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Abstract — In this research, we examine some fundamental characteristics of A-statistical convergence in
probabilistic generalized metric spaces (PGMS). Additionally, we define and explore the concept of A-
statistical Cauchyness and investigate their interrelationships.
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I. INTRODUCTION

For many years, one of the most important and active areas of research in pure mathematics has been the
study of sequence convergence and summability theory. Moreover, it has made significant contributions
to a wide range of fields, including computer science, mathematical modeling, functional analysis,
topology, measure theory, and applied mathematics. In recent years, the idea of statistical convergence of
sequences has been applied widely in mathematics. Fast [2] conducted a first exploration of statistical
convergence. Since then, a number of mathematicians have investigated the statistical convergence and
convergence features and applied these ideas to many disciplines.

Mursaleen [11] further extended the concept of natural density of subsets of N to the concept of A-density.
Using A-density, he further extended the concept of statistical convergence of real sequences to the
concept of A-statistical convergence. If A ={1,},ey iS @ non-decreasing sequence of positive real
numbers tending to oo such that A, = 1,1,,41 < 4, + 1,u € N, then any subset € of N is said to have A-
density d*(G) if

4A(€) = lim Kk el,: ke @}l'
u—oo Au
where I, = [u — A, + 1,u]. It is clear that if I, 8 ¢ N and d*(U) = 0, d*(B) = 0 then d*(U°) =1 =
d*(B°), d*(UUB) = 0. Also if ,Bc N, U c B and d*(B) = 0, then d*(U) = 0. In this study, 1
represents such a sequence.

If a sequence w = {w, },cy IS Said to satisfy the condition P for "A-almost all u," or more succinctly, " A-

a.a.u.", if it satisfies the property P for all u with the exception of a set of A-density zero. When

d’l((S(s)) = 0 for each ¢ > 0, where €(¢) = {u € N: |@w,, — ¢| = &}, then a series of real numbers, w =
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{@, }uen, is said to be A-statistically convergent or S, -convergent to ¢ € R. The concepts of A-density
and A-statistical convergence correspond with the ideas of natural density and statistical convergence,
respectively, if 1, = u, Vu € N.

Instead of utilizing a real integer to determine the distance between two locations, a and 4, Menger [10]
investigated the idea of "probabilistic metric spaces (PMS)" in 1942. When £ > 0, the function F_,
indicates the likelihood that @ and 4's distance is smaller than . The likelihood that the distance between
a and & is shorter than # is indicated by the function F_4(t), where £ > 0. Many researchers, including
Tardiff [17] and Schwiezer and Sklar [14, 15], have expanded the theory of probabilistic metric spaces by
building on Menger's groundbreaking work. Refer to the extensive work on probabilistic metric spaces
[16] for further details.

G-metric spaces are the foundation of PGM'S theory. Understanding asymptotically lacunary statistically
equivalent sequences [6], extended statistical convergence [9], and the convergence of double sequences
in G-metric spaces have all benefited from recent research. Further reading on G-metric spaces may be
found in [3, 7, 12, 13].

Zhou et al. [18] presented and investigated the hypothesis of PGM'S, which is an expansion of PMS, in
2014. It is anticipated that PGM'S will show to be extremely useful in the future, given the known uses of
PMS. Regarding current studies on PGM'S, see [1, 19]. Let's go back to the definition of PGMS that was
given in [18].

Let's now review the definition of PGM'S found in [18].

Definition 1.1. ([18]). Let Z be a nonempty set, 9 be a function from £ X E X E into D*and § be a
continuous t-norm such that for each «, 8,y € E, we have

(1) Dpy(@ =1, foralla,B,y €Eandg > 0iffa = =y;

(2) Dwap) (@) = Dapy)(q) foreach a,,y(* f),and g > 0;

) D) @D =DBar)(@ = Dy,ap (@ = (Symmetry ina, B,y € E);

@) Dapy®+v) = (D @ww) W, Dwpyy(v)) foreach a, B,y,w € Eand u, v > 0.
Then, (E,9), 6) is referred to as a Menger PGM'S (in short a PGM'S).

Let ay € E. Then, for each ¢ and 0 < ¢ < 1 the (g, ¢)-neighbourhood of a, is given by i, (p, o) and is
described as

g, (0,6) ={B € E: 64, p.)(©) > 1 — ¢, Bpapa0) (@) >1—¢}.

This paper presents and explores the theory of A-statistical convergence sequences within probabilistic generalized
metric spaces, considering that different concepts of sequence convergence are essential for examining the

topological features of topological spaces and that the topological properties of Menger PGM'S have not been
thoroughly studied.
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Definition 1.2. ([18]) Suppose that (w,,) is a sequence in a PGM'S (E,9,5) and @w € E. Then, E is stated
to be

(i) converges to @ if for each ¢ and 0 < ¢ < 1, there is a non-zero non-negative integer t, . such that
wy, € 15(0,¢) wheneveru = M, .
(ii) Cauchy if for each g and 0 < ¢ < 1, there is an M, . € N such that
D (w00 (@) > 1 — ¢ wheneveru, i,l > M, .

Definition 1.3. ([1]) Suppose that (w,,) is a sequence in a PGM'S (Z,9,5). Then (w,) is stated to be
statistically

(i) converges to @ if for each g > 0,

d({w: wy € i5(q)}) = 0.

(ii) Cauchy if for each g > 0, there is [, € N such that

d ({u: w, ¢ b, @}) =o0.
Il. THE MAIN RESULTS
We define and examine A-statistical convergence as well as A-statistical Cauchy sequence theory in this chapter.

Definition 2.1. Let (5,9, 6) be a PGM'S. A sequence (w,) in E is considered A-statistically convergent
tow € Eif, foreachpand 0 < ¢ < 1and k > 0,

d*{u<a:wy, €iz(e,9)} =0.
In this context, we express A — st? — lim,_,,w, = @.

Proposition 2.2. Let (,9,5) be a PGMS. If (w,,) is a sequence in E such that A — st? — lim,,_,c,w, =
w; and A1 — st? — lim,_,,w, = @,, then w; = @,.

Theorem 2.3. Let (5,9,6) be a PGMS. Let (wy,), (y,,) and (n,) be sequences in E and w,y,{ € Z. If
A—st? —limy o, = @, A — st? —limy_y, =¥, and 1 — st® —lim,_,n, = 7, then the sequence
(D s e (0)) is A-statistically convergent to 9, ¢ (@) for each o.

Proof. Let ¢ be given. Choose ¢ > 0 such that o — 2¢ > 0. Then we get
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D, v (Q)
Zg’)wu,yu,nu(g - C)

o e (75
26| Doy, o) ( ) (m(yuw) ( ) Doymm) (Q Bl %))
>6 (?)(wu’,w,w) (%)'T<2)(Vw%)’) (;) (2)(’711"’7)( ) D@m= 2§))>>

Additionally, the following is held:

sD(w,y,n) (Q)
22)(13,)/,77) (Q - O-)

>4 <2)(wwu wu)( ) 2)(“’“]”’) <3Q 4c)>

S ST O N CANIC R )

26| D@00 (%) T <2)(y,yu,yu) (;) (2)(17 YuY) ( ) SD(wu Y nu)(Q 2C)>>

Since § is continuous, it follows from Theorem 2 in [2] that it is statistically continuous. Therefore, there
exist sets A and B of non-zero non-negative integers with A-density 1 such that 9,4, », (€ — 2¢) =

‘D(w,%n)(g) for all u € 4, and z)wuywnu(p) > 2)(13,%17)(9 —2¢) for all u e B. Set C =ANB. Then

d*(€) = 1. In addition, Do viome (@ = 26) Z D@y (@) ad Doy, 11, (©) = D,y (@ — 26) forall u €
C. Since 9 is left-continuous, it follows that A — st? — imy 00Dy, v (©) = D(w,y.m (@) for each o.

Theorem 2.4. Let (5,9,6) be a PGMS and (w,) be a sequence in E. The condition A1 —st? —
lim,_,.,w, = @ is equivalent to the existence of a subset ¥ = {k,: k, < k,.,} of N such that d*(¥) = 1
and Y — limy_, wy, = @.

Proof. Let there is a subset X = {k,: k, < ky41} of N such that d*(¥) = 1 and 9 — lim,_,c, Wy, = @.
Let o and 0 < ¢ <1 be given. Then, there is a non-zero non-negative integer n, . such that w, €
i (0,¢) whenever u = n, .. Thus

{u: wy, €i5(0,¢)} 2 {kyiu =n, ).
Since the latter set has d*-density 1, d*({u: w, € i5(0,¢)}) = 1. Hence, d* — st? —lim,, o0, = @.

Conversely, let 1 — st? —lim,_,.,w, = @. Then, foreachpand 0 < ¢ < 1,
dl({u: wy € iz(0,9)}) = 1.
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Set
€(e,¢) ={uw:wy €Eigle ¢}
for each ¢ and 0 < ¢ < 1. Clearly, d%2(&(o,¢)) = 1. Now for o, = % and ¢, = i with a > 2, we have
w(33) 206 (522 (Gd) 2k (@G an) 2
Consequently,
£(1/21/2)>&(1/3,1/3) o2& /a,1/a) 2 E(L/(a+1),1/(a+1)) D

Note that d*(£(1/a, 1/a)) = 1 for each a(> 1) € N. Set t; = 1. Since d*(£(1/2,1/2)) = 1, there is
t, € £(1/2,1/2) and t, > t; such that for each a > t,, we have

{u < a:ue€&(1/2,1/2)}
a

>1-1/2.

Since d*(£(1/3,1/3)) = 1, there is t; € £(1/3,1/3) with t; > t, such that for each a > t;, we have

{u < a:u € £(1/3,1/3))
a

>1-1/3.

Again, since d*(£(1/4,1/4)) = 1, there is t, € v(1/4,1/4) with t, > t, such that Va > t,, we have

{u < a:u € £(1/4,1/4)}]
a

>1-1/4.
Continue in this manner, we will get a strictly increasing sequence of nonzero non-negative integers (t,,)

such that t,, € £(1/m, 1/m) and for each a > t,,, we have

H{u < a:u € &(1/m,1/m)}|
a

>1—-1/m.

We now construct a set A as follows:

A = fwu € [ty, 5]} U U (w:w € [ty tryea] N ECL/m, 1/m)} b,

meN

Then, for each r € N with ¢,,, < r < t,,41, we have

{u < a:u € A} - {u < a:u € &(1/m,1/m)}| - 1

a a m
Thus, d*(A) = 1. Let o and 0 < ¢ < 1. We choose a large g € N such that

1< d1<
—<pand = <.
q q
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Let u > ¢t,, and r € A. Then, there is j € N such that t; <u < t;;; and j > q. Clearly, u € A G%)
Thus,

11y L /11y
Wy € 15 (;,7) Cly (a,a) c Iw(Q,C)-

Therefore w, € i;(0,¢) for each u €A with u>t,. Writt A = {k,:k, <ky1}. Hence 9 —
limy, e W, = @.

A—st?
Corollary 2.5. Let (5,9, 6) be a PGM'S and (w,,) be a sequence in Z. Then, w,, = @ iff there exists a
p)
sequence ({,) such that w, = ¢, for almost all u (1) and ¢, —» @.
We now provide a necessary condition for a sequence to be A-statistically convergent.

Theorem 2.6. Let (£,9,9) be a PGM'S and (w,,) be a sequence in E. If (w,,) is A-statistically convergent
to @, then for each g and 0 < ¢ < 1, there is a non-zero non-negative integer i, = iy (o, ¢) such that

1
A= 01{1210& |{u < @D (wywi0:,) (@ > 1= 6D (0 wyw,) (@ >1- g}| = 1.

Proof. Let o as well as 0 < ¢ < 1 be given. Since § is continuous, there is ¢, € (0,1) such that

0(1—=¢9,1—¢9) >1—g.

Again, since wy, )L_—Sf?) @, we have d* ({u Wy, € iy (% (;0)}) = 1. Set

A= {u: Wy € iy (g,go)}.

Clearly, d*(A) = 1. Let n, be an arbitrary but fixed element of 4. Then w;, € ig (% Co)- Then for each
u € A, we have

D (wywiy0:,) (@)

o) <2)(wu,w,w) (g) ’@(w,wio,wio) (g))
> 6(1—¢p,1—¢p)>1—c.

v

Also,
D (w1 @) (@)
26 <‘D(wio,w.w> (%) RUCTNES (%))
>6(1—¢p,1—¢)>1—c.
Therefore,
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A < {1 D (i 001 (@ > 1= 6D (0 i) @ > 1= 6},

Thus,

1
A= lim — | < @D (0000 @ > 1= 6D (w000 (@ > 1-f| = 1.

a—-oo

Let o aswell as 0 < ¢ < 1 be given. Since § is continuous, there is ¢, € (0,1) such that

5(1—¢p,1—¢o) >1—g.

Again, since w, st @, we have d* ({u: Wy € ig (§ Co)}) = 1. Set

A = {u: Wy € iy (%,qo)}

Clearly, d*(A) = 1. Let n, be an arbitrary but fixed element of 4. Then X, € iy (§ 00). Then for each
k € A, we have

D (o 01015) (@)

> 4 <2)(wu,w,w) (g) ’g)(w,wioﬂ)io) (%))
> 6(1—-¢p1—¢o)>1-c.

Also,
@(wio.wu.wu) (0)
26 <?J(wio,w.w) (%) D@ouo) (§)>
>6(1—¢60,1—¢o) >1—g.
Therefore,

A C {“’@(wwwiomio)(g) > 1= 6D (0 wpw,) (@ > 1= §}-

. 1
Thus, 1 — Olll_r)go - |{u < a: @(wu.wio,wio)(g) >1-— C'@(wio,wu,wu)(é’) >1-— g}| = 1.

We can now give the concept of A -statistical Cauchyness in PGM'S and related results.

Definition 2.7. Consider (2,9, 5) as a PGM'S and let (w,) be a sequence in Z. Then, (w,) is called A-
statistically Cauchy if, for each ¢ and 0 < ¢ < 1, there exist n, . € N such that

d* ({u W, & iwung,g (Q,g)}) = 0.
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Theorem 2.8. Consider (Z,9,8) as a PGMS and let (w,) be a sequence in 0. Then (w,) is A-
statistically Cauchy in Z iff there is a subset B = {k,: k, < k,.1} of N such that d*(B) = 1 as well as
(w)y is a Cauchy sequence.

Proof. Consider a subset B = {k,:k, < k, 4,1} of N such that d*() =1 and (w)g is a Cauchy
sequence. Let ¢ and 0 < ¢ < 1 be given. Then, there exist non-zero non-negative n, . such that w, €
t,, (0,¢) whenever u =n, . Thus

nog ’

{u: W, € i“’ung,g (o, g)} ) {ku: u= ne,c}'
Given that the set has A-density 1, it follows that d* ({u wy € iy, (g,q)}) = 1. Therefore, (w,) is A-
To.¢
statistically Cauchy.

Conversely, (w,,) is A-statistically Cauchy. Then for each p aswellas 0 < o < 1
(. : —
d ({u w, € 1‘*’ung_g (o0, g)}) =1.

Set E(p,0) = {u: Wy €y, (0 g)} for each o and 0 < ¢ < 1. Clearly, d*(E(p,0)) = 1.
Mg

1 Di (1 1):) :)i (1 1):)
W\3’3 D \a’a

Now for o, =§ and ¢, =§ with a>2, we have i, GE)
; (L L) S
tw a+1’ a+1
Consequently,
E(1/21/2)>2&(1/3,1/3) 2 2E&(1/a,1/a) 2 E(N/(a+1),1/(a+1)) D

Note that d*(£(1/a,1/a)) = 1 for each a(> 1) € N. Set t; = 1. Since d*(£(1/2,1/2)) = 1, there is
t, € £(1/2,1/2) and t, > t; such that for each a > t,, we have

H{u < a:ue€ &(1/2,1/2)}
a

>1-1/2.

Since d*(£(1/3,1/3)) = 1, there is t; € £(1/3,1/3) with t; > t, such that for each a > t5, we have

{u < a:u € £(1/3,1/3)}
a

>1-1/3.

Again, since d*(£(1/4,1/4)) = 1, there is t, € £(1/4,1/4) with t, > t; such that Va > t,, we have

{u < a:u € £(1/4,1/4)}]
a

>1—1/4.

Continue in this manner, we will get a strictly increasing sequence of nonzero non-negative integers (t,,)
such that t,,, € £(1/m, 1/m) and for each a > t,,, we have
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Hu < a:ue€ &(1l/m,1/m)}
a

>1—-1/m.

We now construct a set A as follows:

A = {wu€ [ty 6,]) U U (W € [ty tey] N EA/m, 1/m)} .

meN

Then, for each r € N with t,, < r < t;,41, We have

{u < a:u € A} - {u < a:ue &(1/m,1/m)} - 1
a - a - m

Thus, d*(A) = 1. Let g and 0 < ¢ < 1. We choose a large g € N such that
! < d ! <
—<pand — <.
q q

Let u > ¢4, and r € A. Then, there is j € N such that t; <u <t;,; and j > q. Clearly, u € A G%)
Thus,

ci (1 1) . (1 1) . (0.0)
——— - -,—]c .
Du Iw“"e.c j'j Iw“"e.c q'q Iw””@.c @6

Therefore w, € iwungg(g' ¢) for each u € A with u > t,. Write A = {k,: k,, < ky,41}. Hence, (w)g isa

Cauchy sequence.

Corollary 2.9. Let (5,9,6) be a PGMS, and let (w,) be a sequence in E. Then, (w,) is a Cauchy
sequence in E implies and implied by there is a sequence (q,,) such that w, = g, for almost all u (1) and
(q,) is also a Cauchy sequence in Z.

Theorem 2.10. Let (5,9),6) be a PGMS. If (w,) is an A-statistically convergent sequence in Z, then
(w,) is A-statistically Cauchy in E.

Proof. The proof follows directly from Theorem 2.6.

Corollary 2.11. Let (5,9, 6) be a PGM'S and (w,) be an A-statistically convergent sequence in Z. Then,
there is a subset B = {k,: ky < ky41} Of N such that d*($B) = 1 as well as (w)g is a Cauchy sequence.
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