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Abstract — Certain information is included to introduce cyclic codes on the finite ring. These are the
structure of the ring, its status as a linear code, weight function and distance concepts. Here the Lee
weight function is given for the ring. An automorphism is defined on the ring. With the help of defined
function, the composition of automorphism cyclic codes was constructed. A separate isometry is defined
to determine the correspondences of the codes on the rings on the objects. Then, the definition of the
inverse quasi-cyclic code is given and certain propositions and theorems are presented. It has been shown
that the image code of a code under isometry and the inverse quasi-cyclic shift transformation are the
same code as automorphism and the image of a cyclic code under isometry is the same code. Moreover,
the results and proofs regarding the written permutation, inverse quasi-cyclic code and automorphism
cyclic codes are included.

Anahtar Kelimeler —Cyclic Codes, Automorphism Codes, Quasi-Cyclic Codes, Lee Distance, Gray Map.

I. INTRODUCTION Below is information about this ring.

Many codes have been studied on finite rings. One  IF, = GF(2) to be Galois Field,

of these finite rings is the 4element
IF, [u] _
IFZ[U]/< s ring in the u®=0state. These 4 <u’>

{m0+uml+<u2 >| my,m elF, }
element rings were used in the codes written in this
study. This ring has been featured in many studies ring in case u>’=0 m,+um,+<0>
before. One of them is the work of Qian and his
in [5], published in 2006. Cyclic and

constacyclic codes are included in this ring.

team :{m0+uml+0.k |m0,mleIF2 ,keIFZ[u]}

={m,+um,} since it will be in the form
Another one is the article in [9] published by
Ozkan M., Oke F. in 2016.

hadamard codes on this ring are presented.

IF, [u]

In this article, the
<u’>

= {{m0+uml} | my,m, elF, }
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is written. In case of u®=0, ":z[u]/ , =
<u®>
{{mo +um} | my,m elF, } is also a ring. Thus,

R=IF,+ulF, ={my+um, | m,,melF, |isa
ring where u?=0. There is an isomorphism

defined in the form of
f:IF,+ulF, ———)IFZ[U]/<UZ>
m,+um, — f(m,+um;)={m,+um,}

between the R and “:Z[u]/ ,  rings.
<u°>

This situation is indicated by

R=IF, +ulF, := ”:2[“]/<u2> |

Notation: By saying Cc<R", it will be understood

that C is a linear code of length nin R.
1. BASIC KNOWLEDGE

2.1 Definition :  Letitbe IF,equal GF(q). The
Hamming weight of any element x = (X, X,,..., X,,)
of the vector space IF' is defined as

Wy, (x):‘ {i | fori=12..,n, x =0, xieIFq}‘
If C isalinear code of length n over IF,, then

w, (C)=min{ w,(x) | x=0,xeC }is
descriptioned the minimum Hamming weight of
C code.

The function d, defined as d,, (x,y)=w, (x—Y)

foreach x,y e IF," is called the Hamming

distance. If is a linear code of length n over IF,,
then wy, (C)=min{ w,(x) | x#0,xeC }is
called the minimum Hamming distance of C

code.

2.2 Definition : If C is acode of length n over

thering R =IF, +ulF,, Lee weight of the

c=(c,,C,,...,C,,) € C codeword,
w, (0)=0,
w, (1)=1,
w, (u)=2

w, (1+u )=1 including,

n-1
It is defined as w,_(c)=> w,(c;) .

i=0

For d (c,d)=w, (c—d) every c,d € R". The
function defined d as is called Lee distance . If C

is a linear code of length n on R, The minimum

Lee distance is defined as
d, (C)=min{w,(c) | ceC \{0}}.

2.3 Definition: Let D be a linear code of length

2nover IF, . For transformation

o IF——— IF"

(dg, Ay y) > 0 (g, dy ey Ay )
J(dO'dl""’dZn—l) =(d2n—1’ dO’dl""’dZn—Z)

If o(D)=D, the D code is defined a cyclic

code of length 2n.
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2.4 Definition :

0:IF,+ulF,— > IF,+ulF,

a—(1+u).a

It is a transformation that leaves the Lee distance
constant. Using this transformation

¥Y:R"— 3R"
(SgsS1s-rSpg) > W(Sy, Sy s S y)

\P(SO’le"Sn—l) :(Q(Sn—l)’0(50)!""9(Sn—2)) be
defined .

Let E is acode of length n over thering
R=IF,+ulF,. For ¥ transformation, if
Y(E)=E, E linear code is defined a

automorphism cyclic code of length n.
2.5 Definition: R =1F, +ulF, aring to be

®:R"— > IF

(Yoo Y1 Yoa) 2 @Yo, Yireer Yoa)

D(Yor Yirr Y1) = (Pos Proess Poog To + Pooersy
tnfl + pnfl)
(y,=t;+up, , 0<i<n-1)

the transformation defined in the form is called the

Gray transformation on R" .

Gray transformation on R as well
®: R=IF, +ulF, —— IF}
t+up—> Ot+up)=(p,.t+p)
Itis in the form .

2.6 Proposition : let R = IF, +ulF, aring,

462

Gray transform on R" isa R_module

homomorphism and an isometry.

Proof: Let's show that the Gray transformis R _a
module homomorphism .
®:R" — IF"

(Yor Yireeos You) = @Yo, Yiree Vi)

D(Yor Yirees Yoa) = (Pos Proeees Progs Py +1gseens
Pog 1)

VvV z,1eR" let's get
Jy,=t+up; ,li=v;+us; (0<i<n-1)

5t, PV, S

elF,and

Y=0Yo: Y1 Yoq) I =, 1,01, ;) s possible .
Oy +1)=D((Ygreer Vi) +Ugsen ] 1))
=0y, +1lgn Vg +1,1)

=O(t, +up, +V, +USq,...,t, , +U P, +V,, +US ;)

= q)((to +Vo) +u(po + SO)""’(tn—l +Vn—1) + u(pn—l + Sn—l))

=(Py +Spss Py +Sn1s Po +So +to +Voseeos Py + Sy
+tn—l+vn—l)

=(Pos Pyreees Prgs Po + s Py +104)
+(SgsSye++1Sn 4150 +VoreesSyg + Vi q)

=d(y) +D(I) is provided .

VyeR" And VaeR let's get

Y =o: Yo Yoy) itis

D(a.y) = P(a.(Yor - Yo1))
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= (D(a-yoa---!a'yn—l)

=®(a(ty +U Po)ya(t,, +UP,,))

=O(at, +ua.py,...at,  +ua.p,;))
=(a.Pyrr Py (o + Pyt + Pry))

= a.(Pgses Poasto + Porees bty + Poa)
=a.0(y) .
.. ® R _module is a homomorphism .

Minimum Lee distanced, of R"above,

minimum Hamming distanced,, of IF," Itis easy

to see that there is a metric on it . Let us show @
that is an isometry.So ¢, = (d,,d,,...,d, ,)eR" for

everyc, = (&,,€;,..-,.€,,)€R"
d (c,,c,)=d, (P(c,), D(c,)) Let'sshow thatitis
®: R=IF,+UulF,—> IF?

t+up— ®(t+up)=(p,p+t)
transformand R = IF, +ulF,={0,1,u,1+u}

Lee weights of the elements of the ring
Using w, (0)=0, w,_ (1)=1, w, (u)=2 and

w, (1+u )=1 where
Wy (@ (0))= wy (@(0+u.0)) = w,, (0,0),

W, (@ (1) = W, (L+U.0)) = w,, (01),

w,, (@ (u))=w, (®(0+u.1)) =w, (1) and

w, (@1L+u ))=w, (P(1+u.l) =w, (1L0),

is obtained .

~Vece R=IF+ulF,, w (c)=w,(P(C)) .. (1)

for

vV ¢, =(d,,d,,....d ), c,=(e,&,...,,)eR",

d.(c,,c,) = w (c,—¢c,)
= W (Ao Gy yy) (8,8, ))
= w,_(d,—e,,d,—¢,..,d, ,—¢€ ;)
n-1
:Z WL(di_ei)
i=0

(d;,e; eR,d,—¢,eR)

n-

=D Wy (®(d; —¢)) (from (2))

:_nz w,, (d(d,)-D(e,))

1
i=0

(® R_module homomorphism )

Wy (@(c,)-D(c,))

is obtained..

dy (@(c,), ®(c,))
. @ The transformation is an isometry.

-. @ R _module homomorphism is an

isometry.

2.7 Proposition [10]:

4:R" — 5R"

(dg,dy,.nd ) > p(dy,dy,end )

=(1+u).(d,,d,,....d, ;)
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a permutation defined in the form be given.

D = R"code is cyclic code if ony if x (D) code

automorphism cyclic code.

1. INVERSE QUASI CYCLIC CODES AND
AUTOMORPHISM CYCLIC CODES

3.1 Definition: Let D be a linear code of length

2n over IF, =GF(2).
IF" ———IF"

®2 .
o

(@g, 850y 85, 4) > 0{812 (@9 8501850 4)

O-ﬁz (aO’ail"'lazn,l) = (bl’bZ""’bZr])

a‘2n—1 , |:1
a.., . 1=23..,n
b, = .
a,, ., I=n+1
a ., o 1=n+2..2n

Let's define a transformation in the form . If
c%%(D) =D, so the code is called an D inverse

quasi-cyclic code of order 2.

3.2 Proposition if ®:R" — IF"and

¥ :R" —— 5 R"their transformations are as in

the 4th and 5th definitions.® o ¥=05°0 @ s

obtained .

Proof:

i
IO R
l ﬂ.'@.’ l \.I.f
T i]x .
I/ " i

every (a,,3;,...a,,) € R"and

a,=t;+up, >t,,p, e IF,including
i=01..,n-1

(®o VYY) (a5,a8,,..a,,) =D(¥Y(ay,a;,....,a,,))
=®(0(a,,),0(a,y),...,0(a,,))
=®(1+u).a,,,1+u).ay,.,1+u).a,,))

=O((L+u).(t,, +up, ), Q+u).(t, +upy),...,
@+u).(t,, +up,,))

=(tys + Poossto + Poveen by + Prgitnss Povees Posa)
is found . On the other hand

(6570 @) (a,,a,,...,8, ) =

c%% (D(a,y,a,,...a,,))

=05 (@t +U Poty +U Pyt +UP, L))

=071
(pO’ pl""’ pn—l’tO + pO’tl + pl""’tn—l + pn—l)

=(d,,d,,...,d,,)
r-nfl-i-anl 1 |:1
d. = i, +0i, ;o 1=23,...,Nn
| qn—l ; i=n+1
Qi_n-2 ; = n+2,.,2n
is obtained.
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Do W=0%50 d ispossible.

3.3 Theorem : IfC automorphism cyclic code on
R, Ccode of image of the code under Gray
transformation is a 2nd order inverse quasi-cyclic

code.

proof : Let C be automorphism cyclic code.

¥Y:R"—R"

(Cy+CyseennCpy) > W(Cy,Cy ey € y)

P(Co: e Cra) =(0(C41), 0(Co) -, 0(C, )

using the transformation for everyc eC, ¥(c) =c’

is possible . ( ¢'eC)

= O(W¥(c))=d(c’) Itispossible. ... (2)

Since it is known from 3.2 proposition that

vV ceCford (¥(c)) =05 (d(c))
using (2) ®(¥ (c)) = o5 (P(c)) = @(c).

Therefore, c,c’ e Citis ®(C)an inverse quasi-

cyclic code of order 2 .
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