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I. INTRODUCTION

In many areas related to operator theory, such as
mathematical inequalities, functional analysis,
numerical analysis, differential equations, applied
mathematics, and mathematical physics, to name a
few, Berezin transforms have been crucial. We
begin by introducing certain notions and features of
operators on a Hilbert space in order to characterize
the Brezin number and norm.

Let H be a complex Hilbert space and B(H)
define the C*-algebra of all bounded linear operators
on H. Recall the functional Hilbert space (briefly,
FHS) H = H(F) is a Hilbert space on some set
(nonempty) F, such that evalution functional
Y.(f),s € F,are continouns on a H'. Then by Riesz
representatiom theorem , for each ¢ € F, tehere is
an unique element k. € H suchthat f (¢) = (f, k),

for all f € 7. The family {k.:¢ € F} is called the
reproducing kernel in H. For ¢ € F, E

¢
=—is
lrec]

defined the normalized reproducing kernel.

For V € B(H), the function V defined on F by
V() = (Vk k) is the Berezin symbol of V.
Berezin symbol firstly has been introduced by
Berezin ([2]). The Berezin set and Berezin number
of the operator V are defined by

Ber(V) = {V(¢):c € F}
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and
ber(V) = sup{V(¢): ¢ € F} = supcee|(Vk, k)|

respectively (see, [6]). For the Toeplitz and Hankel
operators on the Hardy and Bergmann spaces, the
Berezin symbol has been thoroughtly researched. It
is frequently used in many fields of study and
uniquely identifies an operator. We recommed the
reader to [3,5] for more information on the Berezin
symbol.

In a FHS, the Berezin range and Berezin number
of an operator V are a subset of numerical range and
numerical radius of V, respectively. There are
interesting propertiesof numerical range. For basic
properties numerical radius, we refer to [1,4, 7]. The
fact that

ber(V) <w(V) < |IV]], (1.1)

Is significant. It is well-known that for all V €
B(#),

1 1
ber () <2 (V11 + IV2I2)

(see [5, Theorem 4]). Recently, Giirdal [5, Theorem
1] generalized some inequalities for powersof the
Berezin radius. It has been shown that if V is any
operator in B(H), and f;,f, are nonnegative
continouns functions on [0,) fulfiling f(t)g(t) =
t,(t = 0), then we get
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ber?(V) << A2 (VD + £ (VD)

|ber' 12)
for p = 1. Moreover, it has been demonstrated in [5,
Theorem 2] that if V,W € B(H), for z € (0,1),
then we get

ber? (V + W) << [lz(IVIP + WIP) + (1 —
AV PHW ) llper, (1.3)

forp = 2.

The article’s originality or innovation stems from
fresh estimation of the Berezin norm and Berezin
radius of various types of some operators working
on FHS. These estimates improve on the upper
bounds of the Berezin numbers found in previous
studies. In this section, we show useful Berezin
radius inequalities for a FHS.

MAIN RESULTS

Let’s prove the first theorem.

Theorem 1. If V€ B(H),V =0, and f,g are
nonnegative continouns functions on [0,0)
fulfilling f(t)g(t) = t, (t = 0), then we get

1/2
ber’

ber? (V) S;IIF"(IVI)QZ”(IV*I)II (2.1)

forp>1.
Proof. Let ¢ € F be an arbitrary. Then, we have

Ve, )| 7

< lFavnk|”lgav-nx|®

= (FAVDE,, FAV DR + (g(IV* DR, g(IV* DR
< (F2(VDK, k(g2 (IV* D, )

< (F2P(IV DK, ) g (IV* D, Tep)

< (F2P (Vg2 (IV*DF,, kg

where the fsrst inequality is obtained the in equality
[7, Theorem 1] that; the fourth inequality is obtained
the holder-Mccarthy inequality. Thus,

(Vi Kl < (F2e (VD g2 (Ve Ky).

Taking the supremum over ¢ € F in the above
inequality, i.e.,

supger (VI T ™) < supge e (f22 (VD2 (V' D, K),
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we have

1/2
ber*

ber? (V) < IF**(VDg* (V"D

Then, it can be proved by using some arguments
of the paper [4, Theorem 1] (which is omitted) that

1 1
ber?(V) < S IIf*(IVDg* AV DII;

ber

<ZIF2PAVD + g2 AV Dllper (22)

Remark 1. From the inequality (2.2) given above,
the inequality (2.1) better than inequality (1.2).

Our second conclusion extends the inequality
(2.3) given in [5, Theorem 2], which offers a
Berezin radius inequality.

Theorem 2. If V,W € B(H),V,W = 0,and y is
any positive real number such that 0 < y < 1, then
we have

berP(V + W)
< 2p—1|||V|yp|V*|(1—y)p+|W|YP|W*|(1—Y)P||

ber’

(2.3)

forp = 2.
Proof. Let ¢ € F be an arbitrary. Then, we have

KV + W)k, Ko

< (Ve o) + (W &)’

=(VEe ko)l + (W, Eo)|)”

< 207 (|(Vi, k)| + (Wi, ')

< 2r-1 (<|V|2yk§, )7 + (VPR E>7p)

+ (W1, )2 + (W 20T, By 2 )

< 207K(IVIPP VPO 4w e (W A0k R,

where the third inequality follows from the
definition convex function , the fourth inequality
from the inequality given [7, Corollary 7] and the
fifth inequality follows from Holder-McCaerthy
inequality. Hence, taking the supremum over € Fin
the above inequality,

supee r([(V + Wk, E)|)
< supee (2P H(IV PV 20D
+ |W|yp|W*|2(1—y))§;’ }:))

and



berP(V + W)
< 2p—1||Z(|V|yp|V*|(1—V)p+|W|yp|W*|(1—y)p)||

ber”

A basic and important inequality in functional
analysis is the so-called Jensen type inequality,
which assert that if a,b > 0and 0 < ¢ < 1, then

1
ash'™S <ac+ (1 —¢)b < (aP¢+ (1 —¢)bP)r (2.4)

forp > 1.

Corollary 1. (i) Using the inequality (2.4), we
have

ber?(V + W)
< 2”‘1”|V|W’|V*|(1‘7’)p+|W|W’|W*|(1‘7)p||ber

< 207Uy (V1P + IW1P) + (=) AV1P + W12 lper.
(2.5)

(ii) If we take p = 2 and y = - in (2.3), then

ber?(V + W) < 2°07H|[VIIV*] + IWIW | llper (2.6)

(iii) If we take V = W, then

1
2
ber®

ber(V) < |IV?]]
(iv) Ifwetake W = 0andandy = % in (2.5), then
we have

P
ber

berP (V) < 20 Y[[V|P/2|ve|Pr2|| < 2071V |
and

berP (V) < 2°-1 |||V|§|V*|§ i
er
< 2P H||VIP2 4|V 1P|

ber’
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