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Abstract — For double sequences in probabilistic generalized metric spaces (PGMS), we establish the
notions of J,-statistical convergence and J,-statistical Cauchyness in this work and investigate their
fundamental properties, including their interrelationships.
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I. INTRODUCTION

In 1951, Fast [9] and later, in 1959, Schoenberg [22], independently developed and examined the theory
of statistical convergence of real sequences. They based their work on the concept of asymptotic density
of subsets within the set of natural numbers N. Convergence for double sequences was first proposed by
Pringsheim in [21]. Mursaleen and Edely [18] went on to expand this idea to statistical convergence.

The concept of J-convergence was first proposed by Kostyrko et al. [16] as a generalization of statistical
convergence. Gilirdal introduced the concept of J-Cauchy sequences of real numbers, examining their
connections with J-convergence for sequences of real numbers (see also [10]). In the same thesis, he
defined the concepts of I-Cauchy sequences and I*-Cauchy sequences in a metric space (X, d) (see also
[10]). Additionally, he explored the relationships between J-convergence and J3-Cauchy sequences. Das
et al. [4] later adapted this idea to double sequences within a metric space, highlighting several properties
of this form of convergence. Building on this, Das et al. [5] further advanced the concept, evolving it into
J-statistical convergence. Additional research in this area can be found in studies conducted by
[6,7,8,11,14].

Definition 1.1. ([16]) Let 3 # @. A non-void class § c 23 is stated to be an ideal, if

@EFEI=>EUFES
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L) EEJFcESEES.
Definition 1.2. ([16]) An ideal I will be termed non-trivial in 3 if I # {@}and 3 € 3.

Definition 1.3. ([16]) An ideal 3 in 3 is stated to be admissible if it is non-trivial and for each y €

3 {3} eS.

Definition 1.4. ([16]) For each ideal 3 in 3, we can associate a filter called the associated filter F(J) =
{Mc3:3\N =M forsomeN € J}.

Definition 1.5. ([5]) A real number sequence (w,) is stated to be JI-statistically convergent to w if for
eachpand 0 <¢ <1

1
{s:;l{u < s:|lw, —w| =0} = g} €.

In this scenario, we will put 3 — st — lim,_,, 0, = @

In 1942, Menger [17] explored the concept of "probabilistic metric spaces (PMS)" by using a distribution
function F,;, to define the distance between two points a and b, rather than relying on a real number. The
function F,;, (t), where t > 0, denotes the probability that the distance between a and b is less than t.
Building on Menger's pioneering work, numerous scholars, such as Schwiezer and Sklar [23, 24] and
Tardiff [26], have advanced the theory of probabilistic metric spaces. For additional information, consult
the comprehensive book on probabilistic metric spaces [25].

The theory of PGMS builds upon the concept of G-metric spaces. Recent studies have made substantial
contributions to understanding generalized statistical convergence [15], asymptotically lacunary
statistically equivalent sequences [12], and the convergence of double sequences in G-metric spaces. For
additional information on G-metric spaces, refer to [3, 13, 19, 20].

In 2014, Zhou et al. [27] introduced and explored the theory of PGMS, an extension of PMS. Given the
well-established uses of PMS, it is expected that PGMS will also prove to be highly applicable in the
future. For recent research on PGMS, refer to [1, 28]. We will now revisit the definition of PGMS as
presented in [27].

Now, let’s recall the definition of PGMS from [27].

Definition 1.6. ([27]). Let © be a nonempty set, 9 be a function from © x ® x 0 into D*and & be a
continuous t-norm such that for each , 8,y € ©, we have

(1) Dpy(@ =1, foralla,B,y €0and g >0 ifandonly ifa = =y;

(2) D(aap)(@) = Dia,py)(q) foreach a, B,y(+ B),and g > 0;

) Vs @ =DBar)(@ =Dy,ap) (@) = (Symmetry in @, B,y € 0);

4) Dapyu+v) = S(Q(a,w,w) (W), Dw.gy) (v)) foreach a,B,y,w € ®and u,v = 0.
Then, (0,9, ) is referred to as a Menger PGMS (in short a PGMS).
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Let a, € ©. Then, for each ¢ and 0 < ¢ < 1 the (g, ¢)-neighbourhood of a, is given by i, (p, o) and is
described as

Ug0(0,6) = {B € 0: G (g, 5.5 (@) > 1 =6, B q0,a0)(0) > 1~}

Given that various notions of sequence convergence are crucial for investigating the topological
characteristics of topological spaces, and considering that the topological properties of Menger PGMS
have yet to be extensively explored, this article introduces and investigates the theory of J,-statistical
convergence sequences within probabilistic generalized metric spaces.

Definition 1.7. ([27]) Suppose that (w,,) is a sequence in a PGMS (0,9, ) and w € ©. Then, 0 is stated
to be

(1) converges to w if for each ¢ and 0 < ¢ < 1, there is a non-zero non-negative integer M, . such that
wy € 1,(0,¢) wheneveru > M, .
(2) Cauchy if for each ¢ and 0 < ¢ < 1, there is an M, . € N such that
D(wywyop (@) > 1 — ¢ wheneveru,i,l = M, .

Definition 1.8. ([1]) Suppose that (w,) is a sequence in a PGMS (06,9, 6). Then (w,) is stated to be
statistically

(1) converges to w if for each g > 0,

d({u: wy & iw(Q)}) = 0.

(2) Cauchy if for each g > 0, there is [, € N such that

d ({u: w, & inq (q)}) =0.
Il. 3,-STATISTICAL CONVERGENCE IN PGMS

In this section, we institute and examine the theory of J,-statistically Cauchy sequence.

Definition 2.2. Let (0,9, 6) be a PGMS. A sequence (w,,,) in O is considered J,-statistically convergent
tow € O if, foreachpand 0 < ¢ < 1andk > 0,

1

{(a,,b’) € NZ;@I{u <a,v< By €i,09)} = K} €3,

to put it differently,

d>2 {(w, v): wyy € i,(0,6)}) = 0.

In this context, we express 3, — st? — limy Wy = @.
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Remark 2.3. Every statistically convergent sequence is also J,-statistically convergent in a PGMS

(6,9,1).

Proposition 2.4. Let (0,9,5) be a PGMS. If (w,,) is a sequence in ® such that 3, —st? —
limy, 00 Wyp = w1 and S, — st? — limy, 00wy, = w4, then w; = w,.

Theorem 2.5. Let (0,9, ) be a PGMS and 3, be an nontrivial admissible ideal of N2. Let (w,y,), (Vuw)
and (1,,) be sequences in © and w,y,{ €0. If I, —st? —lim,, 0wy, = @, I —st? —
My poeoVur = ¥, aNd Iy = 5t% = limy 00l =7, then the sequence (Do, yuvmw (@) 18 J2-
statistically convergent to 9,,,,. (@) for each o.

Proof. Let p be given. Choose ¢ > 0 such that o — 2¢ > 0. Then we get

2’)Ol’uv,]/uwnuv (Q)
Zg)wuv,yuwnuv (Q - C)

>6 (Q(wuv,,w.w) (%) ' D v ur) (39 ; 4g)>
>6 ‘D(wuv,w,w) ( ) (2)(%“;)/1/) ( ) D y,.1ur) (Q 5;))

20 <2)(wuv,,w,w) (%)'T<2)(Vuvw) (;) (m(nuvnn)( ) Dwym(e— 29‘))))-

Additionally, the following is held:

2)(&),]/,17) (Q)
22)((0,]/,17) (Q - 0)

=6 <g)(w Wy, Wyp) ( ) SZ)(‘*’wﬂ’”) (3Q 4c>>

oo e 5)

26| D(w,wurwuw) (%) T (2)(V.Vuv,yuv) (;) (2)(77 YuvYuv) ( ) | (e 2§)>>

Since § is continuous, it follows from [2, Theorem 2] that it is statistically continuous. Therefore, there
exist sets A and B of non-zero non-negative integers with 3,-density 1 such that 9., y,,,m., (@ — 26) =

D(wy.m(e) forall (w,v) € A, and Do,y yuvuw (P) = Dy (@ — 2¢) forall (w,v) € B. Set € = AN B.
Then d2(C) = 1. In addition, 9., 1100 (@ = 26) = Dwym (@) a0 Doy v e (@) = Doy (@ — 26)
for all (u,v) € C. Since 9 is left-continuous, it follows that I, — st¥ —limy e B e, ywmew (@) =

D(wym (@) for each o.
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Theorem 2.6. Let (0,9,58) be a PGMS and (w,,) be a sequence in ©. The condition J, —st? —
lim,, 0wy, = w is equivalent to the existence of a subset X = {(ky, I,):ky, < kyy1, by < 41} Of N2

such that d¥2(¥) = 1 and 9 — limy, 0 W1, = ©.

by

Proof. Let there is a subset X = {(ky, 1,): ky < ky41, 1, < L,+1} of N2 such that d52(¥) =1 and 9 —
limy, ;0 W1, = w. Let g and 0 < ¢ < 1 be given. Then, there is a non-zero non-negative integer n,
such that wy,;, € i, (0, ¢) whenever u,v = n, .. Thus

{(w,v): Wy € 16(0,6)} 2 {Uew L):u, v = 1y )

Since the latter set has S,-density 1, d¥2({(w,v):wy, €i,(0,¢)}) =1. Hence, I, —st? —
limy, 500 Wyy = w.

Conversely, let 3, — st? — limy oW, = w. Then, foreach g and 0 < ¢ < 1,
d¥2({(u, v): wyy € 1,(0,6)}) = 1.
Set
€@0,¢) = {(wv):wyy, €1,(0,6)}
for each ¢ and 0 < ¢ < 1. Clearly, d¥2(£(g,¢)) = 1. Now for g,p = % and ¢,p = %With a,f =2, we
e ()21 )5 >0 (35 > )

Consequently,

£(1/21/2)0€&1/31/3) o2& /apf,1/af) 2 EL/(af +1),1/(aff +1)) D -

Note that dS2(E(1/af,1/af)) = 1 for each a, (> 1) € N. Set t; = 1. Since d2(£(1/2,1/2)) =1,
thereis t, € £(1/2,1/2) and t, > t, such that for each a, § > t,, we have

Hu <a,v<pB:(uv)e&/2,1/2)}
ap

Since d¥2(£(1/3,1/3)) = 1, there is t; € £(1/3,1/3) with t; > t, such that for each a, § > t5, we have

>1-1/2.

Hu < a,v<p:(uv) €E(/31/3)}
aB

Again, since d3z2(£(1/4,1/4)) = 1, there is t, € v(1/4,1/4) with t, > t5 such that Va, § > t,, we have

>1-1/3.

Hu<av<p:(uv) €&El/41/4)}
aB

Continue in this manner, we will get a strictly increasing sequence of nonzero non-negative integers (t,,)
such that t,, € £(1/m, 1/m) and for each a, 8 > t,,, we have

>1-—1/4.
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Hu<a,v<pB:(uv) €E1/m,1/m)}|
ap

>1-1/m.

We now construct a set A as follows:

A ={(u,v):u,v € [ty, t,]} U U {(w,v):u,v € [ty tme1l NEA /M, 1/m)} ;.

meN

Then, for each r € N with t,, < r < t;,41, We have

wsavsp@ved |usav<p@y)eeq/mymy 1
af - af = m

Thus, d32(A) = 1. Let g and 0 < ¢ < 1. We choose a large g € N such that

! < d ! <

—<pand — <.

q q

Let w,v > t,, and 7 € A. Then, there is j € N such that t; < u,v <t;;; and j > q. Clearly, (u,v) €
11

A (7,7) ThUS,

ci (1 1) . (1 1) L (0.0
w ! - T)C1 -] C1 »G).
uv w ] ] w q q w Q

Therefore w,,, € i,(0,¢) for each (w,v) € A with u,v >t,. Write A = {(ky,1,):ky < kyy1,l, <

ly+1}. Hence 9 — limy, 00 w1, = .

by

Sz—St‘B

Corollary 2.7. Let (6,9, 6) be a PGMS and (w,,,) be a sequence in ©. Then, w,,, — w ifandonly if

. p)
there exists a sequence ({,,,) such that w,,, = ¢,,, for almost all u,v (3,) and {,,,, = w.
We now provide a necessary condition for a sequence to be J,-statistically convergent.

Theorem 2.8. Let (0,9,6) be a PGMS and (w,,) be a sequence in 0. If (w,,) is JI,-statistically
convergent to @, then for each p and 0 < ¢ < 1, there is a non-zero non-negative integer i, = iy(o,¢)
such that

) 1
3, — lim o] {u SOV S B Y wypwiywi,) @ > 1= 6D (0 0umwiw) (@ > 1 §}| =1.

a,f-o
Proof. Let p aswell as 0 < ¢ < 1 be given. Since § is continuous, there is ¢, € (0,1) such that

0(1—-¢p,1—¢9) >1—c.

SZ—StD

Again, since w,, — ,we have d>2 ({(u, V): Wy € iy (g,co)}) = 1. Set
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A= {(u, V): Wyy € iy (g,go)}.

Clearly, d32(A) = 1. Let n, be an arbitrary but fixed element of A. Then w;, € iy (% go). Then for each
(u,v) € A, we have

2 (a)uv,a)io,wio) (Q)

>4 <§D(wuva;w) (g) ’ gy(“)""io'wio) (§)>
> 6(1—=¢0,1—¢9)>1-—c.

Also,
sD(wio'a)‘uﬂh(‘)u.v) (Q)
[ [

26 <@(wio!w’w) (E) 4 @(w’wuv’wuv) (E))

>6(1—¢o,1—¢o)>1—cg.
Therefore,

A < {10000 (@ > 1= 6D (0 wmwn) (@ > 1~}

Thus,

) 1
%2 = Jim 2 l{e = @ < 890000 ©@ > 1= 6 D000 @ > 1=} = 1

Let p aswell as 0 < ¢ < 1 be given. Since § is continuous, there is ¢, € (0,1) such that

0(1—-¢p,1—¢9) >1—cg.

Sz—Stg)

Again, since w,, — w,we have d>2 ({(u V): Wy € iy (g,co)}) = 1. Set

A= {(u’ V)i wyy € iy (g,CO)}

Clearly, d32(cA) = 1. Let n, be an arbitrary but fixed element of A. Then X, € iy (§ 00). Then for each
k € A, we have

2)(wuv,wio,wio) (0)
Bt
> 6(1=¢p1=g)>1—q.

Also,
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D (010 0umwur) ()
>4 <2)(a’i0'a"a’) (g) ’ Q(w,wuv,wu,,) (g))
>6(1 =69, 1—¢o) >1—g.

Therefore,
A C {(u' 17): ‘D(wuv,wio,wio)(g) >1-g, @(wio,wuv,wu,,)(g) >1- C}

ThUS, S22~ lim pr {u Savs ﬁ:g)(wuv'wio'("io)(g) >1- c'()D((’"l'()'(“uw(“uv)(Q) >1- C}| =1

a,f—oo af

. 3,-STATISTICAL CAUCHYNESS IN PGMS

Definition 3.1. Consider (0,9, §) as a PGMS and let (w,,,) be a sequence in ©. Then, (w,,) is called J,-
statistically Cauchy if, for each ¢ and 0 < ¢ < 1, there exist n, ., m, . € N such that

@ ({wv):ow e o, ,, @9})=0.

Remark 3.2. If (w,,) is a statistically Cauchy sequence in a PGMS 0, then it is also J,-statistically
Cauchy sequence in ©.

Theorem 3.3. Consider (0,9,8) as a PGMS and let (w,,) be a sequence in 0. Then (w,,) IS I,-
statistically Cauchy in © if and only if there is a subset B = {(ky, l,): ky < kys1, L, < 1,41} of N2 such
that d52() = 1 as well as (w)p is a Cauchy sequence.

Proof. Consider a subset P = {(ky, I,,): ky, < ky41,1, < L1} of N? such that d32(B) = 1 and (w)g is a
Cauchy sequence. Let ¢ and 0 < ¢ < 1 be given. Then, there exist non-zero non-negative n, ., m, . such

that wy,;, € Wouny vmgc (e,¢) whenever = n, ., v = m, .. Thus

m

{(u, V): Wyy € iwung‘cv e (o, g)} S {(ky, L)iu =m0, v =>my ).

m

Given that the set has S,-density 1, it follows that d2 ({(u, V): Wyy € iy, (o, g)}) = 1. Therefore,
ng,cVmo,¢

(wyyp) is I,-statistically Cauchy.

Conversely, (w,,,) is 3,-statistically Cauchy. Then for each paswellas 0 < o0 < 1
3 : : _
d32 ({(u, V): Wy, € {ouny vmgs (o, g)}) = 1.

SetE(p,0) = {(u, V): Wyy € iy,
ng_ v

gm

(o, g)} for each o and 0 < ¢ < 1. Clearly, d32(E(p, 0)) = 1.
(2Y

1 1 . . 11 . 11 . 1 1
Now for g,5 = pr and ¢qp = pr with a,f = 2, we have i, (5,5) D1, (g'g) DDy, (E’E) )

. ( 1 1 ) 5
tw af+1’ af+1
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Consequently,
E(1/21/2)o&(1/3,1/3) -2 €& /af,1/aB) 2 EA/(af +1),1/(af + 1)) D -

Note that d32(E(1/af,1/aB)) = 1 for each a, (> 1) € N. Set t; = 1. Since d>2(£(1/2,1/2)) =1,
thereis t, € £(1/2,1/2) and t, > t, such that for each «, § = t,, we have

Hu<av<p:(uv) €&/21/2)}
ap

Since d>2(£(1/3,1/3)) = 1, there is t; € £(1/3,1/3) with t; > t, such that for each a, § > t;, we have

>1-1/2.

Hu<av<p:(uv)e€e&/3,1/3)}
ap

Again, since d32(£(1/4,1/4)) = 1, there is t, € £(1/4,1/4) with t, > t; such that Va, 8 > t,, we have

>1-1/3.

Hu <a,v<pB:(uv) e&/41/4)}
ap

Continue in this manner, we will get a strictly increasing sequence of nonzero non-negative integers (t,,)
such that t,, € £(1/m, 1/m) and for each «, 8 > t,,,, we have

>1-—1/4.

Hu <a,v<pB:(u,v) €E1/m,1/m)}
ap

>1—-1/m.

We now construct a set A as follows:

A ={(u,v):u,v € [ty, t,]} U U {(w,v):u,v € [ty tmer] NE(1/m,1/m)} ;.

meN
Then, for each r € N with t,,, < r < t,,41, Wwe have

Hu<a,v<p:(uv) €A} - Hu < a,v<p:(uv)€&El/m,1/m)}| - 1
af - af = m

Thus, d32(A) = 1. Let p and 0 < ¢ < 1. We choose a large g € N such that

1< d1<
—<pand —<g.
q q

Let u,v > t,, and r € A. Then, there is j € N such that t; < u,v <t;;; and j > q. Clearly, (u,v) €
11
A (7,7) ThUS,

11 11
Wyy € iwu v (—,,—,) C iwu v (_;_> c iwu v (Ql g)
Mo¢ Mog \] ] Mo Moc \q (¢ M,¢ Mo,¢
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Therefore w,,, € i, (0,¢) for each (u,v) €A with u,v=>t, Write A ={(ky1l,):k, <
no,cVMo,¢

ky+1,1, < 1,41} Hence, (w)g is a Cauchy sequence.

Corollary 3.4. Let (0,9,6) be a PGMS, and let (w,,) be a sequence in ©. Then, (w,y) is a Cauchy
sequence in © implies and implied by there is a sequence (q,,) such that w,, = g, for almost all u,v
(3,) and (q,4,) is also a Cauchy sequence in ©.

Theorem 3.5. Let (0,9),8) be a PGMS. If (w,,) is an J,-statistically convergent sequence in ©, then
(wyy) is 3,-statistically Cauchy in ©.

Proof. The proof follows directly from Theorem 2.8.

Corollary 3.6. Let (0,9, 6) be a PGMS and (w,,) be an 3,-statistically convergent sequence in ©. Then,
there is a subset B = {(ky, 1,): ky < ky41, 1y, < ly41} Of N? such that d%2(P) = 1 as well as (w)g is a
Cauchy sequence.

IV.  CONCLUSION

We have presented and examined the fundamental properties and links between the notions of J,-
statistical convergence and J,-statistical Cauchyness for double sequences within probabilistic
generalized metric spaces (PGMS) in this work. Our findings reveal that these concepts extend traditional
convergence notions into the probabilistic framework of PGMS, establishing a clear connection between
J,-statistical convergence and J,-statistical Cauchyness. This work enriches the theoretical
understanding of sequence behavior in PGMS and sets the stage for further exploration of these ideas in
more complex mathematical contexts.
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