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Abstract –  In geometry, a Reuleaux polygon is a curve of constant width made up of circular arcs of 

constan  radius. These shapes are named after their prototypical example, the Reuleaux triangle, which in 

turn is named after 19th-century German engineer Franz Reuleaux.The Reuleaux triangle can be 

constructed from an equilateral triangle by connecting each pair of adjacent vertices with a circular arc 

centered on the opposing vertex, and Reuleaux polygons can be formed by a similar construction from 

any regular polygon with an odd number of sides as well as certain irregular polygons. Every curve of 

constant width can be accurately approximated by Reuleaux polygons. The Reuleaux polygons based on 

regular polygons are the only curves of constant width whose boundaries are formed by finitely many 

circular arcs of equal length. Sometimes in Reuleaux polygons, each curve of constant width may not 

have the same width but may have similar widths. This creates an irregular Reuleaux polygon. In other 

words; every  curve of constant width can be approximated arbitrarily closely by a (possibly irregular) 

Reuleaux polygon of the same width. It is possible to come across examples   polygons of Reuleaux in 

nature. According to Plateau's laws, the circular arcs in two-dimensional soap bubble clusters meet at 

120° angles, the same angle found at the corners of a Reuleaux triangle. Based on this fact, it is possible 

to construct clusters in which some of the bubbles take the form of a Reuleaux triangle. The shape was 

first isolated in crystal form in 2014 as Reuleaux triangle disks. Basic bismuth nitrate disks with the 

Reuleaux triangle shape were formed from the hydrolysis and precipitation of bismuth nitrate in an 

ethanol–water system in the presence of 2,3-bis(2-pyridyl)pyrazine. In this study, we investigated the 

examples of Reuleaux polygons geometry models that we can easily see with the naked eye in nature  in 

micro structures. We have detected these geometric models in the cells where we can observe with the 

help of microscope. We saw that Some of these cells we examine are regular and inregular  reuleaux 

polygon. We took microscopic photos of these geometric models. 
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I. INTRODUCTION 

Reuleaux polygon is a curve of constant width made up of circular arcs of constan  radius. These shapes 

are named after their prototypical example, the Reuleaux triangle, which in turn is named after 19th-

century German engineer Franz Reuleaux [1], [2],[3]. 
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The Reuleaux triangle can be constructed from an equilateral triangle by connecting each pair of 

adjacent vertices with a circular arc centered on the opposing vertex, and Reuleaux polygons can be 

formed by a similar construction from any regular polygon with an odd number of sides as well as certain 

irregular polygons. Every curve of constant width can be accurately approximated by Reuleaux polygons. 

The Reuleaux polygons based on regular polygons are the only curves of constant width whose 

boundaries are formed by finitely many circular arcs of equal length [4],[5], [6]. 

The constant width of these reuleaux shapes allows their use as coins that can be used in coin-operated 

machines [7]. Although coins of this type in general circulation usually have more than three sides, a 

Reuleaux triangle has been used for a commemorative coin from Bermuda[8],[9], [10],[11]. Similar 

methods can be used to enclose an arbitrary simple polygon within a curve of constant width, whose 

width equals the diameter of the given polygon. The resulting shape consists of circular arcs (at most as 

many as sides of the polygon), can be constructed algorithmically in linear time, and can be drawn with 

compass and straightedge. Although the Reuleaux polygons all have an odd number of circular-arc sides, 

it is possible to construct constant-width shapes with an even number of circular-arc sides of varying radii 

[12],[13],[14]. 

 It is possible to come across examples   polygons of Reuleaux in nature. According to Plateau's laws, the 

circular arcs in two-dimensional soap bubble clusters meet at 120° angles, the same angle found at the 

corners of a Reuleaux triangle. Based on this fact, it is possible to construct clusters in which some of the 

bubbles take the form of a Reuleaux triangle [12], [15]. The shape was first isolated in crystal form in 

2014 as Reuleaux triangle disks. Basic bismuth nitrate disks with the Reuleaux triangle shape were 

formed from the hydrolysis and precipitation of bismuth nitrate in an ethanol–water system in the 

presence of 2,3-bis(2-pyridyl)pyrazine[13]. 

A Reuleaux triangle [ʁœlo] is a curved triangle with constant width, the simplest and best known curve 

of constant width other than the circle [7]. It is formed from the intersection of three circular disks, each 

having its center on the boundary of the other two. Constant width means that the separation of every two 

parallel supporting lines is the same, independent of their orientation. Because its width is constant, the 

Reuleaux triangle is one answer to the question "Other than a circle, what shape can a manhole cover be 

made so that it cannot fall down through the hole [8]. They are  named after Franz Reuleaux, a 19th-

century German engineer who pioneered the study of machines for translating one type of motion into 

another, and who used Reuleaux triangles in his designs [9],[10]. However, these shapes were known 

before his time, for instance by the designers of Gothic church windows, by Leonardo da Vinci, who used 

it for a map projection, and by Leonhard Euler in his study of constant-width shapes. Other applications 

of the Reuleaux triangle include giving the shape to guitar picks, fire hydrant nuts, pencils, and drill 

bits for drilling filletedsquare holes, as well as in graphic design in the shapes of some signs and corporate 

logos [16]. 

Among constant-width shapes with a given width, the Reuleaux triangle has the minimum area and the 

sharpest (smallest) possible angle (120°) at its corners. By several numerical measures it is the farthest 

from being centrally symmetric. It provides the largest constant-width shape avoiding the points of 

an integer lattice, and is closely related to the shape of the quadrilateral maximizing the ratio of perimeter 

to diameter. It can perform a complete rotation within a square while at all times touching all four sides of 

the square, and has the smallest possible area of shapes with this property. However, although it covers 

most of the square in this rotation process, it fails to cover a small fraction of the square's area, near its 

corners. Because of this property of rotating within a square, the Reuleaux triangle is also sometimes 

known as the Reuleaux rotor. 

II. MATERIALS AND METHOD 

Some micro samples were used as study material. These micro samples were indicated in the 

photographs of their microstructures. In order to obtain the microstructures to be used in defining the 

geometric models of these samples, cross-sections of 10-20 µm were taken from different parts of the 

plant samples with the help of a microtome. These sections obtained were colored with safranin and fast 

green double staining. The preparations prepared from the sections were examined using microscope 
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objectives and their photographs were taken at different magnifications. Cells of geometric modeling 

were marked on these original photographs. In mathematical evaluations, mathematical concepts 

determined in the light of the literature were used to describe the models of microstructures. In the study, 

literature information about geometric structures and their mathematical formulas was evaluated. detail 

the materials and methods used when conducting the study. The citations you make from different 

sources must be given and referenced in references [2],[3],[5], [12],[13],[14]. 

III. RESULTS 

In this study, microscopic observations were made to see the micro structures of some plant parts. It 

was determined that the cells that make up the micro structures obtained from these observations have 

different reuleaux polygons. These shapes (reuleaux polygons) are named after their prototypical 

example, the Reuleaux triangle (Fig. 1). We have found that some of the cells we observe have regular 

and irregular polygon  models of this geometric model called Reuleaux Polygon in geometry. Some of the 

cells that has the Reuleaux polygons geometric models have been shown by marking on photographs  

(Fig. 2). 

The Reuleaux polygons based on regular polygons are the only curves of constant width whose 

boundaries are formed by finitely many circular arcs of equal length (Fig.3). Sometimes in Reuleaux 

polygons, each curve of constant width may not have the same width but may have similar widths. This 

creates an irregular Reuleaux polygon (Fig.4). In other words; every  curve of constant width can be 

approximated arbitrarily closely. Reuleaux polygons The Reuleaux triangle can be generalized to regular 

or irregular polygons with an odd number of sides, yielding a Reuleaux polygon, a curve of constant 

width formed from circular arcs of constant radius [11]. If P  is a convex polygon with an odd number of 

sides, in which each vertex is equidistant to the two opposite vertices and closer to all other vertices, then 

replacing each side of P  by an arc centered at its opposite vertex produces a Reuleaux polygon. As a 

special case, this construction is possible for every regular polygon with an odd number of sides. Every 

Reuleaux polygon must have an odd number of circular-arc sides, and can be constructed in this way 

from a polygon, the convex hull of its arc endpoints. However, it is possible for other curves of constant 

width to be made of an even number of arcs with varying radii. 

A regular Reuleaux polygon has sides of equal length. More generally, when a Reuleaux polygon has 

sides that can be split into arcs of equal length, the convex hull of the arc endpoints is a Reinhardt 

polygon. These polygons are optimal in multiple ways: they have the largest possible perimeter for their 

diameter, the largest possible width for their diameter, and the largest possible width for their perimeter 

(Fig.3) [4]. 

Fig.1 a reuleaux triangle replaces the sides of an equilateral triangle by circular arcs [1],[3]. 
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Fig. 2   In the original photographs of microstructures, cells with a regular and irregular reuleaux polygon geometric models 

(scala bar :20 mikron). 

 

     a                   b 

Fig. 3   Reuleaux polygons (all of the same with) based upon regular polygons 

a: with three, file, seven and nine sides. b: Four 15-sided Reinhardt polygons, formed from four different Reuleaux polygons 

with 9, 3, 5, and 15 sides [1],[2]. 
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Fig. 4   Reuleaux polygons (all of the different with) based upon irregular polygon [3],[4]. 

IV. DISCUSSION 

In our research, we determined that the microstructures (the cell) of some plants whose microscopic 

structures we examined have different geometrical models. We observed that some of these geometric 

models of microstructures belong to different types of the geometric concept of Reuleaux polygons 

(regular and irregular). In this study, the shape of the cells in the microstructures of plants was tried to be 

revealed by using the definitions corresponding to the geometrical rules.  In this study, a different 

perspective was provided by evaluating the micro morphological structures of some plants 

mathematically. Thus, it creates a new comparison opportunity for future research on the relevant subject.  

V. CONCLUSION 

Similarly, geometric models of plant micro morphological structures can help us understand how 

microstructure determines important properties.  It can also help us to develop predictive models of 

known the geometric model of microstructures.   

REFERENCES 

 
[1] M. Horst, M. Luis; Oliveros, Déborah (2019), "Section 8.1: Reuleaux Polygons", Bodies of Constant Width: An 

Introduction to Convex Geometry with Applications, Birkhäuser, pp. 167–169. 

[2] Alsina, Claudi; Nelsen, Roger B. (2011), Icons of Mathematics: An Exploration of Twenty Key Images, Dolciani 

Mathematical Expositions, vol. 45, Mathematical Association of America, p. 155, ISBN 978-0-88385-352-8 

[3] Firey, W. J. (1960), "Isoperimetric ratios of Reuleaux polygons", Pacific Journal of Mathematics, 10 (3): 823–

829, doi:10.2140/pjm.1960.10.823, MR 0113176 

[4] Hare, Kevin G.; Mossinghoff, Michael J. (2019), "Most Reinhardt polygons are sporadic", Geometriae Dedicata, 198: 1–

18, arXiv:1405.5233, doi:10.1007/s10711-018-0326-5, MR 3933447, S2CID 119629098   

[5] G., Martin (1991), "Chapter 18: Curves of Constant Width", The Unexpected Hanging and Other Mathematical 

Diversions, University of Chicago Press, pp. 212–221 

[6] Chamberland, Marc (2015), Single Digits: In Praise of Small Numbers, Princeton University Press, pp. 104–

105, ISBN 9781400865697 

[7] Gardner (2014) calls it the simplest, while Gruber (1983, p. 59) calls it "the most notorious". 

[8] Klee, Victor (1971), "Shapes of the future", The Two-Year College Mathematics Journal, 2 (2): 14–27, 

doi:10.2307/3026963, JSTOR 3026963. 

[9] Bryant, John; Sangwin, Chris (2011), How Round Is Your Circle?: Where Engineering and Mathematics Meet, Princeton 

University Press, p. 190, ISBN 978-0-691-14992-9. 

[10] Alsina, Claudi; Nelsen, Roger B. (2011), Icons of Mathematics: An Exploration of Twenty Key Images, Dolciani 

Mathematical Expositions, vol. 45, Mathematical Association of America, p. 155, ISBN 978-0-88385-352-8. 

[11] Moon, F. C. (2007), The Machines of Leonardo Da Vinci and Franz Reuleaux: Kinematics of Machines from the 

Renaissance to the 20th Century, History of Mechanism and Machine Science, vol. 2, Springer, ISBN 978-1-4020-5598-0 

[12] M. Carl D.; Kamien, Randall D. (2013), "Spherical foams in flat space", Soft Matter, 9 (46): 11078–11084, 

arXiv:0810.5724, Bibcode:2013SMat....911078M, doi:10.1039/c3sm51585k, S2CID 96591302. 

[13] Ng, C. H. B.; Fan, W. Y. (2014), "Reuleaux triangle disks: New shape o American n the block", Journal of the Chemical 

Society, 136 (37): 12840–12843, Bibcode:2014JAChS.13612840N, doi:10.1021/ja506625y, PMID 25072943. 

[14] Conti, Giuseppe; Paoletti, Raffaella (October 2019), "Reuleaux triangle in architecture and applications", in Magnaghi-

Delfino, Paola; Mele, Giampiero; Norando, Tullia (eds.), Faces of Geometry: From Agnesi to Mirzakhani, Lecture Notes 

in Networks and Systems, vol. 88, Springer, pp. 79–89, doi:10.1007/978-3-030-29796-1_7, ISBN 978-3-030-29795-4, 

S2CID 209976466 

[15] Chandru, V.; Venkataraman, R. (1991), "Circular hulls and orbiforms of simple polygons", Proceedings of the Second 

Annual ACM-SIAM Symposium on Discrete Algorithms (SODA '91), Philadelphia, PA, USA: Society for Industrial and 

Applied Mathematics, pp. 433–440, ISBN 978-0-89791-376-8. 

[16] Peterson, Bruce B. (1973), "Intersection properties of curves of constant width", Illinois Journal of Mathematics, 17 (3): 

411–420, doi:10.1215/ijm/1256051608, MR 0320885. 
  

app://en.wikipedia.org/wiki/D%C3%A9borah_Oliveros
app://en.wikipedia.org/wiki/Icons_of_Mathematics
app://books.google.com/books?id=4DavMl7-aFgC&pg=PA155
app://en.wikipedia.org/wiki/ISBN_(identifier)
app://en.wikipedia.org/wiki/Special:BookSources/978-0-88385-352-8
app://en.wikipedia.org/wiki/Pacific_Journal_of_Mathematics
app://en.wikipedia.org/wiki/Doi_(identifier)
app://doi.org/10.2140%2Fpjm.1960.10.823
app://en.wikipedia.org/wiki/MR_(identifier)
app://mathscinet.ams.org/mathscinet-getitem?mr=0113176
app://en.wikipedia.org/wiki/Geometriae_Dedicata
app://en.wikipedia.org/wiki/ArXiv_(identifier)
app://arxiv.org/abs/1405.5233
app://en.wikipedia.org/wiki/Doi_(identifier)
app://doi.org/10.1007%2Fs10711-018-0326-5
app://en.wikipedia.org/wiki/MR_(identifier)
app://mathscinet.ams.org/mathscinet-getitem?mr=3933447
app://en.wikipedia.org/wiki/S2CID_(identifier)
app://api.semanticscholar.org/CorpusID:119629098
app://en.wikipedia.org/wiki/Martin_Gardner
app://books.google.com/books?id=n9iqBwAAQBAJ&pg=PA104
app://en.wikipedia.org/wiki/ISBN_(identifier)
app://en.wikipedia.org/wiki/Special:BookSources/9781400865697

