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Abstract — Many researchers in mathematics and mathematical physics are working on the Berezin
symbol of the core Hilbert space operator, which has been proliferating in recent years. In this direction,
some researchers (1.2) continued their important studies on the Berezin inequality ([18-24]). As a matter
of fact, improved and improved versions of this inequality have attracted the attention of researchers in
recent years ([8-11]. In this study, the upper bounds of the Berezin radius inequalities of 2 x 2 operator
matrices were found. Al-Dolat and Kittaneh ([2]) and Bani-Domi and Kittaneh ([7]) inequalities are
shown for 2 x 2 operator matrices using auxiliary theorems.
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I. INTRODUCTION

Many  researchers in  mathematics and
mathematical physics are working on the Berezin
symbol of the core Hilbert space operator, which
has been proliferating in recent years. In this
direction, some researchers (1.2) continued their
important studies on the Berezin inequality [18-
23]. As a matter of fact, improved and improved
versions of this inequality have attracted the
attention of researchers in recent years ([8-11]. In
this study, the upper bounds of the Berezin radius
inequalities of 2x2 operator matrices were found.
Al-Dolat and Kittaneh ([2]) and Bani-Domi and
Kittaneh ([7]) inequalities are shown for 2 x 2
operator matrices using auxiliary theorems.

Recall the reproducing kernel Hilbert space
(shortly, RKHS) or a functional Hilbert space
(shortly, FHU ) is a Hilbert space H = H (Y) of
complex-valued function such that evalutional
functional ¥, (f) = f(w), w € Y, are continuous
on a H. By Riesz representation theorem in
functional analysis, there is an unique element
k., € H such that f(w) = (f,w), forall f € H.

The set {k,:w € Y} is called the reproducing

kernel in . Forw € Y, k, = ”:“’” is denoted the

normalized reproducing kernel.

Definition 1.1. Let % be a RKHS. For a bounded
linear operator ¥V on #, the Berezin symbol (or
Berezin transform) is the function ¥ is defined by
(see, [13])

V(w) = (Vkey kol (0 € ).
Also, the Berezin set and the Berezin number of
operator V is denoted as follows, respectively.

Ber(V) = Range(V) = {(V(w):w € Y}

and

ber(V) = sup{|V(w)|:w € Y}.
For more information on Hilbert spaces with
reproducing kernel and the Berezin symbol, see the
work of Aronzajn [4] and Berezin [13].

For the operators on the RKHS, Karaev presented
investigations on the Berezin set and Berezin
number mentioned in Definition 1.1 above in [13].
For details and significant characteristics of these
new concepts, see their works [16, 20, 25, 28].
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The Berezin symbol ¥ is a bounded functional in
space H for the arbitrarily bounded linear operator
V. The characteristics of the Berezin symbol for
this operator, V, symbolize some fundamental
characteristics of an operator. The Berezin symbol
was first introduced by F. Berezin in [13] and
entered the literature as a theory with the
characteristic of being a key technique in deriving
several operator theory conclusions. First
introduced by Karaev in [24], the Berezin set and
its number are also shown as Ber(T) and ber(T),
respectively. Also, Berezin number of nXxn
operator matrix is given by Bakherad (see, [6]).

In this study, let's assume that (#,(.,.)) is a
complex Hilbert space and IL(#) represents the C*
algebra of all bounded linear operators in H space.
The numeric range and radius of the V operator are
respectively

W) :={(Vx,x): x € H and ||x|| = 1}

and
w(V) = sup{l{Tx,x)|:x € H(Y) and ||x|| = 1}

is given with. The numeric range of an operator has
some interesting properties, such as the closure of
the numeric range of an operator's spectrum. For
basic information about this theory, we can give
[1,2,3,7,17] and its references.

On the other hand, for V € L(H),

~IVIl <wv) < VIl (L.1)
and
ber(V) <w(¥) < ||V (1.2)

known inequalities.

Huban et al. [22, 23] expressed the following
results.

ForV,Re L(H)andr > 1,
1 " 1
VI + 1V Pllper < ber(V) < [IIVI2 +

|V*|2”ber (13)

ber™(V*R) < IVI2 + [RI?" llper (1.4)
ber”(V*R) < - ber(IR|" +i|V|")? <

1

VI + IR || per (L.5)

and

1 . 1
ber(V) < E”lvl + |V |”ber < E(”V”ber +

IIVZIIier) (1.6)

In 2022, Basaran et al. [9] showed the following
inequality.

ForVe L(H)andr > 1,

ber? (V) < ZIlIVIZ" + [V* |2 llper- (L.7)

Let £ be a complex Hilbert space and let H? =
H @ H define the 2-copies of H. Based on
cartesian decomposition every operator M €
LH@SH) bhas 2x2 operator matrix
representation

with  M;; € L(H ), where i,j€ {12} To
information about the Berezin radius of operator of

matrices and their application, one can refer to
[6,11,15,27].

II. MATERIALS AND METHOD
In this section, we will give the lemmas we need.

Lemma 2.1 ([26]). Let V € L(H ) and let x € H
with ||x|| = 1. Then

(Vx,x)" < (V"x,x) forevery r > 1. (2.1)
Lemma 2.2 ([5]). Let f be a non-negative convex
function on [0,0) and let V,R€ L(H ) be a
positive operators. Then

I GO = 17721

Lemma 2.3 ([14]). Let a,b,c € H with ||c|| = 1.
Then

Ka, c)c, b) < 2 (llallllbll + Ka, b)]).

(2.2)

(2.3)

Lemma 2.4 ([3]). Let a,b,c € H with ||c|| = 1.
Then

[{a, c){c, b)|"
1 Y T T r
SEIIaII IIbll +EIIa\IIZIIbIIZI(a,b)I2

+L (@, b)I"
foreveryr > 1andy € [0,1].

(2.4)
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Lemma 2.5 ([3]). Let a,b,c € H with ||c|| = 1.
Then

I(aicxc.b)lr
< ZIIaIITIIbIIr +

+=L|(a, b)I"
foreveryr > 1andy € [0,1].

2+vy
4

r r r
llallz||bl[Z[{a, b}|2
(2.5)

Lemma 2.6 ([6]). Let Pe€ L(#;(Y)), RE€
L(H;(Y), H,(Y)), S € L(H(Y),H(Y)) and
T € L(H,(Y)). Then the following statements
obtain:

ber( g ;),) = max{ber(P), ber(T)} (2.6)
and
ber ([0 §]) =3 IRI+ ISID @7

Lemma 2.7 ([11]). Let P,R € L(H(Y) ). Then
ber (-P R-)

R P
= max{ber(P + R), ber(P — R)}.
In particular,

0 R
ber (.R 0l

(2.8)

) = ber(R). (2.9)

I11. RESULTS

In the first theorem of this section, we present an
upper bound for the Berezin radius of a 2 x 2
operator matrix, which generalize [11, Theorem
2.7].

Theorem 3.1. Let P,R,S, T € L(H(Y) ). Then for
every r = 2, we get

P R
ber( s T )
< 2" Ymax{ber”(P), ber"(T)}
T T
+2" %max {ber?(RS),berf(SR)}

+2" 3 max{llISI" + [R*["llper, IRI™ + 1S™["llper

Proof. Let
[P R [P 0 [0 R
M= T],Ml—o Tansz—[S ol

For every (wy,w;) €Yy X Yy, let ky, = ki 0, =

k

lkwll be a normalized reproducing kernel in
w2

H,(Y) @ H,(Y). Then we have
[(ME,, k0|

< ((MyRop ko) + (MR ko))"

< 27 (Mo kg, k)| + 277 (Mo Ry, k)|
(by inequality (2.2))

< 27 (M, ke, k)|

r
+2r_1|<M2ka)' (u)(k(m Mzkw>|2

< Zr_ll(Mliewf kw)lr
r
oo ([0l [l o]
2 2

(by inequality (2.3))
< 27 (My ko, k)|

#2772 (43, R )IZ + MR 25 )
(by inequality (2.2))

< 27 My kg, k)| + 2772|(M2R,,, 12w>|%
#2773 (||Mo ko ||+ 3R )

(by A.M-G.M inequality)

T
< 27 (MR, ko) + 272 |(M3 Ky, ko) 2
+27 (M ™ + M3k, Keoo).
By taking the supremum over (w, w,) €Y; XY,
and than applying inequality (2.6) in the above
inequality, we get

ber(? ,};)

< 2" max{ber”(P), ber"(T)}

T r
+2" ?max {berf(RS), berf(SR)}
+2"3max{[[ISI” + [R*["lper» HRI™ + [S*[" | per -

Theorem 3.1 can be used to determine the upper
bounds for the Berezin radius inequalities of
RKHS. Some of these more significant rewards can
be accessed in the results below.

Corollary 3.2. Let P,R € IL(H). Then for every
r = 2, we get
max{ber" (P + R), ber" (P — R)}

= er(f 8]

T
< 2" 1her”(P) + 2" ?berz(R?)
+2"3RI™ + [R*" llper-

By putting P = 0 and R = V in the above corollary
we reach the following result.
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Corollary 3.3. Let V € L(H). Then for every r >
2, we get

ber™(V) = ber( 3 KD

< 2" 2berz(V2) + 272 V1" + IV I llper-

Next, we submit new upper for the Berezin radius
of the off-diagonal of a 2 x 2 operator matrix.

Theorem 3.4. LetR,S € L(H). Then

ber?” ([g ’g )

< smax{ber?(|S|" + i|R*|"), ber(|R|" +
(151"}

+ 2 max{llISI” + IR ller, IIRI"

151 lper max {ber2(RS), ber2(SR))

+ 1;—y max{ber” (RS), ber”"(SR)},
foreveryr > 2 and y € [0,1].

Proof. Let
0 R
M= [S 0]' For every (w;,w;) €Y; XY,, let

~ ~ k
kw = k(wlrwz) e Ik21
2

reproducing kernel in H;(Y) @ H,(Y). Then we
have

be a normalized

(M, k)|
~ ~ ~ ~ T
S |<Mka); kw)(ka); M*kw>|

1, -
S A A
Y. ~ o o . I
+E||Mka,||2||M*ka,||2|(Mka,,M*kw)|2
1- S,
o [(MEy, MR
(by inequality (2.4))
Ty~ 2 2
< 2 (MR "+ MR )
14 T e T ’r %
AL (IMEL + MR | [(M2Res, B
1- I
+ L [(M2Ry, o)
(by A.M-G.M inequality)
1 r, I \2 1, 1 \2
< 2 ((IMI7ko, ko) + (M "k, koo )?)

|4 (e PN
+ 2 (UM + Mk, ko )[(M2 ey, ko) [?

1—-vy ~ =
+T|<M2k(mk(u>|r
(by inequality (2.1))
1 a2
< Z|AMI"+ M Dk, o |
Y PO PP
+ ((M]" + M Ve, ko) |{MP ke, ko) |?
+ L [(M2heyy, o)
By taking the supremum over (w,,w,) € Y; XY,

and than applying inequality (2.6) in the above
inequality, we get

ber?" ([g IS )

1

< Zmax{ber?(IS|” + |R*["), ber(IRI" +15*[")}
14 .

+3 max{|||S|" + |R*["llper, [[IR]"

T T
+ |S*|" || per ymax {beri(RS), berf(SR)}
+1;—V max{ber” (RS), ber"(SR)} .

Basaran and Giirdal [12] prove the following
theorem.

Theorem 3.5. Let H = H(Y) be an RKHS and
VeLEH).Thenye[0,1]andr > 1

ber? (V) < ZL[IVIZ" + V1% | per +
L ber" (V). (3.1)
As special case of Theorem 3.4, we obtain the
following improvement of the inequality (3.1).

Corollary 3.6. Let V € L(H). Then for every r >
2 and y € [0,1], we get
ber?" (V)
1
< Zberz(lvlr +i|V*")
14

r
+ 2 MVIZ IV llperber2(V2)

5 yberr(VZ)
<LV + V2 ey + =L ber™ (V2).

+

Proof. We have
ber?"(V) = ber?" ([
(by inequality (2.9))
< %berz(lvlr +i|V*")

v o)
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Y i r
+ZII|V|” + [V * || perberz(V?)
1-y

+ ber™(V?)
(by Theorem 3.4)
1 2r *| 2T
< VI + 1V 2]y

Y i r
+ZII|V|” + [V * || perberz(V?)
1-y

+ ber™(V?)
(by inequality (1.5))
1 Y
=7 V2" + VP | per + 3 HVIZ + IV (| per

1 —_
+ 5 yberr(VZ)
(by inequality (1.4))

1+y .
<= VP + V2 lper +

(by inequality (2.2)).

1—-vy
2

ber”(V?)

In the following inequality, we show a new upper
bound for the Berezin radius of a 2 X 2 operator
matrices.

Corollary 3.7. Let P,R,S,T € L(H(Y)). Then
forevery r > 2 and y € [0,1], we have

berzr( I; ? )

< 2% Ymax{ber?"(A), ber? (D)}

+22" 3max{ber?(|S|" + i|R*|"), ber?(|R|" +
i1S*1")}

+y22" P max{|||S|" t+ |R*|r”be7;' IIRI" +

1S 7 per } max {berz(RS), berE(SR)}

+(1 —¥)2%"~2 max{ber” (RS), ber"(SR)}.

Proof. From the inequality (2.2) and Theorem 3.4,
we have

ber” ([ 7))

< (ver ([ S +ver (S §)

< 2%r-1 berzr( g ,?, ) + 22" 1per?r ([g ISD

< 22" Ymax{ber?"(A), ber? (D)}

+22" 3max{ber?(|S|" + i|R*|"), ber®(|R|" +
i1S*1")}

+y 22" P max{|||S|" t |R*|r||be1;, NR[" +

1S 7 | per } max {berE(RS), berz(SR)}

+(1 —y)2%"2 max{ber” (RS), ber” (SR)}.

2r

The following result offers an upper bound the
Berezin radius of the sum of operators.

Corollary 3.8. Let P,R € L(#(Y)). Then for
every r > 2 and y € [0,1], we have
max{ber? (P + R), ber?" (P — R)}

B P R
= ber ([R p )
< 2" 1her?"(P) + 22" 3ber?(|R|" + i|R*|")

T
+y22 7 3|RI" + |R*|"||per-berz(R?)
+(1 —y)2%"2ber” (R?).

Now, we can present the following result as follow.

Theorem 3.9. Let R,S€ L(H(Y)). Then for
every r > 2 and y € [0,1], we have

ber?" ([g }; )

< gmax{berz(ISlr + i|R*|"), ber?(|R|" +
ilé;ilyr)}

+ 2 max (1517 + 1R lper, IIRI” +
|S* " || perr} max {berg(RS), berg(SR)}

+ 1;—1/ max{ber” (RS), ber" (SR)}.

Proof. Let
_[0 R
M= [S 0]. For every (wq,w,) €Y; XY,, let

~ - k
ko = Kw,w,) = lkzll be a  normalized
2

reproducing kernel in #;(Y) @ H,(Y). Then we
have

Mk, k)|
~ ~ ~ ~ T
S |<Mk(,0! kw)<kw’M*kw)|

1 ~ ~
< Mk | [lme ko |

2+ ~ L ~ oL . T
o S LM 7| MR | F| M, MR )

1- ~ ~
+Ty|(Mkw,M*kw)|r
(by inequality (2.5))

1 ~ 12 N2
< = (Mo [+ MR )

2+ ~ ~ . . I
(e N I

12 o
+Ty|(M2kw,kw)|r
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(by A.M-G.M inequality)

1 ST
< S [AMI™ + iM* kg, ke |

2+y P ~ o~
+T((|er + Mk, ko) |[(MP Ry, )|

1-— I

+Ty |(M2kw: kw)lr

(by inequality (2.1)).

By taking the supremum over (w,,w;) € Y; XY,
and than applying inequality (2.6) in the above
inequality, we get

ber?” ([g ’g )

< -max{ber?(IS|" + i|R*["), ber(IR|" +
iISZ’;I;)}

+=-max{[[|S|" + [R*["llper, I IR]" +
15°I"llper} max {berz(RS), ber2(SR)}

+ 1TTY max{ber” (RS), ber”(SR)}.

Corollary 3.10. Let V € L(H(Y)). Then for
every r > 2 and y € [0,1], we have

ber?" (V)

< ~ber?(S|" + i|R*[")

+2+Ty V™ + |V|T”berbe7”5(V2) n 1;_]/ ber” (V2)
< HVIZ + VI || per-
Proof. We have
ber?" (V) = berZr(

(by inequality (2.9))
< ~ber?(S|" + i|R*[")

2+Y|||V|T + V" ”berbeT'Z(VZ) I
(by Theorem 3.9)

1 2r *|21
S§|||V| + 1V 1% per

0oV
Vv 0

)

4 berT(VZ)

+2+Ty 1vI™ + |V*|r”berbeT§(V2) + % ber™(V2)
(by inequality (1.5))

1 2r * 121
< —IIIVI + IV | per

2

ZLNAVI + V) lper +=F ber™(V2)
(by1 mequahty (1.4))
< VI + 1V T llper

2

+ LNV + V12 ey + =L VI +
|V |2r”ber

(by inequality (2.2))
VI + V1 e
This completes the proof.
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