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Abstract — The main goal of this work is to study some properties of eigenvalues and corresponding
eigenfunctions of a new type boundary value problems consisting of three-interval Sturm-Liouville
equation

Lu:=—u"(x) + q(x)u = Au, x € [a,&) U (£1,&) U (&, b]

subject to parameter-dependent boundary conditions (which we call parameter-dependent periodic
boundary conditions), given by

u(a) = au(b), u'(a) = pu'(b)
and additional impulsive conditions at the common endpoints &;, &,, given by
ulG -0 =au(&+0), u'E+0)=pu'(§+0), =12

where  q(x) is real-valued functions which continuous on each of the intervals [a,¢;),
(é1,&,) and (&,,b] and has a finite one-hand limits ¢q(§; £ 0) = lim q(x), a0 and B#0 is a real
X%

parameter, A is a complex eigenvalue parameter.

In the special case when o= B=1, q(§; + 0) = q(&; — 0)(i = 1,2) the problem under consideration is
reduced to classical periodic Sturm-Liouville problems, so the results obtained in this paper extend and
generalize the corresponding classicals results. Note that the problem under consideration is not
selfadjoint in the classical Hilbert space of square integrable functions. By using a new approaches we
obtained some important properties of eigenvalues and eigenfunctions.
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I. INTRODUCTION

Many important problems appearing in physics and
other branches of natural science are described by
second order ordinary lineer differential equations,
which can be presented in a self-adjoint form
known as Sturm-Liouville equation (SLE). SLEs
fisrt appeared in the context of the separation of
variables method for partial differential equations
of various types. This and related methods continue
to generate Sturm-Liouville problems that model
phenomena such as seismic behaviour, sonar
propogation in water stratified by different
densities, heat and mass transfer, large-scale waves
in the atmosphere, etc. (see, for example, [4], [7],
[12]).

The history of periodic spectral theory
begins with studies of Sturm and Liouville on the
spectral analysis odf second order differential
equations with some boundary conditions, now
called Sturm-Liouville problems (SLPs).

The spectral analysis of SLPs required the study of
various spectral properties, such as discretenes of
the spectrum, asymptotic behaviour of eigenvalues
and corresponding eigenfunctions, completeness
of eigenfunctions, location of zeros of the
eigenfunctions, oscillation of the solutions so on.
There is now an extensive literature on Sturm-
Liouville theory and its applications (see, for
example, [1], [8]-[10], [12]). In recent years, SLES
with periodic boundary conditions have become an
important area of applied and theoritical
mathematics, because the needs of modern physics
and technology (see, for example, [2], [3], [5], [6])
and refences, cited therein.

In this work we will consider Sturm-Liouville
equation defined on three non-intersecting intervals
together with paramater-dependent periodic boundary
conditions and additional transmission conditions
specified at the internal points of interaction. This type
of problem will be called three-interval Sturm-Liouville

boundary-transmission problem (3-SLBTP, for short).
Note that boundary value problems with additional
impulsive conditions often arise in various fields of
physics and tecnology. For example, in electrostatics
and magnetostatics, in free oscillations of Earth, in heat
transfer through an infinitely conducting layer, in
hydraulic fracturing etc. (see, for example, [4], [7],

[13]).

Il. MAIN RESULTS
Consider a Sturm-Liouville equation

Lu = —-u"(x) + q()u(x) = Au(x), (1)
x €[a, &)U (&,&)U (&, b], defined on three
non-intersecting intervals [a,&;),(&,¢,) and
(&, b] subject to parameter-dependent boundary
conditions given by

u(a) = au(b), u'(a) =pu’(b) (2

(so called parameter-dependent periodic boundary
conditions), and additional impulsive conditions at
the points of interaction x = &, and x = &, given
by

u(§; —0) = au(§, — 0) 3)

u'(§; +0) = pu’(§, +0) 4)
u(€; —0) = au(§, — 0) (%)
u'(§2 +0) =pu’'(§; +0) (6)

where  q(x) is real-valued function which
continuous on each of the intervals 2, = [a, &;),
N, =(&,&) and 25 = (&,,b] and have a finite
limits q(¢; £ O)ngrgn+ q(x), 00 and B0 are real

parameters, A is acomplex spectral parameter.

Let us denote by @3_,C*(Q;) the function
space consisting of all functions f:U}_, Q; - R,
that are continuously differetiable up to K-th
order the each intervas Q;, and by U3_, C*(Q;) the
function space consisting of all functions
f:U3_, Q; - R, that are continuously differetiable
up to K-th order an each intervas £; and have finite
limit values £ (§; + 0) fors = 1,2, ..., K.
Lemma 1. If

uve (@ c2@)) n (&%, (@)
then:
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§1-0
f (vL(u) — uL(/zf))dx
¢ §2—-0
+ f (UL(u) — uL(/l)’))dX
E1+0

+ (/UL(u) — uL(/zr)) dx
£,40

=W(u, ;)18 = WU, V), —TW, v, (7)
where  Jfly, = f(xo+0) — f(xo —0) is the

jump function.

Proof. Integrating by parts over the intervals Q;
(i=1,2) we have

iz1 Jo, v (Lu)dx
=¥ Jo (v’ + quv)dx — u'vl|®

—JV)lg, —J'V)lg, 8)
Now, by symmetri we see that
3, fﬂ-i u(Lv)dx=Y3_, fﬂi(u’/tr’ + quv)dx
—v'ul3 = J(uv)lg,

—Jv)lg, (9
Subtracting (9) from (8) we obtain (7).

Definiton 2. A number A € C is said to be an
eigenvalue for the three-interval Sturm-Liouville
boundary-transmission problem (1)-(6) if there
exists a function

u€ ( 3, CZ(Qi)) n ( 1 Cl(ﬁl))

such that u is not identically zero and satisfies the
three-interval Sturm-Liouville equation (1) and
boundary-transmission conditions (2)-(6). The
solution wu(x) is called an eigenfunction

corresponding to the eigenvalue and the pair (4, u)
is called an eigenpair.

Theorem 3. Let (4, u(x)) be an eigenpair of the 3-
SLBTP (1)-(6). If af=1, then the eigenvalue A is
real.

Proof. Since a, B are real numbers and q(x) is
real-valued function we get the following equalities
upon taking complex conjugate of Sturm-Liouville
equation (1) and boundary-transmission conditions

(2)-(6)

LT = AT, (10)

u(a) =au(b), a'(a) =pua’(b) (11)
@ —0)=aa(§ —0) (12)
u'(§+0) =pua’(g +0) (13)
U@, —0)=au (g —0) (14)
u'(§+0) =pu’(; +0) (15)

The equalities (10)-(15) means that (A, it (x)) is
also an eigenpair for the 3-SLBTP (1)-(6).
From (1) it follows that

ZLlﬁLudx =kg[ﬂi|u(x)|zdx (16)

Similarly from (10) we have

ZLluLﬁdx =XZ Liw(x)lzdx (17)

Subtracting (16) from (17) yields
3

> f(uL(tT) — TL(w)dx

i=1 0,
=(1-21)®i, f|u(x)|2dx (18)
Applying Lemma 1 we gét
3
= A); fﬂilu(x)lzdx
=W(uT;%)[}
—JW(u, 0;x) e, —JW(u, T;x) e, (19)
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From (2) and (11)
W, T;a) = u(a)u'(a) — u'(a)u(a)

= aB (u(b)u’(b) — u' (b)(h))

=W(u,T;b) (20)
Similarly, we have
W, w;§ +0)=W(u,u;§ - 0) (i=1.2)  (21)

By virtue of (20)-(21) the right hand side of (18)
is zero. But since wu(x) is eigenfunctions, this
means that 1 — A = 0, that is the eigenvalue A is
real.

Theorem 4. If af=1, then every eigenvalue has
real-valued eigenfunction.

Proof. Let (4, u(x)) be any eigenpair of the 3-
SLBTP (1)-(3). Let u(x,A) =v(x, A1)+
iw(x,A), where + and w are real-valued
functions.Since (1, it (x)) is also eigenpair and A is
a real number it is follows that the function

u(x,A) =v(x,A) —iw(x,A) is also an
eigenfunction  corresponding to the same
eigenvalue A. Obviously both real-valued
functions

v(x) _ u(x)+u(x) and w(x) _ u(x)-u(x)

2i

satisfy the 3-SLBTP (1)-(3). Obviously at least
one of them is not identically zera and, therefore, is
also an real-valued eigenfunction corresponding to
the same eigenvalue A. The proof is complete.

Theorem 5. If ap=1, then the eigenfunctions of a
the 3-SLBTP (1)-(3) corresponding to distinct
eigenvalues are orthogonal, that is, if (1;,u,) and
(A5, u,) are two eigenpairs with A; # 4,, then
Yio1 fQi Uy (0)uz(x)dx =0 (22)
Proof. Writing down the equations satisfied by the
eigenfunctions u;(x) and u,(x) and multiplying

the equation for u, (x) with u,(x) and vice versa,
we have

—uy"' (1) 1z () + g ()ug (Duz (%) = Agus (x) up(x)

—uz"'(0) ug () + g()uz () (%) = Auz (%) ug (x)

Taking the difference of these equalities, we get
== Wy, 53 0)=(4 — 1wy (u, () (23)

Integrating the last equality, yields

(2 — M) X, fQi u; (X)uz(x) = =W(uy, ug; )|

_]W(ull Uy; X)l‘g'l - ]W(ull Uz; X)l‘g'z (24)
Reasoning in exactly the same way as in the proof
of Theorem 3, we find that the right hand side of th
last equality is equal to zero. Since A; # 1,, we get
the desired (22).

Theorem 6. Suppose that ofj=1, then for any
eigenpair (4, u(x)) of 3-SLBTP (1)-(6) the
equality

I fgi(|u’(X)|2 +q®)u®)|?) dx
- i1 Jo G0 2dx

(25)

holds.
Proof. Appliying the identity (5) we obtain

A Z?=1 fQilu(X) |2: ?:1 fQi lTL(U)dX
—u' GOVER = J (0 COV)) g,
=J(0' GOV() g,

21 Jo (W12 + a0 lu)?)dx (26)

Since of=1 and u and u satisfy the boundary-
transmission conditions (2)-(6) then we have
u'(b)u(b)=u’(a)u(b) (27)
and
J(0' u)) g, = J(u' u))lg, = 0 (28)
Subsitung  (27) and (28)
desired (25) .

into (26) vyields the

Corollary 7. Let (4, u(x)) be any eigenpair of 3-
SLBTP (1)-(6). If ap=1, then the inequality
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A= {infq(x)|x €U, Q;}

Holds, that is the eigenvalues are bounded from
below by the number {inf q(x)|x €U?_; Q;}.
Corollary 8. Let af=1. Then the set of eigenvalues
of 3-SLBTP (1)-(3) is bounded from below.

Corollary 9. Let ap=1 and A, be the first
eigenvalue. Then the equality

2
St fo (o' +alel?)ax

¥, fﬂi|4r|2dx

A, = inf (29)

is true, where the infumum is taken over all
functions

v E (EB{?’:l CZ(Qi)) N ( 1 Cl(ﬁl))

satisfying boundary-impuulsive conditions (2)-(6).

EXAMPLE

Note that the equality (29) can be used to obtain an
approximate value of the first eigenvalue using the
test functions

v e (@, @) n (@, ¢(@))-
Satisfying the boundary-impuulsive conditions (2)-
(6). To show this let us consider the following
simple special case of the three-interval Sturm-
Liouville boundary impulsive problem consisting
of the Sturm-Liouville equation
u"+Au=0 (30)
defined on three non-intersecting intervals [0,2),
(2,4) and (4,6], the boundary conditions, given by

u(0) = —u(6), u'(0) =—-u'(6) (31)

and four additional impulsive conditions, given by

u(2—0)=-u(2+0) (32)
uw(2-0)=-u'(2+0) (33)
u(4—-0)=-u(4+0) (34)
u(@4—-0)=-u'(4+0) (35)

It is easy to verify that the trial function

( X, for  xe€[0,1)
—x + 2, for xe[1,2)
_ x—2, for xe[2,3)
u(x) = -x+4, for xe[3,4)
x —4, for  xe[4,5)
\ —x+6, for xe[5,6]

Satisfies the boundary conditions (31) and the
mpulsive conditions (32)-(35).
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