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Abstract –  The existence of inverse quasi-cyclic codes in the 2 2u+F F  ring is presented. Here, Gray 

transform and inverse quasi cyclic code definitions are given first. Afterwards, its relationship with 

automorphism and cyclic codes is mentioned. The proposition including Nechaev permutation, quasi 

cyclic codes and Gray transformation is explained. From this it is concluded that inverse quasi cyclic 

codes correspond to Gray images of the cyclic code. Finally, a 4-length repeat code example is included 

regarding this topic. 
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I. INTRODUCTION  
 

Chain in the ring well ideals ranked in rings 

coding theory with relating to studies in literature 

place is taking. In this study chain of the ring 

Workman number is four. One of these finite rings 

is the 4 element 
 

 2
2

u

uIF
ring in the 02 =u

state. These 4 element rings were used in the codes 

written in this study. This ring has been featured in 

many studies before. 

This ring from studies some Qian and of the team, 

Bonnecazeye And Udaya's and Zhu and belongs to 

the team [5], [3] and [8]. Moreover, Ozkan and 

Oke by written This ring in his studies place [9]. 

This study is a continuation of the study 

titled Inverse Quasi-Cyclic Codes and 

Automorphism Cyclic Codes in [11]. The 

following basis information is also available in 

[11] place is taking . Below is information about 

this ring. 

)2(2 GFIF =  to be Galois Field, 

   210

2

102
2 , IFmmumum

u

uIF
++=


 

ring in case 02 =u   ++ 010 mum  

 ][,,.0 221010 uIFkIFmmkmum ++=  

 }{ 10 mum +=    since it will be in the form 
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=

 2
2

u

uIF
  21010 ,}{ IFmmmum +    

is written. 02 =u  to be in case 

   210

2

102
2 , IFmmumum

u

uIF
++=


 

ring  2 2u+F F  to the ring isomorphic . 2 2u+F F

 uu += 1,,1,0  in below defined +  and .  

operations  is a ring . 

+  0  1  u  u+1  

 0  0  1  u  u+1  

1  1  0  u+1  u  

u  u  u+1  0  1  

u+1  u+1  u  1  0  

 

 

   

                                                                                                            

.  0  1  u  u+1  

 0  0  0  0  0  

1  0  1  u  u+1  

 u  0  u  0  u  

u+1  0  u+1  u  1  

=R 2 2u+F F   ring have three ideal  . these ideals 

0  , 1   and u   is Ru = 10  is provided. 

 

II. PRELIMINARIES 
 

This chapter given definition, proposition and 

concepts in 2023, M. Özkan by written 

automorphism cyclic codes on 2 2u+F F and titled 

Inverse Quasi-Cyclic Codes and Automorphism 

Cyclic Codes from his work has been written. 

The following definition object on you gives 

distance. Linear in codes weight concept with 

distance concept each other equal, it is possible. 

2.1 Definition: on 2F  field; 

each 2cF  for   
0 , 0

( )
1 , 1

H

c
w c

c

=
= 

=
      

form defined to function 2F  Hamming weight on 

function It is called. In this case every

1 2 2( , ,..., ) n

nc c c c= F   for    )(cwH =
1

( )
n

H i

i

w c
=

 . It 

is possible. 

The following definition 4 elements 

22 IFuIFR += of the ring elements on you It gives 

the distance (weight). 

 

2.2 Definition: on =R 2 2u+F F  ring; 

each r R  for    

0 , 0

( ) 1 , 1,1

2 ,

L

r

w r r u

r u

=


= = +
 =

 

form defined to the function, Lee weight function 

on R   is called . 

This case every 1 2( , ,..., ) n

nr r r r R=    for    ( )Lw r =

1

( )
n

L i

i

w r
=

  equality is realised . 

For )(),( dcwdcd LL −= every nRdc , . The 

function defined Ld as is called Lee distance . If C

is a linear code of length n  on R , The minimum 

Lee distance is defined as

 baCbabadCd LL = ,,),(min)(  . 
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( or CccwCd LL = )({min)( \ }}0{ ) 

2

nF   de Lee weight instead of Hamming weight  by 

writing similar definition is given. 2

nF  on One C  

minimum Hamming distance of the code ( )Hd C

with is shown. 

2.3 Definition: Let D be a linear code of length 

n2  over 2IF . For transformation 

               :  nn IFIF 2

2

2

2 ⎯⎯ →⎯           

),...,,(),...,,( 12101210 −− nn dddddd   

),...,,,(),...,,( 2210121210 −−− = nnn ddddddd  

 If DD =)( , the D code is defined a cyclic code 

of length n2 . 

2.4 Definition:

2222: IFuIFIFuIF +⎯⎯ →⎯+    

                 aua .)1( +  

It is a transformation that leaves the Lee distance 

constant. Using this transformation 

           nn RR ⎯⎯ →⎯ :  

  ),...,,(),...,,( 110110 −−  nn ssssss   

))(),...,(),((),...,,( 201110 −−− = nnn ssssss   be 

defined. 

Let E is a code of length n over the ring 

22 IFuIFR += . For  transformation, 

 if EE = )( , E linear code is defined an 

automorphism cyclic code of length n . 

2.5 Definition:  22 uIFIFR += a ring to be 

              nn IFR 2

2: ⎯⎯ →⎯                  

),...,,(),...,,( 110110 −−  nn yyyyyy   

)

,...,,,...,,(),...,,(

11

00110110

−−

−−

+

+=

nn

nn

pt

ptpppyyy
 

)10,( −+= niputy iii   

the transformation defined in the form is called the 

Gray transformation on nR . 

Gray transformation on R as well 

  2

222: IFuIFIFR ⎯→⎯+=   

           ),()( ptpputput +=++         

It is in the form. 

 

2.6 Proposition [11]: let 22 uIFIFR += a ring  

Gray transform on 
nR is a _R module 

homomorphism and an isometry. 

2.7 Definition: Let D be a linear code of length n2  

over )2(2 GFIF = . 

          2

1



−
nn IFIF 2

2

2

2: ⎯⎯ →⎯  

        ),...,,(),...,,( 1210

2

11210 −



−− nn aaaaaa   

),...,,(),...,,( 2211210

2

1 nn bbbaaa =−



−  

       













+=

+=

=

=

=

−−

−

−+

−

nnia

nia

nia

ia

b

ni

n

ni

n

i

2,...,2;

1;

,...,3,2;

1;

2

1

2

12
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Let's define a transformation in the form. If 

DD =

− )(2

1 , so the code is called an D  inverse 

quasi-cyclic code of order 2 . 

2.8 Proposition [10]:     

                       nn RR ⎯→⎯:      

  ),...,,(),...,,( 110110 −− nn dddddd   

    .)1( u+= ),...,,( 110 −nddd  

a permutation defined in the form be given. 

nRD  code is cyclic code if ony if )(D code 

automorphism cyclic code. 

2.9 Proposition [11]: if nn IFR 2

2: ⎯⎯ →⎯ and 

nn RR ⎯⎯ →⎯ : their transformations are as in 

the 2.4 definition and 2.5 definition.

= 

−  2

1   isobtained . 

2.10 Theorem [11]: if C  automorphism cyclic 

code on R , C code of image of the code under 

Gray transformation is a 2nd order inverse quasi-

cyclic code. 

III. INVERSE QUASI CYCLIC CODES 
 

3.1 Definition:  in the set  12,...,3,2,1,0 −n

)121(...)(...)22).(11().0( −−+++= nnininnn

permutation let it be given. 

     nn IFIF 2

2

2

2: ⎯⎯→⎯    

),...,,(),...,,( 12101210 −− nn cccccc   

),...,,(),...,,( )12()1()0(1210 −− = nn cccccc   

form defined to transformation Nechaev 

permutation is called . 

3.2 Definition and Proposition:             

               nn RR ⎯→⎯:      

      ),...,,(),...,,( 110110 −− nn cccccc   

),...,,( 110 −nccc = .)1( u+ ),...,,( 110 −nccc  

form written function nR on special One 

permutation aspect be defined . nRD    a cyclic 

code let it be. )(D One automorphism cyclic 

code indicates. 

3.3 Proposition:      nn RR ⎯→⎯:

transformation in proposition 3.2 like to be about

=    it is possible. 

Proof:    

 
Each n

ni Rccccc = − ),...,,...,,( 110 let it be. 

 ( 10, −+= niuqrc iii ) 

= ))(( c ))(( c =

)),...,,).(1(( 110 −+ ncccu                                
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)).1(,...,).1(,).1(( 110 −+++= ncucucu                        

))).(1(

),...,).(1(),).(1((

11

1100

−− ++

++++=

nn quru

quruquru
                           

)).(),...,.(),.(( 111111000 −−− ++++++= nnn qrurqrurqrur

                 

),...,,,,...,,( 110111100 −−− +++= nnn qqqqrqrqr  

get is done .Other from the side 

    )()( c )),...,,(())(( 110 −== ncccc                                     

))...,,,(( 11110 −− +++= nno quruqruqr                       

),...,,,,...,,( 111100110 −−− +++= nnn qrqrqrqqq

                              

),...,,,,...,,( 110111100 −−− +++= nnn qqqqrqrqr   

it is possible. From here nRc  for 

)()())(( cc =   is possible. 

                       =  
_

 it is possible. 

 

IV. CONCLUSION AND APPLICATION 

 

4.1 Conclusion: in R  One D  Gray images of 

cyclic code under image = )(D whereas )(

having order 2 One is the inverse quasi-cyclic 

code. 

Proof:  D  R de cyclic code And = )( D let it 

be. From )())(())((
_

==  DD Proposition 

3.3 will happen and Propositions 2.8 from )(
_

D

skew cyclic code is since it is seen. Above theorem 

using ))((
_

D of having order 2 inverse quasi-

cyclic code will happen to the conclusion is 

reached. 

4.2 Example:  22 IFuIFR += ring on 4_length 

 )},,,(),0,0,0,0{( uuuuC =  code let it be given C

both cyclic code and both a skew-cyclic is the code 

. Gray conversion of this code under image 

)}1,1,1,1,1,1,1,1(),0,0,0,0,0,0,0,0{()( = C 2IF  de 8- 

long is the code .C  minimum Lee distance of the 

code ; 8)( =Cd L And )(C minimum Hamming 

distance of the code ; 8))(( = CdH work. 

)0,0,0,0()0,0,0,0( = And ),,,(),,,( uuuuuuuu =

since CC =)( It is possible. 

)1,1,1,1,1,1,1,1()),,,(( 2

1

2

1



−



− =  uuuu  

                             )1,1,1,1,1,1,1,1(=  

 ),,,( uuuu=  

                            )),,,(( uuuu=  

it is possible. Similar way 

 )0,0,0,0,0,0,0,0())0,0,0,0(( 2

1

2

1



−



− =    

                            )0,0,0,0,0,0,0,0(=  

                            )0,0,0,0(=  

                            ))0,0,0,0((=  

is seen . 

 = 

−  2

1  it is possible. 

This C code for Nechaev permutation 

)0,0,0,0,0,0,0,0()0,0,0,0,0,0,0,0( = and 
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)1,1,1,1,1,1,1,1()1,1,1,1,1,1,1,1( = since = oo 
_

is possible.  

C  cyclic code for It ))(( C is a 2nd order 

inverse quasi-cyclic code. 
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