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Abstract – In the design of retaining walls subjected to seismic loads, the pseudo-static method based 

mainly on the Coulomb approach (equilibrium of forces) is widely used. However, this method does not 

consider all the complex phenomena observed during the experimental tests, such as tension cracks, the 

non-linearity of soil response, and the shape of failure surfaces. Therefore, researchers have long been 

working to develop formulations that take these phenomena into account. This note presents a formulation 

of the active dynamic thrust applied to a cantilever retaining wall supporting C-Φ soil, considering the 

shape of the sliding surfaces in the active state. The equation of this formula is based on the pseudo-static 

approach and considers the vertical and horizontal components of the seismic coefficient. 

Keywords – Pseudo-Static Approach, Cantilever Retaining Wall, Failure Surface, Small And Short Heel, Active Dynamic 

Thrust. 

 

 

 

 

 

 

 

 

 

 

https://as-proceeding.com/index.php/ijanser
mailto:felkhannoussi@uae.ac


International Journal of Advanced Natural Sciences and Engineering Researches 

400 

 

 

I. INTRODUCTION 
 

Retaining walls are structures designed to support and stabilize the earth, enabling the creation of space 

for other civil engineering structures such as bridges or roads. When subjected to seismic forces, the 

response of retaining walls is complex, because several parameters are involved, such as the inclination of 

soil slopes, the angle of internal friction, cohesion, the shape of failure surfaces, and the hydric state of the 

soil. 

The method for calculating the dynamic force exerted on a retaining wall was initially introduced by 

Okabé and Mononobé [11-12], based on the Coulomb approach [2], which considers the equilibrium of 

forces. Although this method has some limitations [15], it is widely used for the dimensioning of retaining 

structures [5]. 

Subsequently, the MO method was extended to include the effect of soil cohesion. Several studies have 

contributed to this extension, such as those by Mazindrani and Ganjali [10], Cheng, 2003 [3]; Puri et al., 

2004 [13]; Anderson et al., 2008 [1]; Shukla et al., 2009 [18], Shrestha et al., 2016 [11], Gupta et al., 2016 

[16]; Shi et al., 2016 [19]. Most of these methods assume that the shape of the sliding surface is flat and 

inclined at an angle to maximize the active force. 

However, for cantilever walls, the shape of the sliding surfaces varies according to the length of the 

heels: in the case of a "long" heel, the sliding line intercepts the footing, whereas in the case of a "short" 

heel, this line reaches the ground surface [9]. 

Kamiloğlu & Şadoğlu [9] propose formulas for calculating the active dynamic force in both cases: short 

heel and long heel. This note extends the Kamiloğlu & Şadoğlu [9] study by introducing the effect of 

cohesion. 
  

II. MATERIAL AND METHOD 
 

The equation of the analytical formulas for the forces acting on the ground wedge varies according to 

the length of the heel. In the case of a long heel, the failure line reaches the ground surface, whereas in the 

case of a short heel, this line intercepts the toe. Figure 1 illustrates both cases, also showing the mobilized 

soil wedge and the forces acting on it. 
 

 
Figure 1. Failure surfaces behind a cantilever retaining wall according to heel length: short heel and long heel [9] 

 

The derivation of the analytical formula is based on the following assumptions: the soil is in a limit state; 

failure lines are plane; the effect of tension cracking is not considered. 
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Figure 2. Failure surfaces behind a cantilever retaining wall with a small heel 

 

The various study parameters are as follows: cohesion c, soil internal friction angle Φ, horizontal and 

vertical seismic coefficients Kv=av/g and Kh=ah/g, the friction angle between soil and wall δ, the 

inclination angles of the failure planes θ and ψ, α = H3/H, a parameter characterizing the thickness of the 

heel, β = b/H, a parameter characterizing heel length. 

The suffix SH is associated with the parameters in the case of a short heel, and the suffix LH is associated 

with the parameters in the case of a long heel. 

In the case of a wall with a short heel, three forces are applied to the wedge of the soil named ABCDE 

in Figure 2. It is assumed that the forces Pa1SH and PaSH are inclined by the angle δ, while Pa2SH and R 

(the soil reaction) are inclined by Φ. 

Kamiloğlu & Şadoğlu state in [8-9] that the failure surface noticed in the static state is represented by 

the line BF, shown in Figure 3. 

To determine the first force, Pa1SH, the equilibrium of the ABF soil wedge can be expressed as follows: 

ΣF = 0, where ΣF represents the sum of the forces acting on the ABF. 

Projecting the equilibrium equation on the x-axis and y-axis gives:  

Pa1SH cos(δ) + C ∗ BFcos(θ) − khWwedge − R cos (
π

2
− θ + ϕ) = 0                              (1)      

Pa1SH sin(δ) + C ∗ BFsin(θ) − (1 − kv)Wwedge + R sin (
π

2
− θ + ϕ) = 0                     (2)           

 

                      
Figure 3. The force Pa1SH acting on the wedge of the soil ABF in the case of a wall with a short heel 

 

Projecting the equilibrium equation on the x-axis and y-axis gives:  
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Pa1SH cos(δ) + C ∗ BFcos(θ) − khWwedge − R cos (
π

2
− θ + ϕ) = 0                       (3)    

Pa1SH sin(δ) + C ∗ BFsin(θ) − (1 − kv)Wwedge + R sin (
π

2
− θ + ϕ) = 0              (4)       

Multiplying the first equation (3) by sin (
π

2
− θ + ϕ) and the second equation (4) by cos (

π

2
− θ + ϕ) and 

summing them gives : 

Pa1SH =
1

2
∗ γH2 ∗

(1 − βTan(ψ) − α)2 ∗ cot(θ)

sin (
π
2 − θ + ϕ + δ)

∗ [kh ∗ sin (
π

2
− θ + ϕ) + (1 − kv) cos (

π

2
− θ + ϕ)]

− CH ∗
(1 − βTan(ψ) − α)

sin (
π
2 − θ + ϕ + δ)

∗ cos (ϕ)                      (5)  

The second force to be determined is Pa3SH, to do so, we consider the equilibrium of the CDF soil 

wedge, which is subjected to the forces shown in Figure 4. 

Projecting the equilibrium equation on the x-axis and y-axis gives:  

Pa3SH cos(δ) + C ∗ DF ∗ cos(θ) − khWwedge − khWsurcharge − R cos (
π

2
− θ + ϕ)

= 0                                  (6)          

Pa3SH sin(δ) + C ∗ DF ∗ sin(θ) − (1 − kv)Wwedge − (1 − kv)Wsurcharge − R sin (
π

2
− θ + ϕ)

= 0             (7) 

Multiplying the first equation (6)  by sin (
π

2
− θ + ϕ) and the second equation (7) by cos (

π

2
− θ + ϕ) and 

summing them gives :  
 

Pa3SH =
1

2
∗ γH2 ∗

[2 ∗ α ∗ cot(θ) ∗ (1 − 0.5α) ∗ (kh  sin (
π
2

− θ + ϕ) + (1 − kv) cos (
π
2

− θ + ϕ))

sin (
π
2 − θ + ϕ + δ)

− CH ∗
[α cot(θ) sin (

π
2 − θ + ϕ) + α cos (

π
2 − θ + ϕ)]

sin (
π
2 − θ + ϕ + δ)

=  
1

2
γH2 ∗ Kaγ3SH − CHKac3SH                      (8)  

 

 
Figure 4. The force Pa3SH acting on the wedge of the soil CDF in the case of a wall with a short heel 

 

The last force to be determined in the case of a cantilever wall with a short heel is Pa2SH. In this case, 

we consider the global model shown in Figure 5. 
 



International Journal of Advanced Natural Sciences and Engineering Researches 

 

403 
 

 
Figure 5. The soil model used to determine the Pa2SH in the case of a wall with a short heel 

 

Projecting the equilibrium equation on the x-axis and y-axis gives:  
 

(Pa3SH + Pa1SH) cos(δ) + Pa2SH ∗ cos (
π

2
− ψ + ϕ) − C ∗ BC ∗ cos(ψ) + C ∗ DE ∗ cos(θ) − khW1

− khW2 − R cos (
π

2
− θ + ϕ) = 0                     (9)    

(Pa3SH + Pa1SH) sin(δ) + Pa2SH ∗ sin (
π

2
− ψ + ϕ) − C ∗ BC ∗ sin(ψ) + C ∗ DE ∗ sin (θ) − (1 − kv)W1

− (1 − kv)W2 − R sin (
π

2
− θ + ϕ) = 0                     (10)        

 

Multiplying the first equation (9) by sin (
π

2
− θ + ϕ) and the second equation (10) by cos (

π

2
− θ + ϕ) and 

summing them gives :            

          

Pa2SH =
1

2
∗ γH2 ∗ {−

sin (
π
2 − θ + ϕ + δ)

sin(π − θ + 2ϕ − ψ)
∗ (Kaγ3SH + Kaγ1SH)

+
2[(1 − α − 0.5β ∗ tan(ψ))β + 0.5 cot(θ)]

sin(π − θ + 2ϕ − ψ)
θ[kh  sin (

π

2
− θ + ϕ)

+ (1 − kv) cos (
π

2
− θ + ϕ)]} − CH ∗

1

sin(π − θ + 2ϕ − ψ)
{[(cot(θ) ∗ sin (

π

2
− θ + ϕ)

+ cos (
π

2
− θ + ϕ)) + β(tan(ψ)

∗ cos (
π

2
− θ + ϕ) − sin (

π

2
− θ + ϕ))] − (Kac3SH + Kac1SH) ∗ sin (

π

2
− θ + ϕ + δ)}

=
1

2
𝛾𝐻2 ∗ Kaγ2SH − CHKac2SH                      (11)  

 

In the case of a wall with a long heel, two forces are applied to the wedge of the soil named ABCDE in 

Figure 6. It is assumed that the force Pa3SH is inclined by the angle δ, while Pa2SH and R (the soil reaction) 

are inclined by Φ. 
 



International Journal of Advanced Natural Sciences and Engineering Researches 

 

404 
 

 
Figure 6. Failure surfaces behind a cantilever retaining wall with long heel 

 

To determine the Pa2LH and Pa3LH forces, we follow the same steps as for a short heel. For Pa3LH, we 

consider the soil wedge BCD shown in Figure 7. 

 

Figure 7. The force Pa3_SH acting on the wedge of the soil BCD in the case of a wall with a long heel 

Projecting the equilibrium equation on the x-axis and y-axis gives: 

Pa3LH cos(δ) + C ∗ CD ∗ cos(θ) − khWwedge − khWsurcharge − R3 cos (
π

2
− θ + ϕ)

= 0                     (12)  

Pa3LH sin(δ) + C ∗ CD ∗ sin(θ) − (1 − kv)Wwedge − (1 − kv)Wsurcharge − R sin (
π

2
− θ + ϕ)

= 0                     (13)           

Multiplying the first equation (12) by sin (
π

2
− θ + ϕ) and the second equation (13) by cos (

π

2
− θ + ϕ) 

and summing them gives :     
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Pa3LH =
1

2
∗ γH2 ∗

[2 ∗ α ∗ cot(θ) ∗ (1 − 0.5α) ∗ (kh  sin (
π
2 − θ + ϕ) + (1 − kv) cos (

π
2 − θ + ϕ))]

sin (
π
2 − θ + ϕ + δ)

− CH ∗ 
[α cot(θ) sin (

π
2 − θ + ϕ) + α cos (

π
2 − θ + ϕ)]

sin (
π
2 − θ + ϕ + δ)

=  
1

2
γH2 ∗ Kaγ3LH − CHKac3LH                     (14)  

 

The next force to be determined in the case of a cantilever wall with a long heel is Pa2LH. In this case, 

we consider the global model shown in Figure 8. 
 

 
Figure 8. The soil model used to determine the Pa2_SH in the case of a wall with a long heel 

 

Projecting the equilibrium equation on the x-axis and y-axis gives: 

(Pa3LH) cos(δ) + Pa2LH ∗ cos (
π

2
− ψ + ϕ) − C ∗ AB ∗ cos(ψ) + C ∗ CD ∗ cos (θ) − khW1 − khW2

− R cos (
π

2
− θ + ϕ) = 0                     (15)    

(Pa3LH) sin(δ) + Pa2LH ∗ sin (
π

2
− ψ + ϕ) + C ∗ AB ∗ sin(ψ) + C ∗ CD ∗ sin (θ) − (1 − kv)W1

− (1 − kv)W2 − R sin (
π

2
− θ + ϕ) = 0                     (16)  

Multiplying the first equation (15) by sin (
π

2
− θ + ϕ) and the second equation (16) by cos (

π

2
− θ + ϕ) 

and summing them gives :  

Pa2LH =
1

2
∗ γH2 ∗ {−

sin (
π
2 − θ + ϕ + δ)

sin(π − θ + 2ϕ − ψ)
∗ (Kaγ3LH)

+
(1 − α)2 ∗ cot(ψ) + cot(θ)

sin(π − θ + 2ϕ − ψ)
[kh sin (

π

2
− θ + ϕ) + (1 − kv) cos (

π

2
− θ + ϕ)]} − CH

∗
1

sin(π − θ + 2ϕ − ψ)
{[(cot(θ) ∗ sin (

π

2
− θ + ϕ)

+ cos (
π

2
− θ + ϕ) ∗ (2 − α) − (1 − α) ∗ cot(ψ) ∗ sin (

π

2
− θ + ϕ)]}

=  
1

2
γH2 ∗ Kaγ2LH − CHKac2LH                     (17)  
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At this level, we have determined the analytical formulas for the various active dynamic thrust 

coefficients according to the geometry of the Cantilever wall (short heel and long heel). However, the 

question is: how can we know whether the failure mechanism behind the wall corresponds to that of a wall 

with a short heel or that of a wall with a long heel? 

Greco [4] suggests maximizing the lateral dynamic thrust force or minimizing the vertical dynamic force 

to answer this question. 

Thus, the problem is to determine the values of ψ and θ maximizing the following function: Pae(ψ,θ)= 

Pa1(ψ,θ)+Pa2(ψ,θ)+Pa3(ψ,θ). 

As this is a force whose formula varies according to the failure mechanism, it is necessary to consider the 

critical case illustrated in Figure 9. 

The value of the angle ψ_crt=arctan((1-α)/β). 

Initially, it is assumed that the failure mechanism corresponds to that of a wall with a short heel. After 

determining the value of ψ and θ, we compare ψ with the value of ψ_crt and two cases arise: ψ< ψ_crt: the 

failure mechanism effectively corresponds to that of a wall with short heel and we thus obtain the values of 

ψ, θ and Pae; ψ> ψ_crt: the failure mechanism corresponds to that of a wall with a long heel, and the 

formulas adapted to this case are used to derive the values of ψ, θ and Pae. 

The maximization procedure used at this stage is performed with Microsoft Excel. 

To obtain mathematically consistent results, upper and lower limits are used for certain parameters in 

derived formulas. Upper and lower bounds are defined by the following conditions: θ > Φ, ψ + θ > 2Φ. 
 

 
Figure 9. the critical case separating the two cases (wall with short heel and wall with long heel) 

 

III. RESULTS 
 

The results presented in this paragraph are obtained by applying the above formulas to two examples: 

one example of a cantilever wall with a short heel and another example of a cantilever wall with a long 

heel. The geometric characteristics of the two walls are shown in Table 1. 
 

Table 1. Geometric characteristics of the two cantilever retaining walls (Short Heel and Long Heel) 

 
Cantilever wall with Short 
Heel 

Cantilever wall with long 
Heel 

α 0,05 0,07 

β 0,14 0,35 

H 7m 7m 

Thickness 0,40m 0,40m 

 

In both cases, the cantilever wall supports a backfill soil with the following mechanical characteristics: 

Φ=30°, γ=18 KN/m3. The parametric study was mainly based on two parameters: the horizontal seismic 
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coefficient Kh and the cohesion C (the vertical seismic coefficient is not taken into account). Three cohesion 

values are considered: C = 0 kPa, C = 10 kPa, and C = 20 kPa. 

The results obtained will be compared with those from the following methods: Okabe and Mononobe [11-

12], Puri et al., 2004 [13], Shukla 2014 [17] and Iskander et al. [7] and illustrated in Figures 10, 11, and 12. 

The results for a long-heel wall are shown in Figures 13, 14, and 15. 
 
 

Figure 10. The variation of the horizontal component of the active dynamic force obtained by the proposed formula and the 

other formulas (C=0Kpa, Short Heel) 

Figure 11. The variation of the horizontal component of the active dynamic force obtained by the proposed formula and the 

other formulas (C=10Kpa, Short Heel) 
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Figure 12. The variation of the horizontal component of the active dynamic force obtained by the proposed formula and the 

other formulas (C=20Kpa, Short Heel) 

 
 

 
Figure 14. The variation of the horizontal component of the active dynamic force obtained by the proposed formula and the 

other formulas (C=0Kpa, Long Heel) 

 

 
Figure 15. The variation of the horizontal component of the active dynamic force obtained by the proposed formula and the 

other formulas (C=10Kpa, Long Heel) 
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Figure 15. The variation of the horizontal component of the active dynamic force obtained by the proposed formula and the 

other formulas (C=20Kpa, Long Heel) 

 

IV. DISCUSSION 
 

 Analysis of the graphs showing the results obtained in the case of a wall with a short heel is as follows: 

• The proposed formula provides more conservative results than the pseudo-static methods 

[11,12,13,17] for low- to moderate-intensity earthquakes, for which the Kh coefficient varies 

between 0.1 and 0.4, with a 25% increase in active dynamic force; 

• For strong earthquakes (kh>0.5g), the proposed formula became competitive as other methods are 

not defined for this range of Kh values; 

• Compared with the Iskander [7] method based on the Rankine approach [14] (stress field analysis), 

the proposed formula provides more conservative results (70% increase for weak earthquakes (Kh 

between 0.1 and 0.3). For Kh between 0.3 and 0.4, the difference becomes minimal; 

• The proposed formula provides less conservative values of 35% than the MO formula [11-12]; 

• For low-intensity earthquakes (Kh between 0.1 and 0.3), slip surfaces with a short heel are inclined 

at angles of θ=60° and ψ=55° ; 

• In the case of medium-to-strong earthquakes (Kh >0.4), slip surfaces in the case of a short heel are 

inclined at angles of θ=35° and ψ=55°; 

• In the case of low-cohesion soils and for medium-intensity earthquakes (Kh between 0.35 and 0.5), 

the results obtained by the proposed formula and those of other methods converge; 

• As cohesion increases, the active dynamic force decreases; 

• Cohesion does not affect sliding surface inclination angles. 

 

Analysis of the graphs showing the results obtained in the case of a wall with a long heel is as follows: 

 

• The proposed formula provides more conservative results than the pseudo-static methods [13,17] 

for low- to moderate-intensity earthquakes, for which the Kh coefficient varies between 0.1 and 0.4, 

with a 45% increase in active dynamic force; 

• For strong earthquakes (kh>0.5g), the proposed formula became competitive as other methods are 

not defined for this range of Kh values; 

• Compared with the Iskander [7] method based on the Rankine approach[14] (stress field analysis), 

the proposed formula provides more conservative results (70% to 80% increase); 

• The proposed formula provides values that are 50% less conservative than the MO formula [11-12]; 

• As cohesion increases, the active dynamic force decreases; 
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• Cohesion does not affect sliding surface inclination angles. 

 

V. CONCLUSION 
 

• For low- to medium-intensity earthquakes (Kh between 0.1g and 0.5g), the proposed formula 

provides an upper limit of dynamic thrust values to be taken into consideration in the case of 

'sensitive' retaining structures where the risk of collapse must be minimized (densely populated 

areas, areas close to schools, etc.); 

• The strength of the proposed formula is that it provides dynamic thrust values for medium to strong 

earthquakes (Kh>0.5g) where other pseudo-static methods are not defined.Also, the proposed 

formula provides, in addition to the thrust force, the shape and angles of the sliding surfaces; 

• Increasing the cohesion of the retained soil leads to a decrease in the active thrust force; 

• In the case of the Cantilever wall, it is necessary to take into account the shape of the sliding 

surfaces, which varies according to the geometry of the heel; 

• For the same wall height, it is advisable to opt for long heels (β > 0.3), which improve stability 

against overturning and reduce the dynamic thrust force; 
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