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Abstract — The existence of inverse quasi-cyclic codes in the F,+uF, ring is presented. Here, Gray

transform and inverse quasi cyclic code definitions are given first. Afterwards, its relationship with
automorphism and cyclic codes is mentioned. The proposition including Nechaev permutation, quasi
cyclic codes and Gray transformation is explained. From this it is concluded that inverse quasi cyclic
codes correspond to Gray images of the cyclic code. Finally, a 4-length repeat code example is included
regarding this topic.
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This study is a continuation of the study
Codes
[11].

following basis information is also available in

I. INTRODUCTION
and

The

titled Inverse  Quasi-Cyclic

Chain in the ring well ideals ranked in rings . ) )
_ _ ] o Automorphism Cyclic Codes in
coding theory with relating to studies in literature

place is taking. In this study chain of the ring

Workman number is four. One of these finite rings  [11] place is taking . Below is information about

this ring.
is the 4 element ™2 [u]/< us ring in the u® =0 J

_ ) IF, = GF(2) to be Galois Field,
state. These 4 element rings were used in the codes

written in this study. This ring has been featured in  IF, [u]/< o {m, +um, + <u? > | my.m, lF, |
many studies before.

. 2
This ring from studies some Qian and of the team, NG Incaseu”=0 my+um,+<0>

Bonnecazeye And Udaya's and Zhu and belongs to
the team [5], [3] and [8]. Moreover, Ozkan and
Oke by written This ring in his studies place [9].

={my+um, +0.k | my,m elF, ,kelF,[u] |

={m,+um} since it will be in the form
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IIZZ[U]/< uls {{mg +um,} [ mg,m, eI, |

is  written. u?=0 to be in

Fl]/
<u" >

case
:{mo+uml+<u2 > my,m elF, }

ring F,+uF, to the ring isomorphic . F, +uF,
={0,1,u,1+u} in below defined + and -

operations isaring .

+ 0 1 u 1+u
0 0 1 u 1+u
1 1 0 1+u | U
u u 1+u | O 1
1+u [ 14+u | U 1 0

1+u

1 0 1 u |1+u

u 0 u 0 |u

1+u | 0 1+u | u 1

R=F,+uF, ring have three ideal . these ideals

(0) ,{1) and (u) is (0)yc (u) = (1) =R is provided.

1. PRELIMINARIES

This chapter given definition, proposition and
concepts in 2023, M. Ozkan by written
automorphism cyclic codes on F,+uF,and titled

Inverse Quasi-Cyclic Codes and Automorphism
Cyclic Codes from his work has been written.

The following definition object on you gives
distance. Linear in codes weight concept with

distance concept each other equal, it is possible.

2.1 Definition: on F, field;

0 ,c=0
each ceF, for w,(c)= ’
er, H() {1 =1

form defined to function F, Hamming weight on

function It is called. In this case every

C=(C\CpronC) R, for  wy (€)= w,(c). It
i=1
is possible.

The  following definition 4  elements
R = IF, +u IF, of the ring elements on you It gives

the distance (weight).

2.2 Definition: onR = F, +uF, ring;

0 ,r=0
eachreR for w(r)=4 1 , r=11+u
2 ,r=u

form defined to the function, Lee weight function

on R iscalled .

This case every r =(r,r,,...,r,)eR" for w (r)=
D w, (1) equality is realised .

i=1

For d, (c,d)=w_ (c—d)every c,deR". The

function defined d, as is called Lee distance . If C

is a linear code of length n on R, The minimum

Lee distance is defined as

d (C)=min{d, (a,b)| abeC,azb}.
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(or d, (C)=min{w,(c)| ceC \{0}})

F, de Lee weight instead of Hamming weight by
writing similar definition is given. F, on One C
minimum Hamming distance of the code d,, (C)

with is shown.

2.3 Definition: Let D be a linear code of length

2n over IF, . For transformation

o: IF" — IF/"

(dg,dyyeeGyy) > 0 (dg, Gy ey Ay y)
O-(d07d1""’d2n—l) :(dZn—l’dO7d1""’d2n—2)

If o(D) =D, the D code is defined a cyclic code
of length 2n.

2.4 Definition:

0:IF,+ulF,— > IF,+ulF,

ar—>(1+u).a

It is a transformation that leaves the Lee distance
constant. Using this transformation

¥Y:R"——R"
(So181301804) > ¥(Sg, 811018 1)

lP(SO ! Sl""’ Sn—l) = (e(sn—l)! H(SO)I"” g(sn—z )) be
defined.

Let E is a code of length nover the ring

R=IF, +ulF,. For ¥ transformation,

if W(E)=E, Elinear code is defined an

automorphism cyclic code of length n.

2.5 Definition: R =IF, +ulF,aring to be

®:R" — IF,”

(Yo Yireenr You) 2 P(Yos Vi Vo)

D(Yo, Yirees Yna) = (Pos Proees Prgso + Pooeens
tn—l + pn—l)
(yi=t,+up, , 0<i<n-1)

the transformation defined in the form is called the

Gray transformation on R".
Gray transformation on R as well
®: R=IF, +ulF, —— IF}
t+up> O(t+up)=(p.,t+p)

Itis in the form.

2.6 Proposition [11]: let R = IF, + ulF,aring®

Gray transform on R"is a R _module

homomorphism and an isometry.

2.7 Definition: Let D be a linear code of length 2n

over IF, =GF(2).
IF" —— > IF"

®2 .
o

(A, 8y 8y 4) > 057 (g,85,0y 850 4)

O-ﬁz (aO!aiv"'aazn,l) = (bl’bz""’bZn)

50 i=1
0 Q.00 i=23..,n
- a,, i=n+1
a i=n+2,...2n
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Let's define a transformation in the form.

If

o%%(D) =D, so the code is called an D inverse

quasi-cyclic code of order 2 .

2.8 Proposition [10]:

u:R" ——R"

(dg, Ay dyy) > 22(dg,dy e d, )
=(1+u).(d,,d,,...,d, ;)

a permutation defined in the form be given.

D —R"code is cyclic code if ony if x (D)code

automorphism cyclic code.

2.9 Proposition [11]: if ®: R® —— IF"and

¥ :R" —— 5 R"their transformations are as in

the 2.4 definition and 25

Do ¥=05"0 ® isobtained .

definition.

2.10 Theorem [11]: ifC automorphism cyclic

code on R, Ccode of image of the code under

Gray transformation is a 2nd order inverse quasi-

cyclic code.

1. INVERSE QUASI CYCLIC CODES

3.1 Definition: inthe set { 0,1,2,3,...,2n -1 }

=0 n).1 n+1).2 n+2)...(1 n+1i)...(n—-1 2n-1)

permutation let it be given.
R ——— IF"

(C5yCyyeensCypy) > (Cy,Chyeay Cypyy)

ﬂ-(CO’Cl”"’CZn—l):(Cr(O)’Cr (1)""'Cr(2n—l))

form defined to transformation

permutation is called .

3.2 Definition and Proposition:

u:R" ——R"
(CorCornCy ) > Fi(C, Gy, )

1(Cy,Cprenn €, ;) =@+ U). (Cy,CyyennsC,y)

form written function R"on special

permutation aspect be defined .D cR"
code let it be.

code indicates.

3.3 Proposition:  x:R" —>R"

Nechaev

One

a cyclic

u (D) One automorphism cyclic

transformation in proposition 3.2 like to be about

® o p=rxo @ itis possible.

Proof:
®
/oS R"
| - | 7
@
I R’

Each c=(c,,C;,...,C;y.,C, ) € R"let it be.

(¢ =r+ug, 0<i<n-1)

(@ o u)(c)=Dd(u)=
®d((L+u).(cy,Cyy.000C 1))
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= O((L+Uu).cy, (L+U)Ly,..., L+ U)C, )

=d(1+ u)-(ro +u qo)'(1+u)-(r1 +u ql)!"'!
(2+u).(r, . +uq,,))

cyclic code will happen to the conclusion is

reached.

4.2 Example: R =IF, +ulF,ring on 4_length

= q)(ro + U.(I‘O +qo)’ n+ u'(rl +q1)v---’ o+ u'(rn—l +Qn—1))

:(ro +0o, L +0yynFy 00, qO’ql""’qn—l)
get is done .Other from the side

(7o B)(©) = 7D (©) = 7D (©3.6,10ny.)
= 72'((1) (ro +Uq0 ) rl +uq11--'1 rn71 +u qn—l))

= ”(QO’qlv--’Qn—l fo T 0o, + Qg0 My + qn—l)

=(I’0 +0o, 0 +0pn g+, qO’qli""qn—l)

it is possible. Fromhere VvV ¢ € R "for

(D o 1)(c) =(zo®)(c)is possible.

. Do g =mod itis possible.

IV.CONCLUSION AND APPLICATION

4.1 Conclusion: in R One D Gray images of

cyclic code under image ®(D) =T whereas 7 (I')

having order 2 One is the inverse quasi-cyclic

code.

Proof: D Rde cyclic code And ® (D) =T let it
be. From @ (u(D)) =z (®(D)) = z(I") Proposition

3.3 will happen and Propositions 2.8 from (D)

skew cyclic code is since it is seen. Above theorem

using @ («(D)) of having order 2 inverse quasi-

C ={(0,0,0,0),(u,u,u,u)} code let it be given C
both cyclic code and both a skew-cyclic is the code

. Gray conversion of this code under image

@®(C) ={(0,0,0,0,0,0,0,0), 11,1,111,1,1)} IF, de 8-
long is the code .C minimum Lee distance of the
code ; d, (C) =8 And ®(C) minimum Hamming

distance of the code ; d, (®(C)) =8work.

£(0,0,0,0) = (0,0,0,0) And z(u,u,u,u) = (u,u,u,u)

since 1(C) = C It is possible.

oS3 (®(u,u,u,u)) =057 (L1111110)
= (11111111
= ®(u,u,u,u)
=®d(¥Y(u,u,u,u))

it is possible. Similar way

5% (®(0,0,0,0)) = 6%%(0,0,0,0,0,0,0,0)
=(0,0,0,0,0,0,0,0)
= ®(0,0,0,0)
=®(¥(0,0,0,0))

IS seen .

Do W=0%%0 @ itis possible.

This C code for Nechaev permutation
7(0,0,0,0,0,0,0,0) = (0,0,0,0,0,0,0,0) and
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7(L1111111) = (11111111) since d 0 x =70d

IS possible.

C cyclic code for It z(®(C))is a 2nd order

inverse quasi-cyclic code.

()
s < CcR*
<
72" ;
()
17y - u(C) < R
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