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Abstract — Several Berezin radius and norm inequalities for functional Hilbert space operators are provided
in this study. Some previous comparable inequalities are improved by these inequalities. We show that

1/2

1 1
ber? (U,) < 5 190,14+ 19031 + 5 (120 + 25 2)?

ber
for an operator 2, .
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I. INTRODUCTION

The definition of its Berezin symbol 2, for every bounded linear operator 2, on $ (i.e., ¥A; € B(H), the
Banach algebra of every bounded linear operators on ), is (see Berezin [1])

W) :=(WAR,7), LEFR

where #,(z) : = ﬁ is the normalized reproducing kernel of $.

The set
Ber(A,) = Range(A;) = {A(D:L € ¢}
is termed as Berezin set of operator 2, and the definition of its Berezin radius, ber(2,), is

ber(A;) = sup|A; (V).

LEF

(see Karaev [7]).
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The Berezin set Ber (A, ) is a subset of the numerical range W (A;) = {{(Ayx, x): x € H and ||x|| = 1} and
it is clear that

ber(Uy) sw(Wy):= sup [z, x)],

2€9,|lxll=1

which is 2, ’s numerical radius. Therefore, employing these new qualities to examine new properties of
operator A, will be natural and intriguing. See [5], [8], and [10] for several recent and striking conclusions
using inequalities for the numerical radius.

An essential observation to make is that:
ber(A,) < w(WUy) < |4l 1.2)
and

ber(Uy) < [Aq[[per = U], VU, € B(H). (1.2)
Huban et al. [6] refine the inequality (1.2) by developing the following inequality

1
ber?(Uy) < > 112417 + 1207 * [l per- (1.3)
where || = (A;2A;)/2. The second disparity in (1.1) is less severe than the inequality in (1.2).

Section 2 considerably improves the second inequality in (1.2). We also give a multiplicative refinement
of this inequality.

In order to achieve the purpose of this paper, we require the following results.

If A, A, € B(H) are positive operators, then

1 112
1%y + Wl < S| W ll + 1Al + \/(II‘HlII — 10212 + 4 |[AF A2 (1.4)
(see [8]).
Buzano’s inequality (see [3]): If a, &, x are vectors in §, then
llallll&]l + [{a, )|
{a, x)|[{x, &) < > Il ||2. (1.5)
For 2, € B(H), x,4 € H vectors and t € [0,1], we have
(s, g2 < (112, x) < (1% |y,.) (1.6)
(see [9]).
The Cauchy-Schwarz inequality gives us
(Uyx, x)* < (Wix, x) (1.7

for A, € B(H) self-adjoint operator and x € $ unit vector.
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Il. MAIN RESULTS
Our Berezin radius inequality, which includes many inequalities as special instances, is proven.

Theorem 1. If A, A, € B($H), then
ber(A; + UA,)

1
< 5\/||3(|911|2 + Uz [2) + |52 + 512 + 2(ber(U?) + ber(AZ) + 2ber(A32A,))

and
ber(A; +UA,)

1
< 5\/||3(|91’;|2 + (U5 [2) + [y |2 + A2 + 2(ber(U?) + ber(AZ) + 2ber(AL2AT))
More precisely,
1
ber?(U; + UA,) < 5 (ber(A?) + ber(U3)) + min{g, 7}

where ¢ = iIIB(I%I2 + [y |2) + (U512 + |US |2 [per + Der(W3A;) and T = iIIS(I?I’il2 + A3 1%) +
|9'Ill2 + |912|2”ber + ber(i”[Z ;)

Proof. By taking a = U, %, & = U, i, with ¢ € g in (1.5) and the AM-GM inequality, then we get

ZII(QIlﬁuﬁL)”(ﬁu QIZﬁt)l

= Zl(%lﬁu ??L)Hwﬁu }?L)l

< ”Qllﬁtllber”mzﬁtllv + I(mlﬁquﬁt)l

= (U7l lpee | W2 llper + (U A 72, 720)]

= V(U 72, WA WU 22, Wy R} + (W3 A1 2, 7))

= (UL 1272, 2 XU, 127, 2,) + (W72, 2,)|

1
< E ((lmllzﬁu ﬁt) + <|Q'[2|22u ﬁl)) + |(m;A1ﬁu ﬁl)l

1
= S(UW 1 + 12127, 2,) + (AU 72, 7).

2
Observe that
A A A A 1 2 VAV A 1 * A A
(U, 2) (Uo7, 72)| < 7 (W17 + (U2, 2) + S (U W72, 7)) (2.1)
In particular, if 25 = A, then
1 1
(W72, 72,)]? < Z((I%I2 + U317, 7,) + > (AT2, 72,)]. (2.2)

From the triangle inequality, the inequalities (2.1) and (2.2), we get
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|((911 + QIZ)ﬁLrﬁL)IZ
< (l(Q’[lﬁuﬁLH + |(Q[2ﬁuﬁt)|)2
= |<9’[1ﬁuﬁ >|2 + |<9*[2ﬁuﬁt>|2 + 2|<Q[1ﬁuﬁt>”(glzﬁuﬁt>|

(|<912 R AN+ (Ws2, 2] + 2y 2, 2,)])
+%((3(|911|2 + 1% + [AL12 + [A31%) R, 7,)
<- . (ber(QIZ) + ber(A3) + 2ber(A32A,))

_|_Z 131U 1% + 12U |2) + 12512 + 12512 [l per-

Consequently,

ber?(UA; +A,) = supl((W; + U2, 2,)|?

LE[—‘

(ber(QIz) + ber(U3) + 2ber(AA,))
+z||3(|911|2 + 1213 + 1% + 1 2 e
and so
ber?(UA; +A,) < %(ber(?lf) + ber(U3) + 2ber(AA,))
+%||3(|911|2 + 12,12 + 19512 + 1212 lger

If we substitute —, for 2, in the previous inequality, we obtain the first inequality. By substituting 203
and 205 for 2, and 2, respectively, the first inequality may be converted into the second inequality. The
first and second inequality make the third inequality clear. O

Corollary 1. (i) In case &, = 2 in Theorem 1, we have
ber®(Uy) < - (ber(‘HZ) +1WlIfee) + 5 II3I‘2I1I2 + U P lper
(ii) In case &, = A7 in Theorem 1, we have

|RY, ber(%tz) +- III%I2 + 185 2 llpers

”ber =2

Ay +A7
pa—

where R, =

When we establish the triangle inequality using the inner product approaches, the following result is readily
reached. To be more specific, the direct evidence is: Using the polar decomposition 2, = U|, |, assume
that A, € B(H). Next,

P P P P
Pl 1”[U>sber(911—” 1II[U> 12l

ber(2,) = ber <911 - 5 5 3

ber(U).

Theorem 2. Let A, € B(H) with the polar decomposition A, = U|A, |. Then we have

”g‘)llllber ) ”g‘)llllber
U)+———
2 2

ber(U,) < ber (‘211 - ———— ber(U).
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Proof. [2, Th. 3.3] has demonstrated that

I I IIQIIIZAA IIQIII 5
K322 2) ] < WP Ry i) == (R o) |+ = (R )
II 1II2 I
(€72, 2|+ 1172172 1]
This may be expressed as follows:
IR - III%IIIAA |||91||IAA
K112, ) | < (I 2R, Rie) == (R e} |+ ———| (o 2ic)
III III I
— (12 2 + 12 12D.
Hence, by replacing |2, |? by |2, |, we have
L L II%II I II‘211II o
|(|911|%L!%K)| < |(|911|HL'%K) < U K) ( v K)
(2.3)
|I 1II I
(€72, 2|+ 120111721
If we replace %, with U*%,, in (2.3), we obtain
I |12 ] II‘JI |
|<Q’[1%U%K)| S|<(QI1_ 21 U)%UHK> ! |<U "y, K)l
II | [P ‘o
— (U, 2,e)] + 121U 2|1
Specifically,
I 12| II9I I s o
2,2l < [((on -5 ) 202 |+ S 1w, 2)
A A
sw(ml—” 1IIU) I 1IIb ()
2 2
foreveryt € g ie., |(UAy7, 7,)| < ber (911 - ”Q;—lntU) + @bet(ﬁ]).
By taking supremum over all ¢ € g, we infer that
A A
ber(?ll)Sber(Qll—” 21” [U) I 21”15 r(U)

as desired. 7
We can give the following lemmas without proof using simple calculations, Lemmas 2.4 and 2.5 in [5].
Lemma 1. Let 2, € B(H). Then

Ay llper
ber 2

A
|||911|—” il

where 3 € B($H) is the identity operator.
Lemma 2. If 2; € B(H) with the polar decomposition 2; = U|,|. Then
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— “QIl“ber
ber 2

2220

Using inequalities (1.6) and (1.7), we provide the following new bound to wrap up this section.

Theorem 3. For any %, € B($) and t € [0,1], we have that

1
bert(20) < 5 120 1* + 12314 + 2 (2 2 + g 97|

ber

Proof. We imitate a few concepts from [11,12]. For t € [0,1], we get

(A=) [2 + ]2 ]2)°

2
Ay |2 + | A2
= <(1—2t)|?11|2+2t<%>>

w128 2
| |2 + |911|2>

s(1—2t)|911|4+2t< 5

) 90, %+ W4 /102 + 20512
=(1—t)|911|4+t|911|4—2r< > - >

For 1/2 <t < 1, the discussion is identical. Hence we deduce that

(A= )12 2 + t]2;]2)°

< (1 -0 |* + A3 * - 2r<

|mn4+mqﬁ_<ma2+mqvf>
2 2

Also, from the inequality (1.6), [4, Lemma 3] and the weighted AM-GM inequality, we deduce that

2
~ A A A 120 A A
|(Q’[1}(U}fl)|4 < ((l%[ |2(1 t)}fu}ft)(lmll J’fu}ft>)

< (1122, 2) UL 127, 2,)0)?
< (=W 1%2, 2) + (U772, 2,))?

and from (1.7)
= (1 = DI + t]5 22, 2,)°
< (-0l + el 1) 2, 2,).
So, we have

|(QIlﬁu }?L)|4

Wt + (W (1012 + (2012
B (1—ﬂmhﬁ+ﬂ%ﬂ“—h<lll2|1|—<|1|2|1|>) oz
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|<9’[1ﬁuﬁt>|4

* * 2
1, |* + U3 ] 1, |% + |A7|? N A
2 N 2 e

1 1

S §(|911I4+I91’£I4)—§<
- 4 * |4 1 2 *12\2 \ ~ =~
=Z<(|911I + 1A * 4 S (W + (A1) )%m}

1 1
< 7 [t + 12t + S a2 + a2

and

1 1
R 21 < 7 1001+ 1201+ 5 o + 222

By taking supremum over all ¢ € f, we deduce that

1 1
bert () < 7 IR0l + 1201 + 5 (2,7 + 1267

ber
or
1
1 1 2
ber? (¥0) < 5 |||+ 19517 + 5 (2 + 12452
2 2 ber
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