) If ¢ > 0 and pe,oe = 2, then
ber?(AB) < || 141%¢ + 2 |B|?
21lp g ber
(i) If e > 1 and pg,0e = 2, then
ber?¢(AB)
1 .
< [IAIE& 11 BlIES, + ber®(IBI?|A*|?)]
(ili) Ife > 1and peg, ge = 2, then

111 1
ber?¢(AB) < =||—|A|?P¢ + —|B|%¢?
2llp o

(2.1)

(2.2)

ber
+ber¢(|B|?|A*|?)
(see, [12]).

(2.3)

LemmaZ2.2. A, B € B(H), then for ye[0,1] and ¢ >

ber2(AB) < [I(1 - y)IA*|% +

yIBIZE I AN B G

ber e ber (2'4)
and
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ber?(AB) <||(1 - V)IA*Izs
+ VIBIZEIIMII(1 - IAT*®

+ VIBIZSIIM
In particular,
berz(AB)
114712 + 1B1% (1o | All ger 1Bl e

21/5 ber

and
1

ber(AB) < —= |l|1A*|%¢ + |B|?|I%,,

(see, [12])

21/5

Now, we get the following inequalities for one
operator:

Theorem 2.3. Let H = H (X) be a FHS. Let 4 €
B(#) and ye[0,1], then
ber?¢(A)

1, .4 1 _
< ”_lA |2ysp+_|A|2(1 Y)oe
p o

(2.5)

ber

fore > 0,p,0 > 1With%+§= 1 and pg,0e = 1.
Also, fore > 1
berzg(A)

[”A“Ber + ber®(|A|2A=V|4%|2)]. (2.6)
If e>1, p,o>1 with %+§= 1 and pe, ge = 2,
then

ber?¢(4) < - <|| |A*|2rep 4 2|42 e 4
ber
ber£(|A|2<1-Y>|A*|2V)> (2.7)
Moreover, if ye[0,1] and € > 1, then
ber?(A) < ||(1 — &)|4*|?r +
5|A|2(1_y)8”1/£ ”b)’5+(1 &(- V)] (2.8)
ber

Proof. If we write T = U|A|Y and S = U|A|"") in
(2.1) and can see that TS = U|A| =

|T*|? =TT* = U|A|Y |A|YU* = U|A|*Y U*
= A%,

then

11 1
ber?e(a) < o |- |- 4 = |aparioe
2llp o

ber

which proves (2.5).

The same choice T and S in (2.2) has

ber?¢(A)

1 - *
< [IU1AV I, + bert(APADIA )] 2.9

It is clear that

IT|? =TT = |A|]” U*U|A[" = |A["|A]” = |A]*Y
since U is an isometry on ran(T). Then
NUIAIY (|26, = ||AlIZYS and by (2.9) we have (2.6).

If e>1, p,o > 1 with %+§= 1 and pe, ge = 2,
then by (2.3) we have (2.7).

Moreover, if we use (2.4) for T = U|A|Y and S =
U|A|=Y), then we have for §€[0,1] and & > 1 that

ber?(A)
<2 1-68)|A*|*re
_2||( A7

_ -6 1)
+5]4[20 V>€|| NAIG Al

ber
1
=3 |(1—8)]4%|?re

1
+ 6|A|2(1_y)8”1£ge ”b [yé+(1-8)(1-y)]

which proves (2.8).

Corollary 2.4. Let A € B(H). Then
ber?(4) < |[514°1% + 2 14]°¢

, (2.10)

ber

fore > 0,p,0 > 1With%+§ = 1and pg,oe > 1.
Also, for ¢ > 1

ber?*(A) < - [”A“Ber + ber(JAl|A"]D].  (2.11)
If e>1, p,o>1 with %+§= 1 and pe,0¢ = 2,
then

ber?¢(4A)

< l<||l|A*|8p + 2140t
2 p g ber

+ berg(lAllA*|)>

(2.12)
Moreover, if ye[0,1] and € > 1, then
ber?(4)
<11 = &A% 12 + SIAL N2 Allper- (2.13)
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Remark 2.5. If we choose € = 1 in (2.10), then we
have

1 1
ber?(A) < ”—IA*IP +214)0
p o

)
ber

for p,o > 1 with % + i = 1. In particular, p = 0 =
2 we have
2 1 *|2 2
ber™*(A) < S lIA"I7 + 1A% llper-
If we write ¢ = 1 in (2.7), then we have
ber?(4) < 5 (1Al + ber(14120]4"(27) ).

If we choose ¢ =1 and p = ¢ = 2, then by (2.12)
we have

2 1 *|2 2 *
ber“(4) < E(lllA 2 + 1412l per + ber(|Al|A*]))
1 % 1 *
= LA + 1A lper + Lber(lal1a").

If we choose e =2 and p,o > 1 with%+§= 1in
(2.12), then we reach
ber*(A)

L 147120 + L4120 2 .
s2<||p|A 20+ 214177+ ber?(lalla |)),

which for p = ¢ = 2 has

ber*(A) < A*|* + |A|*llper + 5 ber?(1Al1A*]).

We also get:

Theorem 2.6. Let H = H (¥) be a FHS. Let A €
B(H) and ye[0,1], then

ber?¢ (AV(A))

< ”i |U*|A|7|2°E + L |4|2(-VIoe
p o

(2.14)

ber

fore >0,p,0>1 With%+§= 1 and pe,0e > 1.
Also,
ber?¢ (AV(A))

1 — * *
< E[IIAII%‘Zr + ber®(|A|I>7YUU*|A*|")]
for £ > 1. Moreover

ber?¢ (AV(A))

(2.13)

+

ber

< 1<”1|U*|A|V|2pe +L14J2(-Poe
2 p o

ber€(|A|2-VUU*|A*|V)> (2.14)

fore >1,p,0 > 1With%+§ = 1 and pg, g = 2.
Also, for §¢[0,1] and € > 1, then

ber? (AY(A))

< (1-8)|[lur|ap|2es +

1/8 2[y6+(1-86)(1—
5|A|2(1 y)ae”ber b[e]; +(1-6)( V)]

(2.15)

Proof. If we put T = |A|YU and S = |A|*™Y in (2.1)
and can see that TS = |A|[YU|A['"Y = A, (A), then
we have

ber?¢ (AY(A))
< |z1ut1aizes +

. p . ber
With the same choice and by (2.2) we reach
ber?¢ (AY(A))

1 IAIZ(l—y)cre
o

1

< S NAPMU IIEE-NA Y36
+ ber*(JAI'™Y|A[YUU”|A|Y)]
1
2
b

(AU B NAYIIES,
ré(JAIPTYUUTIAM)]

< [na e nARe

Ber Ber

+ berf(IAIZ YUU*IAIY)]

[IIA I

+ berf(lAl2 YUU*|A|Y)]
which proves (2.13).

If e>1, p,o =1 with %—I—i: 1 and pe, oe = 2,
the from (2.3) we have (2.14).

If we take T = |A|YU and S = |A|*7Y in (2.4) for
de[0,1]and € > 1,

ber? (AY(A))
1
<- ||(1 - 6)|U*|A|Y|ZPS

e AL ARG

ber

+ 6|A|2(1 y)crs
<2l - oA +
5|A|2(1 Y)Gs”l/g |A”2Y5”A”2(1 y)(1-6) _

ber ber
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1 %
Sla=anwraree +
6|A|2(1—y)as||1/£” ”bY5+(1 ¥)(1-8)]

ber

which proves (2.15).

Fory = %we have obtain the following inequalities
for the Alughte transform A~.

Corollary 2.7. Let A € B(H) and ye[0,1], then
2
ber?*(A) < ||Z|ur1a1?| + 5141

)
ber

fore > 0,p,0 > 1With%+§= 1 and pg,0e > 1.
Also,

ber?*(A™) <> [”A”Ber

+ber (1A132uu~|A*1Y?)]
for € > 1. Moreover
2pe

1 1
ber?¢(A™) < = + —|A|°¢
2 o

ber
+ ber¢(JAIP/2UU*|A*|V/?)

fore>1,p,0> 1With%+%= 1 and pe,0e = 2.

Also, for 6¢[0,1] and € > 1, then
ber?(A™)

< Jla-

For y = 0 we also have:

1 2p£
+681A17¢||  [lAllper-

ber

Corollary 2.8. If A € B(H), then we have
ber?(4) < ||2|U* (20 + Z]4]?

i)
ber

fore >0,p,0 > 1With%+§= 1and pg,oe > 1.
Also,

ber?*(A) < - [IIAIIBeT + ber®(|A]2UU")]

fore > 1. Moreover

1/11 1
ber?*(4) < —(”— U |29 + = | 4]2o¢
2\llp o

ber
+ berg(IAIZUU*)>

fore>1,p,0> 1With%+§= 1and pe,oe > 2.
Also, for 6¢[0,1] and £ = 1, then

ber?(A)
< (1= ®)U* 1202 + 8141 Al

ber ber

The following upper bounds for the numerical of the
generalized Alughte transform are also obtained by
us.:

Theorem 2.9. H = H(¥X) beaFHS. Let A € B(H)
and ye[0,1], then
ber?¢ (AY(A))

< ”l |A|2vPe + L) 4)20-oe
p o

(2.16)

ber

fore>0,p,a>1With%+§=1andps,asz 1.

If e>1, p,o>1 with %+§= 1 and pe, ge = 2,
then
ber?¢ (AY(A))

(12 2ype 4 1 2(1-y)oe )
<i(|21arree + 21 o
(2.17)
Also, for §¢[0,1] and £ > 1, then
ber? (A (A)) < (1-8)[[1412rs +
6|A|2(1 )/)«9”1/‘g ”A”b [ys+(1-8)(1- V)] (2.18)

Proof. If we take T = |A|Y and S = U|A|*~Y and can
see that TS = |A[YU|A|'™Y = A, (A) then by (2.1)
we have (2.16).

If e>1, p,o>1 with %+§= 1 and pe, ge = 2,
then by the same choice in (2.3) we have

ber? (AY(A))

< 1 1|A|2)/P€ + l |A|2(1—y)ga
(9

ber

+ ber®(|A|?AV|4|%)

< 1 1|A|2yps + 1 |A|2(-P)eo
o

ber
+ ”A“ber'

which proves (2.17).

For 6€[0,1] and & > 1, then by (2.4) we have

ber? (AY(A))
< % (1 - 5)|A|2VP£

VA reed (V[P

ber

+ 5|A|2(1—y)sa”
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= || - )14 +

- 1/e S+(1-8)(1—
6|A|2(1 V)SHber”A”Z[Y +(1-8)(1-y)]

ber !

which proves (2.18).

Corollary 2.10. Let A € B(#). Then

ber?:(A™) < l<||l|A|”‘g + llAI"‘g
— 2 \llp o

ber>

fors>0,p,a>1With%+§=1andpe,0£21.

If e>1, p,o>1 with %+§= 1 and pe, g = 2,
then by (2.17) we have

1/11 1
ber?¢(A™) < = <||— |A|2YPE + —|A|2(-Voe
2\llp o

ber

+ IIAIIzZ,Zr)-
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