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Abstract — In this paper, we propose on type of Dunford integration in the concept of ideal convergence
This wants to construct a new convergence of functions in Banach space to definite the measurable
functions. The main result is construction on the type of Dunford as the Ideal integral. Ideal Dunford
integral is an application of the convergence ideal in integration but weak integration. For this been followed
the usual route by first introducing the ideal Dunford integral and demonstrating for the ideal Dunford
integral the most important statements related to it in the classical case. In this paper, we prove if the
function f is Dunford integrable then it is ideal Dunford integrable, but conversely, this is not true. This
gives the meaning of the extension of Dunford integration in our article. We are motivated by this by one

important example published by Schvabik and Guoju, [20].
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I. INTRODUCTION

This paper was inspired by [ 7] and [ 5] where the
concepts I-convergence of the sequences of real
numbers and I-convergence of the function of real
values. We will often quote some results from [ 5]
that can be transferred to function in Banah space.
In [ 7] itis shown that our I-convergence is, in a
sense, equivalent to the p-statistical convergence of
J. Connor ([15]). The concept of statistical
convergence is introduced in [9] and [13] and
developed [17]. The concept of I-convergence is a
generalization of statistical convergence and it is
based on the notion of the ideal | of subsets of the
set N of a positive integer.

Il. PRELIMINIARES

Definition 1.

(@) Let Y be a set that is not the empty set, Y.
FamilyS3cTI(Y) is called the ideal of the set Y if and
only if that for A, Be3 it follows that, AUBeJ and
for every Ac3Jand B — A we will have B €3.

(b) The ideal 3 is called non-trivia ideal if and only
if, 3zJand y¢3. A non-trivial ideal is called
acceptable when it contains sets with only one point
on it.

Let them (T,Z,u) be a space with probabilistic
measure u, where T is a random set on a line, Z-
Borel’salgebra and p is a defined measure.

I-Convergence of Sequences of Elements in
Banach Space.

Definition 2. A sequence x = (x,) ,neN of
elements of X is said to be I-convergentto L€ X if
and only if for each € > 0 the set A(e) = {neN :
l[x, — L|l =€} belongs to I. The element L is
called the I-limit of the sequence x = {xn},neN. I-
||m Xn =L.

Definition 3. A sequence x = (x,) ,neEN of
elements of X is said to be I-Caushy if for each € >
0, there exists g € N such that {neN : ||x, — x,|| =
etel

Definition 4. A sequence x = (x,) ,neN is called
weakly I-covergent if the sequence x*(x,) is I-
convergent for every x* € X*.
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Now, we deals with the generalization of the Ideal
convergence of functions on normed space.

The sequence of functions {fk} contains the
functions with value in vectorial

space.

Definition 4: The function f: T — X , where X is a
vector space is called a simple function according to
u, if for every family of measurable sets {E; }that has
no common point ,E; ¢ T and E; N E; = @, fori #
j.whereT = Ul-, E;and f(t) = x;, for t € E; ,i=1,
2,..., 0.

As we know before, the simple function is defined
f(t) = X1 xixg, » Where g is a characteristic
function of E;.

Definition 5: The function f:T - X is called 3-
measurable on T, if for every teT, e > 0and A c
J there is a sequence of simple functions f,;: T —
X for which we have

Ifn(®) = FOIl < e for n € N\A.
Definition 6. The subsequence (f,,), _ of the

sequence(fn)nENif is called fundamental

ifford’ = {ny <np < - <M <} fo > f
forn € N\A' whered' c A.

Definition 7..Let(I, %, u)be a measurable complete

space with a non-negative measure. The sequence
of measured functions (f,,),in I is J-convergent
according to the measure u to the function f, if for
each ¢ 0 and o> 0 there is an essential

subsequence(fnk)kof the sequence(f,), such that:
,u{t: ||fnk(t) —f(t)” > 0'} < e for n, € N\A" and
t el. We denote f,,(t) J—_Fff(t).

Definition 8. The sequence of measured
functions(f,,),with values in Banah space is
called 3-fundamental according to the measure
u,S < 3,if there is a natural number (g,S) € N\4
and there is a subsequence (fnk)kof (f)n if Ve >

0and o > 0, u{t: ||, () — FO| = o} < &.

3.l1deal Dunford integration in Banach space.

Lemma 1. (Dunford) [12] Assume that f:T - X
is I-weakly measurable where X normed space

and for each x* € X* the function x*(f):T - R is
ideal (Bohner) integrable (x*(f) € L,), then for
each measurable E — T there exists a unique x*™* €
X™* such that

xg™ =1B — fE x*(f) pér¢do x* € X*.
1)

Proof . For a given measurable E — T we have
Jz x*(f) = [, x*(f - ;) and we can define

Se(x™) = x*(f * xp)

where S is a linear map X™ into the space L,
Lebeg(Bochner) integrable on T and

Spix" = [, X' (F 7))

is a linear function on X* . Assume that x*,,, —
x*inX*and Sg(x*p,)— g inL; wheren, €
N\ A,k > calso (x*,,)and (Sg(x*y,) are the
essential subsequences of the sequences (x*, )and
(SeCc'n ) o thuslim [ |x"n, (f - 2) = 9| =

0 ny € N\ A" and k- . Then x*,, (f
;(E)converges forn, € N\ A'and k= +in

measure to g and by the Riesz theorem there is a
subsequence esential {x*, Jof {x*,,, } such that

X', (£ 2,®)) > g(t) m, € N\ 4 dhe
(F@)-

26(0) > g(©) > X" (F(1) - 7, (1) forall t€ T, is
follows g(t) = X*(f(¢) - x,(t)), for allmost te T
and x*(f - x) € Ly . This means that the graf of

the linear map Sg: X* — L, is closed and by the
Banach closed graph theorem the operator Sj is

bounded.. Hence [S;(x")| = |f, x*(F - z,)| <
L G 2| = f 185G = 1Se (e, <

ISz 11X "l and it follows |, x*(t)| <

ISz 1I[1x*|| Therefore
operator

r— 4oo for almost all te T. Since x*,

fE x*(t) isacontinuous linear functional on X*
defining an element x*™ € X** for wich (1) holds.
The previous Dunford lemma 1.makes it possible
to introduce the following definition.
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Definition. If f :T— X is weakly ideal measurable
and such that the function x*(f): T — R

is ideal Bochner integrable for each x* € X™ then
£ is called ideal Dunford integrable.

The ideal Dunford integral DI- fE fof £ overa
measurable set Ec T is defined by the element
x** € X** giveninLemma (1) x™* = DI — [ f

where x**p(x*) = Bl — [ x*(f) pérx* € X",
For f € DI we have x*(f) € L, forall x* € X*. Let
us define S(x*) = x*(f) , x* € X" (2)

Where S: X* — L, is a linear operator which is
bounded according to the Banach closed graph
theorem.Let S*: L*; = L., —» X™* be the adjoint of
the operator S defined by

$*(g)(x") = BI — f 950"
S
=Bl—f g-x'feER ,geLy
S
=L,

S*(g) isa linear functional on X* forany g €
Lo (L*;) because

BI - L g(ax*y + bx*3)(f)

:afs gx*l(f)+bfs gx2(f)

and it is also bounded because the boundedness of
the operator S gives

1" () (D) =

Bl—fs gT(x™)

< Ngllze, - IS,
< gl IS |l x-

Hence S*(g) € X™ forevery g € L,

Assuming g = y, € Lo, where Ec Tis
measurable, we have

S*O(E)(x*)=BI—fXEx*(f)=fx*(f)
S E

Then S = (yg) € X =x forevery measurable E c T
and v(E) = S * (xg) =DI - [ f

The function v(E) = DI — [ f defined for all

measurable E < T, is called the indefinite Ideal
Dunford integral of f.

The ideal Dunford integral is not countably
additive in general.

The following example modified from a classic
example.[schvabik].

Example. Using the function

;5] 17(t) nprim
f® = ;(] (t) n others
f(0)=(0)

Is easy to see that

1

Kk

jx*(f(t))dt:

0
(1

k
1 2 k-1 1 1 0 1
[ 1By 3o
1 g1 1 &1
k —N—+ -
| isn;( Adt UaEn® k n;ns
Lonep N }O'ﬂ

Weseethat
DI f tdt—123 O% 11.)el
f () (k POEET L) EL,
Where
_ 2
—(k Y pér k prim
k
6, =
k-1 e
o pér tétjeré

Proposition. Assume thatf: T — X is Ideal
Dunford integrable.Then the following assertions
are equivalent.
a) The operator T: X* — L, given in formula
(3) is ideal weakly compact .

406



b) The adjoint operator T*: L, — X** is ideal
weakly compact;
c) Theset{x*(f):x*€ B(X*)}c L,
éshté uniformly integrable, i.e
i dex 0 =0

Is uniformly for every x* € B(X™)

d) The indefinite Ideal Dunford integral v(E)
given by (3) is countably additive, i.e if
E, c T,n € N are pairwise disjoint
measurable sets then

(o) =S we0
n=1 n=1

in X** (the series Y-, v(E,) is converges on
the norm in X**).

Proof.

Lemma.1 The set K — L1 is weakly compact if
and only if K is bounded and the integral is
countably additive fE fdu is uniformly for every f
e K, i.e for any sequences of sets are pairwise
disjoint E,, c S measurable sets ,we have

lim [ fdu=

n—-oo n

0
Is uniformly for every f € K

Proof.: Let us mention that by Gantmacher's
theorem ( [DS] .VI .Theorem 4.8.) an operator T is
weakly compact if and only if its adjoint T* is
weakly compact and therefore a) and b) are
equivalent.

Let us consider the set

T(B(X *)) =
{x*(f);x*€ B(X %)} c L,

We have

llx = (O, = jlx «* (O =T O, < ITl
S
< 4+

for x*eB(X*) because the operator T is bounded.
Hence the set T(B(X %)) is bounded.

By the lemma 1 the set K — L, is weakly compact
if and only if K is bounded and the integral is
countably additive fE fduw is uniformly for f € K,
i.e for any sequences of sets are pairwise disjoint
E, < S measurable sets ,we have

I * (P, = f 2+ (O = 1T DN, < IT]
S
< 400

for x*eB(X*) because the operator T is bounded.
Hence the set T(B(X %)) is bounded.

By the lemma 3.4. the set K — L, is weakly
compact if and only if K is bounded and the
integral is countably additive [, fdu is uniformly
for f € K, i.e for any sequences of sets are
pairwise disjoint E;,, ¢ S measurable sets ,we have

tim , Fau=0
Uniformly for f € K.

The set T(B(X *)) < Lyis weakly compact ( is
equivalent to ideal weakly compact according to
the sequences) if and only if we have

li
u(E)-0
uniformly for every x x€ B(X *).

This means that c) is equivalent to a). Assume
that c)holds . It is easy to see that

lim
u(E)-0
B(X =).then for every n > 0 thereisan&e > 0
such that

fElx * ()| = 0 uniformly for x x€

|+ (e 9| = |fpx = ()] <
n

For x x€ B(X %) .If u(E) < ethen||S * (xp)ll <
n. If E, c S,n € N are pairwise disjoint
measurable sets denote E = U;,—, E,,,then

limu(E\
n-—-oo
Ug:l E,) =0
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Consequently

Lim[lv(E\
Un=1En)llx~ = 0.
Since

E=(E\UN_,E)U

o0
n=1 Ena

we have by the operator finite additivity

Sx(xg) =S+ (XE\ Uﬁ:lEn) + S5 (XU11\1’=1En)

N
=9 x (XE\UﬁqEn) + Z S * (XEn)-
n=1

This means that

v(E) — i v(E,) =V <E\ LOOJ En>

And
N
Jim [lv(B) = > (B
n=1 "
- in [+ (U )
n=1
=0

This means v(E) is countably additive .

Assume now that c) does not hold. Then there is a
k > 0 and a sequence E,, c S,n € N of
meausurable sets with u(E,) - 0,n - o ,
fEnlx;‘l(f)l > k for some x; € B(X *).

Since of measures E,, tend to zero, it is possible to

take a subsequence of E,,, assuming that for m< n

" k
we have [ |x;(f)| < 7

Take A, = E;\ Um<n Em , A, € S measurable and
A, NA, =0,m=+r and

L= f aDI=F, o laOl >3

Hence there exist B, c A,, B, By, are pairwise
disjoint) such that [ | (f)| > =

And ||S * (xz,)|| > %for every n. Therefore the
series

o]

i S*(Ba) = ) v(By)
n=1

n=1

Cannot converge and d) is not satisfied. This gives
the equivalence of c) and d).

I11. CONCLUSION

First, we find another applicatation of Ideal Dunford
integral in Banach space. We proved the same
results of classic Dunford integral on Banach space
for the Ideal Bohner integrable wich are more
general.
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