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Abstract — In this study, basic information about algebra and coding theory is mentioned. Afterwards,
generator matrices that produce a linear code are written in standard form, a classification of code types
corresponding to codes with parameters (n + 1,4",2) of the codes produced by these matrices and
examples are presented. It has been generalized using the same ring as in my work in References [6].
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I. EXTENDED SUMMARY AND INTRODUCTION

In the study, a code set that provides the Group property has been created. R = F, + ulF, The code
set has been defined with generator matrices consisting of a ring of elements and having certain
properties. Previously, codes with generator matrices have been discussed in the study numbered [6]. This
study has been generalized, and certain generalizations have been made regarding the parameters of the
codes by writing the generator matrices in standard form and information has been presented about their
parameters. Results have been obtained about the generator matrices used to create the elements of the
code set and the codes that have the properties of the matrices that include zero and those that do not
include zero in the standard form. It has been shown which type of block code the generator

matrices specify according to their types. These results have been presented by reaching a general
judgment.

These statements have been reached 41,42 ve 43 after the applications of block codes have been shown.
The limitations of these applications have been determined and their suitability has been determined.
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1. BASIC KNOWLEDGE
In this section, basic information is presented first.

2.1 Definition: F when the given conditions are met on which the defined addition and subtraction
operations are performed, it is called a field.

i. [ isacommutative ring.
ii.  [Fevery element of has a multiplicative inverse except zero.

2.3 Definition: A finite field is a field IF, if its elements have finite elements F.

2.4 Definition: In coding theory, an error-correcting code that converts blocks of information of a certain
length into blocks of code of a fixed length is called a block code.

2.5 Definition: Since the code words in a block code form a collection group, this code is called a group
code.

2.6 Definition: The basic criteria that define the properties and performance of a code are called the
parameters of the code.

These parameters are usually (n, M, d) expressed in a ternary notation as [n, k, d] if the code is a linear
code. The definitions of these parameters are:

Code Length ( n ): Indicates the length of the code word (code blocks). A code word consists of n
symbols.

Code Words ( M ): Each code word indicates the number of code words it contains.

Minimum Hamming distance ( d ): It expresses the minimum Hamming distance of the code. Minimum
Hamming distance determines the error detection and correction capabilities of the code and represents
the least bit difference between any two different code words.

(k): is the number of elements in the base of the linear code. It is also expressed as the number of rows of
the generator matrix

Hamming distance determines the error detection and correction capacity of the code . Code length and
number of code words determines the coding efficiency and capacity of the code.

2.7 Definition: Let the elements 1Fof X = (X;,X,,..., X,), ¥ = (Y1, Yores ¥,,) bE given.
X and 'y The function defined das the number of distinct components

d(x,y) =| {i | X2y, i:1,2,...,n}‘ofthe Hamming distance is called.

C s alinear code of n_lengthd(C) =min{ d(x,y) | X#Y,XYyeC } is called the minimum
distance of the code C.

2.8 Definition: C a [n,k]_ code is called if the minimum distance of a vector space d(C)=d is k _
dimensional subspace C of the vector space . If indicated by C a linear [n,k,d]_ code is called.

2.9 Definition: Let IFqn any vector space X = (X, X,,..., X,) element of weight..

Itis defined as w(x)=| {i | x#0,i=12,.,n, xelF}|.
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C isalinear code w(C) =min{ w(x) | x#0,xeC }
is called the weight of the C code.

2.10 Proposition [8] : Each for x,ye IF/, thusd(x,y)=w(x—Y) .

2.11 Theorem: Let C is a linear code of n__ length, then d(C) =w(C).
Evidence: x=(X,,X,,.-,X,), Y=(Y1, ¥, ¥, )€ C including
d(C) =min{ d(x,y) | X#Y,X yeC } because it is
= 3 x,yeC for d(C)=d(x,y)=wW(X—Y)
>min{ w(x) | x=0,xeC }=w(C) is found.
d(C)>w(C).
w(C) =min{ w(x) | X; #0, xe C } because it is w(C) =w(x) for xeC .
~ AxeC for w(C)=w(x)=w(x—0)=d(x,0) > min{ d(Xx,Y) | X#Y,XyeC }=d(C). It is seen
that.
w(C) >d(C) is.
. W(C) =d(C) lItis possible.
From the above theorem, mit is concluded that in order to determine the minimum distance of

m
(2) = %.m.(m—l)a linear code with elements, C it will be sufficient to look at the weight of the code

word instead of making comparisons m—1.

2.12 Definition: Let C be a code of n_length onthering R=IF, +ulF,.
n-1

The Lee weight of the codeword ¢ =(c,,¢,,...,C,;) € C where w, (c):ZwL (c;) is defined in the form
i=0

w, (0)=0, w (1)=1, w_(1+u)=1,w_(u)=2.

d (c,d)=w, (c—d) every for c,d € R" The function defined d, is called as Lee distance . The
minimum Lee distance of a C < R" code is defined as d, (C)) = min { w, (c) | c e C\ {0}}.

The weight function defined here is given for the ring R = F, + ulF,,( u? = 0). The weight function is
defined differently in different rings.

2.13 Definition: Let C be a linear [n,k]_code. The matrix of type C obtained kxn by using the one
element in the base of k is called the generating matrix of the code and is denoted by G .

2.14 Example: On IF,, S={(0,1,1),(1,0,1) }
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a base of code C={(0,0,0),(0,1,1,(,0,1),(,1,0)}. Since G={ L0 1

} the matrix is the
2x3

generating matrix of C. This [3,2,2]_parameter of C code on IF, .

2.15 Example: Let C ={(0,0,...,0),(LL...1),...(d-L9-1...qa-D)}cIF; be an g_ary code of n_
length. Since code C has a bas , it is S={(,1,....1) }a code [n,1,n]_parameter with a generating
matrix G =[11 ... 1],.,.

I11. GROUP CODE FORMATION

3.1 Definition: A binary block (a,b )-code has the coding function E :(F,)% — (F,)?
A binary block ( a,b )-code, decoding in function ; D :(F,)? — (F,)¢
The images of E are called code words.

3.2 Example : Inthe ringR = F, + ulF, , foru? = 0.

Table 1.1 which provides the closure property according to the addition operation shown in the table.

+ 0 1 u 1+u
0 0 1 u 1+u
1 1 0 1+u u
u u 1+u 0 1
1+u 1+u u 1 0

Table 2.2 that the closure property is provided according to the multiplication operation

X 0 1 u 1+u
0 0 0 0 0
1 0 1 u u
u 0 u 0 u
1+u 0 1+u u 1

Elements of tables in R = [F, + ulF, is codewords of a code of the ring R ={0,1,u, 1 + u}.

3.3 Definition [3]: A g- ary (n, m, 2t+1) _ code.

m{(5) + (D@ - D+ +(Da - D} =< ¢"

inequality is provided.

The above definition R is given for the boundary ring.
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R =T, + uF,, u?=0. It is a 4-element ring and not a field. However, it can be said that a 4-element
field is isomorphic to a ring. Therefore, R = [F, + ulF, can correspond our 4-element ring to a 4-element
field.

3.4 Definition :  One g-ary (n,m,2t+1)_for code

m.{ [ngrU]'(q_l)Jr“'Jr[:}(q —1)t} =q" This code is called perfect code.

3.5 Example: A g-ary (n,2,n)_code is an perfect code.

3.6 Theorem : OnR = F, + uF, ,u? =10 for a,,a,, a3, ...,a, €R defined as , specifies a code with
an n-row generator matrix 4™-element Group code.
41 Blocky generator matrix— G; = [1 a4]

. [1
4% Blocky generator matrix = G, = 0 al]
0 1 a,
(1 0 0 a1
43Blocky generator matrix > G3=|0 1 0 a2
0 0 1 az

1 O a,
4"Blocky generator matrix— G, =|: - i |
0 - 1an

It is stated this way.

37 Theorem : R=TF,+ufF,, u?>=0icn a;,az,as, ..., ay €R and
1 - 0 21
X1, X3, X3, ..., X, ER Whereas | : i | . Generator matrices of type 4™are a block code and a group
0 -+ 1 ap
code with elements.
1 - 0
Cn: [xl x2 x3 e xn]-|:5 "- 5 E ]
0 - 1an

=[x; X, X3 o Xp  QXp QX+ A3X3 + Xy
It is written in the format.

3.8. Theorem 2.5: Parameters of code words formed inring R = F, + uF, veu? =0 :

Parameter of C; code words with 4! Blocks generated by Gj;
in the form
a, =0,C; —(241)
a; #0,C; —(24,2)

Parameter of C, code words with 42 Blocks generated by G,;

in the form
Ja;,a, =0,C, — (3,16,1)
Vayga, #0,C, — (3,16,2)
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Parameter of C; code words with 43 Blocks generated by Gs;

in the form
Ja;,a,,a3 = 0,C5 — (4,64,1)
V a;,a,as # 0,C3 — (4,64,2)

Parameter of C, code words with 4™ Blocks generated by Gy;

in the form
Jda,,a,,as,...,a, =0,C, — (n+1,4",1)
Y a,,a,,as,...,a, # 0,C, — (n+1,4",2)

IV. APPLICATIONS OF FIXED MINIMUM DISTANCE CODES

4.1 Application:
e Gip=[1 0] [x].[1 0l=[x 0]

Cl.l = {(0, 0)! (1, 0)! (u: 0): (1 + u, 0)}
C,, Iis possible a code with ( 2,4,1 )- parameters.
4.2 Application:

e Gis=[1 1+u],[x].[1 1+u]
=[x X+ xu]
Ci4=1{00,0),(1,14+w),(wuw),(d+u 1)}

C, 4 is possible a code with ( 2,4,2 )- parameters.

4.3 Application:

¢ Ga=[y 7 Qb [y 7 ek v o0

C,,={(0,0,0),(0,1,0),(0,u,0),(0,1 4+ u,0),(1,0,0),(1,1,0),(1,u,0)(1,1 +
u, 0)! (U, 0» O)! (u! 1! O)! (u! u, 0)' (u' 1+ u, O), (1 + u, O, 0)' (1 + u, 1; O); (1 + u,u, 0): (1 + u, 1+ u, 0)}

C,, is possible a code with ( 3,16,1 )- parameters.

4.4 Application:

10 1 101
o Gy = [0 1 ] 1o =[x y x+uy]

C,, ={(0,0,0),(0,1,u), (0 u,0), (0 1+uu),(1,0,1)(1,ul1),(1,1+ul+uw),(1,1,1
+ u), (u,0,u),(u,1,0),(u,u,u),(u,1+uv,0),1+u,01+u),(1+ul1,1),(1+uul
+uw),(14+ul1+ul)}

C, - ispossible a code with ( 3,16,2 )- parameters.

4.5 Application:
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1 0 00 1 0 00
e G33=|0 1 0 0|C33=[x Y Z.|0 1 0 O|=[x Yy Z Z]
0 0 11 0 0 11

Cs5 = {(0,0,0,0)(0,0,1,1), (0,0,u,u),(0,0,1 + u,1 + u), (0,1,0,0), (0,1,1,1), (0,1, u,u)(0,1,1 + u, 1
+u), (0,u4,0,0)(0,u,1,1), (0,u,u,u), (0,u,1 +u,1 4+ u), (0,1 4+ u,0,0), (0,1
+u,1,1),(0,1 + u,u,u), (0,1 +u,1+u,1+u),(1,0,00),(1,0,1,1),(1,0,u,u), (1,0,1
+u,1+4u),(1,1,0,0),(1,1,1,1),(1,1,u,u),(1,1,1 +u,1
+u),(1,4,0,0),(1,u,1,1),(1,u,u,u),(1,u,1+u,1+u),(1,14+1u,0,0)(1,1
+u1,1),(1,1+uwuu),(1,1+uy1+u1+u),(y0,00),(u01,1),(u,0uu),(u0,1
+u,1+ u),(u,1,0,0),(u1,1,1),(u,1,uu),(u,0,1+u1l
+ u), (u,u4,0,0), (u,u,1,1), (u,u,u,u), (u,u,1+u,1+u),(u,1+u,0,0),(u,1
+u1,1),(w,1+uwyuwu),(uy,14+ul+ul1+u),d+uy000),(1+u0,1,1),(1
+u,0,u,u),(14+u,01+u1+u),(1+u100),(1+u1,11),(1+ul,uu),(l
+ul,l1+ul4+u),(14+uuy00),(1+uull),d+uv,uuyu),(l+uyul+uyl
+u),1+u1+y00),1+ul+ul,l),d1+ul+uuu),l+ul+ul+uyl
+uw}

C3 3 Is possible a code with ( 4,64,1 )- parameters.
4.6 Application:
1 0 0 u
L] G3.6 = O 1 O uf,
0 0 1 u

Cze=1[x V¥ Z][

S O

0 0 u
1 0 u|l=[x y Z UX+4uy+uz]
0 1 u

Cs¢ = {(0,0,0,0)(0,0,1,u), (0,0, u,0),(0,0,1 + u,u), (0,1,0,u), (0,1,1,0), (0,1, u, u), (0,1,1
+u,0),(0,u,0,0),(0,u,1,u),(0,u,u,0),(0,u,1 4+ u,u), (0,+u,0,u), (0,1 +u,1,0),(0,1
+u,u,u),(0,1+u,1+uy,0),(1,0,0,1),(1,0,1,0),(1,0,u,u),(1,0,1
+u,0),(1,1,0,0),(1,1,1,u), (1,1,u,0), (1,1,1 + u,u), (1,u,0,u), (1,4, 1,0), (1,u,u,u), (1,u, 1
+1u,0),(1,14+14,0,0),(1,1 + u,u,0),(1,1 +u,1,u), (1,1 +u,1
+ u,u), (u,0,0,0), (u,0,1,u), (u,0,u,0), (u,0,1 + u,u), (u,1,0,u), (u,1,1,0), (u,1,u,u), (u, 1,1
+u,0),(u,u,0,0),(w,u,1,u), (u,u,u,0),(u,u,1+u,u),(u,1+u0u),(ul+uil0)(ul
+u,u,u),(u,1+u,1+y0),(1+u00u),(1+u0,1,u),(1+u0uu),(1+u0,1+u0),(1
+u,1,00),(1+u,1,1,u),(1 +u,1,u,0),(1+u, 1,1 +u,u), (1 + u,u,0,u), (1 +u,u,1,0),(1
+uyuu),d+uul+ud),d+uyl+uy00),(l1+ul+uluw,d+ul+uud)d+ul
+u,1+uu)}

C3¢ is possible a code with ( 4,64,2 )- parameters.
4.7 Example:

Parameter of C; code words with 4! Blocks generated by Gj;
dq = 0 , C1 - (2,4‘,1)
al :,t O ) Cl - (2,4,2)

4-{(%)} < 4? inequality 4 < 4%occurs and the limit is provided.
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4.8 Example:

Parameter of C, code words with 42 Blocks generated by G,;
3 dq,dy = 0 B CZ - (3,16,1)
Vaj,a, #0, C, — (3,16,2)

16-{(3)} < 4° from inequality 4*> < 4*happens and the limit is provided .
4.8 Example:

Parameter of C; code words with 43 Blocks generated by Gs;
Elal, dp,d3 = 0 ) C3 - (4‘, 64‘, 1)
Vaj,azaz 0, C; — (4,64,2)

64{(3)} < 4* from inequality 4° < 4*happens and the limit is achieved.

4.9 Conclusion: If we make a general judgment about the group code parameters in our study with these
examples;

Parameter of C, code words with 4™ Blocks generated by Gy;
3a1;a21a3;--'lan=01 Cn _(n+114n11)
V ay,azas,...,ap #0, C, —(n+1,4"2)

4 . {(4n0+1)} < 4"+ from inequality 4™ < 4™*'happens and the limit is achieved.
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