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Abstract — This paper deals with the ideal convergence theorem of martingales of ideal Bochner integrable
functions.First, a characterization of the properties of ideal convergent martingales is obtained.In this paper
martingales of ideal Bochner integrable functions with values in a Banach space are treated.
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I. INTRODUCTION

This paper was inspired by [ 7] and [ 5] where the
concepts I-convergence of the sequences of real
numbers and I-convergence of the function of real
values. In [ 7] it is shown that our I-convergence is,
in a sense, equivalent to the p-statistical
convergence of J. Connor ([15]). The concept of
statistical convergence is introduced in [9] and [13]
and developed [17]. The concept of I-convergence
is a generalization of statistical convergence and it
Is based on the notion of the ideal | of subsets of the
set N of positive integers. Recently martingale
theory is having an important impact on Banach
space theory. We will present in this paper some
aspects of the basic theory of martingales of ideal
Bochner integrable functions concerningideal
convergence. In the fourth section martingales of
statistical Bochner integrable functions are
considered.

Il . Definitions and Notations
Definition 1.

(@) Let Y be a set that is not the empty set, Y.
Family3cTI(Y) is called the ideal of the set Y if and
only if that for A, B3 it follows that, AuBeJ and
for every AeJand B — A we will have B €3.

(b) The ideal  is called non-trivia ideal if and only
if,.3zJand y¢3. A non-trivial ideal is called

acceptable when it contains sets with only one point
on it.

Let them(T,Z,u)be a space with probabilistic
measure u, where T is a random set on a line, Z-
Borel’salgebra and p is a defined measure.

Definition 2.A sequence x = (x,) ,neN of
elements of X is said to be I-convergentto L€ X if
and only if for each & > Othe set A(e) = {neN :
||x, — L|| = e}belongs to I. The element L is called
the I-limit of the sequence x = {xn},neN. I-lim xx
=L.

Definition 3. A sequence x = (x,) ,nEN of
elements of X is said to be I-Caushy if for each > 0
, there exists g € N such that {neN : ||x, — x,|| =
etel

Now, we deal with the generalization of the Ideal
convergence of functions on normed space.

The sequence of functions {fk} contains the
functions with value in vectorial

space.

Definition 4.The subsequence (fnk)keNOf the

sequence(f,)nen 5 f is called fundamental
iffor A = {ny <np < <me<-Yfo >f
forn € N\A' whered’ c A.

Definition 5..Let(], Z, u)be a measurable complete
space with a non-negative measure. The sequence
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of measured functions (f,,),in I is J-convergent
according to the measure u to the function f, if for
each ¢ 0 and o> 0 there is an essential

subsequence(fnk)kof the sequence(f,,),, such that:
u{t: ||, @® — F(@®)|| = 0} < e for n, € N\A" and
t el. We denote £, (t) N f (.

Definition 6.The sequence of measured
functions(f,,),with values in Banah space is
called 3-fundamental according to the measure
u,S < 3,if there is a natural number (o,5) € N\A
and there is a subsequence (fnk)kof(fn)n, if Ve >

Oando > 0, ,u{t: ||fnk(t) — f(t)” > a} <.

Lemma Salat:A sequence x = (x;) Iis ideal
convergent to L if and only if there exists a set
(k1 <k, < <kp,<--};

Let X a Banach space and (© ,> ,u ) is a finite
measure space and let {B,, ,n € N}be a filtration of
¥ and let ( f,; n = 0) be a sequence of variables.

Definition7: A process (f,,B, ,n € N) is called a
martingale if

1. (fu;n=0) is adapted to the filtration
{B,,n € N}
2. E(lfal <),Vn

3. Vn<n+lVAE€B,, [, fudu= [, frsrdu

Definition 8 .A martingale (f,,,B,, ,n € N) is
convergent if there exist f € L, (1, X ) suth that

Ifn = fli<e.

Properties of ideal convergent martingales.

In this section we consider martingales of ideal
Bochner integrable functions.

Let be a Banach space and is a finite measure space
(€ ,2,u).A p-measurable function is called ideal
Bochner integrable if there exists a sequence f,,of
simple functions such that

I —lim f I, — flidp
n Jo

Inthiscase I — [, f dy is defined for each E e by
I-lim Jo o = flldu =0

The set of ideal Bochner integrable function is a
linear space we denote withL, (1, X ) .1t is clear

that I—liF((fE lf(x)|P )l/vdu Is also norm ( a
semi-norm ) in this space. We denote it by ||f||’p.

We prove that L,, (i, X )L, (1, X)in the same way
as is shown in [2] for L, space.

Let (X ,|I.1]) be a Banach space and (Q,Y., ) isa
finite measure space and {B,,n €N} is a
monotone increasing net of sub-c-fields of . .

Properties of ideal convergent martingales.

In this section we consider martingales of ideal
Bochner integrable functions.

Let be a Banach space and is a finite measure space
(€ 2,1 ).A u-measurable function is called ideal
Bochner integrable if there exists a sequence f,,of
simple functions such that

I~ lim f I, — flldu
n Jo

In this case I — fE f duis defined for each E € 2.by
Him [, l1fy = flldp = 0

The set of ideal Bochner integrable function is a
linear space we denote withL,'(u,X ) .1t is clear
that I‘“,En((fg |f (x)|P )1/Pdu is also norm ( a
semi-norm ) in this space. We denote it by ||f||’p.

We prove that L,,(u, X )L, (1, X)in the same way
as is shown in [2] for L, space.

Let (X ,||.|l) be a Banach space and (2, >, n)isa
finite measure space and {B,,n€ N} is a
monotone increasing net of sub-c-fields of ..

Definition. A martingale (f,,, B, ,n € N) is ideal
convergent in L,,’(/J,X)- norm if there exist f €

L, (u,X ) suchthat {k; [Ifi() — f(t) = €ll, }e !
Since (f,,B, mE€EN) is ideal convergent
martingale in in Lp’(u,X) (1 < p <x) we have
that if E € U,, B, then the limit I — 1i£n Jo fadus=
F(E) exists.
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By the above definition,we have that if a martingale
is convergent then it is ideal convergent,but the
conversely is not true.

Proposition 1 :If (f,,B, ,n € N) and (g, ,B, n €
N) are ideal convergent martingales in L,"(u,X)

then the sum (f,+9gn.B, MEN) is
idealconvergent martingale.

Proof.Since (f,,,B, .n € N) and (g, ,B, ,n € N)
are ideal convergent martingales in L,,"(u, X ) there
exists f,g € L'y such that , for every ¢>0 ,

ke llfieG) = fOll, = e}el and {k = llgi(x) —
g, = elel .
First we show that (f, + gn ,B, M EN) is a

martingale : By the linearity of
conditionalexpectation we have foreveryn >

m E(fn\Bm) + E(gn\Bm) = fm + Im
SO E(fu + 9n\Bm) = fm + 9m-
For proving that

{k: 1(fe () + g (x)) = (F(0) + gy = €}
€l

l(fie () + g (x)) = (fF(x) + gl =

l(freCx) = £ + (ge(x) —gly" < lfie(x) —
FOOI, + 119k — g, <€/ +E/y=¢ |
foreverye MA,A€l.

Let B be a sub-o-fields of > and f € L,"(u,X)
(1 <p<x).Anelementg € L, (u,X ) is called
the I-conditional expectation of f relative to B if g is
I-measurable and

I—[. gdu=1-[, fduforalE €B
g is denoted by E(f\ B).

Proposition 2. If (f,,,B, ,n € N) is aideal
convergent martingale in L4 then (f, — fin , Bn
,n = m) is also a ideal convergent martingale in L,

Proof.Since (f,,, B, ,n € N) is a ideal convergent
martingale there exists f € L;'(u,X ) such that

f, — fII, <& fore MA; , A; € 1.AIs0 f;, is
ideal Cauchy, so for every € > 0, there exists N

such that [|f,, — fyll', <en€MA, , A, €.

MA; U MA, c N\(4; UA,),for neE N\(4; U
A, ) we have

Ufo = foully < Wfo = Fll iy = Fnlly < /s +
o=

We demonstrated (f,, — fm , Bn ,n = m)is aideal
convergent martingale.

1. CONCLUSION

In this paper we are extending in case of ideal
convergence the result present in [20] on Banch
space.
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