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Abstract - This study introduces the Caputo—Fabrizio fractional Elzaki decomposition technique (CFFEDT)
for addressing time-fractional telegraph equation. The approach integrates the Caputo—Fabrizio operator
with the Elzaki transform to obtain efficient and precise solutions. Quantitative illustrations validate the
efficacy of the suggested method.
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I.  INTRODUCTION

The inception of fractional calculus can be attributed to an inquiry made by Leibniz to L’Hopital on
September 30, 1695. Since that time, the discipline has advanced significantly, with mathematicians
developing derivatives of non-integer orders. In recent years, fractional analysis has demonstrated its
efficacy as a sophisticated techniquefor the elegant modeling of various transdisciplinary phenomena [ 1—
7]. Historically, fractional derivatives including the Griinwald—Letnikov, Riesz, Riemann—Liouville, and
Caputo operators have been widely utilized to get approximate solutions of differential equations.
Nonetheless, due to the intrinsic nature of these operators involving integral terms, their computations are
often exceedingly demanding. Furthermore, analytical solutions are frequently unattainable for models
utilizing classical fractional derivatives, necessitating researchers to depend on numerical methods for
viable solutions [8].

Fractional models are extensively utilized in applied sciences due to their superior representation of
intricate real-world phenomena. In recent years, many academics have integrated Caputo—Fabrizio
fractional derivatives into various scientific disciplines [9]. The Caputo—Fabrizio fractional operator
rectifies numerous deficiencies of traditional fractional derivatives, simultaneously reinstating some well-
known attributes of conventional calculus [10].

The telegraph equation, initially refined by Oliver Heaviside in the 1880s, delineates the spatial and
temporal dynamics of voltage and current along an electrical transmission line. This equation is essential
in the examination of electrical signal propagation, wave dynamics, and cable transmission systems. Its
applications encompass radio frequency systems, wireless communication, telephone networks, and
microwave transmission technology [13]. A diverse array of analytical and numerical methods has been
suggested for addressing fractional telegraph equations, including the Laplace transform (LT) [14], the
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homotopy perturbation technique (HPT) [15]. and the variational iteration technique (VIT) [16]. Recently,
the fractional reduced differential transform technique (FRDTT) has been expanded for fractional
differential equations [ 17-18]. The literature presents numerous additional solution techniques based on the
Caputo-Fabrizio framework [19-21].

This work primarily aims to present a novel computational tool, known as the Caputo-Fabrizio
fractional Elzaki decomposition technique (CFFEDT), intended to derive numerical solutions for Caputo-
Fabrizio time-fractional linear telegraph equations.

The main aim of this study is to devise and implement an innovative computer method, the Caputo—
Fabrizio fractional Elzaki decomposition technique (CFEDT), to get effective numerical solution for
fractional telegraph equation. This technique seeks to address the shortcomings of current fractional
analytical techniques and offer a more precise, stable, and uncomplicated framework for managing Caputo—
Fabrizio fractional models. The study aims to illustrate the dependability and efficacy of CFEDT through
examples and comparative analysis.

II. MATERIALS AND METHOD

The Main Definitions
In the part, the definitions of Caputo-Fabrizio (CF) fractional calculus and the Elzaki transform,
which constitute the mathematical foundations required for the present study, are introduced.

Definition 2.1. [11-12, 20-21] Suppose that u € (0,1] and o be a continuously differentiable
function. The CF fractional derivative (CFFD) of o of order u is given by

H(w) (D)

=1T

%ol (®)]

t
u(t —1)
X | ¢ ———|dr,
fg(r)expl 1‘”] T
0
where H () is the normalization function such that H(0) = H(1) = 1, and o € H' (a4, a,), a; > a,.

Definition 2.2. [22-24]. Let 0 < u <1, 0:[0,00) > R be real valued function. The CF Elzaki
transform (CFET) of order u of o(t) is defined by

CFE# {CFDL{‘ [a(t)]}(v) (2)
B 1
C1—p+uv
x ("E, [e(D)] — v?05(0)).
Caputo-Fabrizio Fractional Elzaki Decomposition Technique (CFFEDT)
To present the fundamental concept of the CFEDT, we consider the Caputo—Fabrizio fractional
nonlinear partial differential equation given by
“FDFulx,t) + Au(x, t) + Lu(x, t) 3
=9(x,t),t>0, n—-1<u<sn
where A indicates the linear operator, L denotes the nonlinear operator, 9(x, t) symbolizes source term, and

“FpF is the CFFD of order .
Applying CFETto Eq. (3) and utilizing initial condition (IC), it is acquired as
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ﬁ (PE, [ulx, ©)] - v2u(x, 0)) "
+CFEM [Au(x, t) + Lu(x,t) —9(x, t)] = 0.
If we simplify the Eq. (4), we obtain
“E, [u(x, )] = v?*u(x,0)
—(1—u+pw) )
x FE, [Au(x, t) + Lu(x, t)
—9(x, t)].
On applying inverse CFET (ICFET) to Eq. (5), we get
u(x,t) = M(x,t)
~(E, ) (1 — 4 ) (6)

x FE, [Au(x, O)+Lu(x, t)]],

where M (x, t) is acquired from IC and nonhomogeneous function. Let the infinite series solution is of the
form:

o)

u(x,t) = z U (x, t). (7)

m=0

Using Eqgs. (6)-(7), we get

[0e]

Z (%, 0) = M(x, )

m=0

—(°FE, ) (A — p + ) (8)

A Z w2, £) +L Z R,
m=0 m=0

where R,, is the Adomian polynomial and that denotes the nonlinear term Lu(x, t). Comparing both sides
of Eq. (8), we have

CF
X E#

)

up(x,t) = M(x,t), (©®)
-1
w(x,t) = _(CFEM ) ((1 — 1t u) (10)
x B, [Aug(x, t) + Ro)),
-1
u(x, t) = _(CFEM) ((1_“-"“”) (11)
x B, [Au; (x,t) + Ry]),
(12)
Thus, the general iteriation formula is obtained as
-1
U1 (X, t) = _(CFEu ) ((1 — i+ pv) (13)

X B, [Atn (x,) + Rp]),m = 1.
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As a result, the approximate solution u(x, t) is identified as

o)

u(x, t) = Z Uy, (x, t). (14)

m=0

I. APPLICATON

Consider the Caputo-Fabrizio fractional telegraph equation (CFFTE) [25]
0% u(x,t) o*u(x, t)

FYeT e + u(x, t) 05
RGBT,
- axz Jl'l' ) ) = )
via the IC
u(x,0) = e*, u(x,0) = —2e”. (16)
Applying CFET to Eq. (15), then we have
1 1.,
—|-"E ,t
1—,u+uv[v p [u(x0]
—vu(x, 0) — v?u,(x,0)] a7
0*u(x, t) 2%u(x,t)
CF -
+""E, (2 FrT +u(x,t) 32
= 0.
Simplifying the Eq. (17), then we get
CE, fulx, )} = v? u(x, 0) + v3u,(x,0)
—v(1—p+ uv) (18)
o*u(x, t) 0%u(x,t)
CF ) )
X EM l27+u(x,t)—T.
Implementing the ICFET, it is acquired as
u(x,t) = (“"E, )_1[172 u(x,0) + v3u,(x,0) —v(1 — p + pv)
o*u(x, t) 0%u(x,t) (19)
CF -
x “E, [2 Tei +u(x, t) 922 .

Utilizing the ADM procedure, we get
ug(x, t) = (CFEM )_1[172 u(x, 0) + v3u.(x,0)]
_ (CFE” )‘1[v2 e — 2e*p3] (20)
= e* —2e*(1 —u+ ut),
-1
Use1 () = —(“FE, ) "[v(1 —pu+uw)

Ot ug(x,t (21)
<e0B, | (225 b
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For s = 0 in Eq. (21), we get

w0 t) = —(E, ) (1 — p+ )

Muy(x, t)

3 + up(x, t)
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We obtain the subsequent terms in a recursive manner.

(0, 8) = =(E, ) [v( — p + )

o* t
x FE, <2 —ualt(:c ) + uq(x, t)

_M)l (23)

0x?2

= —8e*[(1 —w)® +3(1 — w)*ut

3t3
+3(1 — pwput? +#6 l

(24)

By using a comparable method, we derive

o)

u(x,t) = Z Uy (X, t) = up(x, t)

m=0

+u,(x, t) +uy(x, t) = e*
—2e*(1 —p+ ut)

242 95
+4e* [(1 —w?+2u(1 —pt+ ,uzt l (25)

= —8e*[(1 —w)® +3(1 — w)’ut

3t3
+3(1 — pwput? +#6 l

By substituting 4 = 1 into Eq. (25), the CFFEDT solution is simplified as

(2t)?
2!

u(x,t) = e* ll -2t +
(26)

(2t)® (2o)*
TR _l
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This result is evaluated to the exact solution in a closed form:

u(x, t) = exp(x — 2t). (27)

The CFFEDT solutions for u(x, t) demonstrate remarkable concordance with the exact solution of
the issue. To enhance comprehension, the findings for the variable u(x, t) from CFFTE are illustrated in
Fig.1. Fig. 1 demonstrates that CFFEDT has superior precision.

@)

Fig. 1. (a) CFFEDT solution for u(x, t) (b) Exact solution for u(x, t) (c) Absolute error=|uUgyqc: — Ucprepr| in CFFTE
atpy = 1.
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Fig. 2. CFFEDT solution of u(x, t) in CFFTE at u = 1.

Table 1. Approximate solutions of u(x, t) for CFFTE by CFEDT via different values of x and t for distinct p.

X t n=0.75 u=0.85 u=1
0.1 0.001 0.013 0.005 2.9 x 10716
0.002 0.02 0.0085 9.4 x 10715
0.003 0.026 0.011 7.1 x 10714
0.004 0.031 0.014 3.0x 10713
0.005 0.035 0.016 9.1 x 10713
0.2 0.001 0.014 0.0055 3.2x 10716
0.002 0.022 0.0094 1.0 x 1074
0.003 0.029 0.012 7.9 x 1014
0.004 0.034 0.015 3.3x10713
0.005 0.039 0.018 1.0 x 10712
0.3 0.001 0.016 0.0006 3.5x 1071
0.002 0.025 0.01 1.1x 10~
0.003 0.032 0.014 8.7 x 10~ 14
0.004 0.038 0.017 3.6 x 10713
0.005 0.043 0.02 1.1x 10712
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III.  RESULTS AND DISCUSSION

The numerical results derived from the Caputo-Fabrizio fractional Elzaki decomposition
technique(CFEDT) illustrate its precision and dependability in addressing the time-fractional linear
telegraph equation. The approximate series solution produced by CFEDT demonstrates remarkable
concordance with the exact analytical solution, as depicted in Figure 1, where the CFEDT profile closely
aligns with the closed-form solution and has a significantly minimal absolute error throughout the domain.

Moreover, Figure 2 and Table 1 validate that the approach maintains stability across different
fractional orders u, yielding smooth solution curves with uniform behavior as ¢ changes. The numerical
findings demonstrate that decreasing the fractional order diminishes the propagation features of the
telegraph equation, a typical feature of memory-driven fractional models. The CFEDT effectively captures
the qualitative and quantitative dynamics of the fractional telegraph equation with exceptional precision.

In this study, the Caputo—Fabrizio fractional Elzaki decomposition technique (CFEDT) was
effectively applied to the time-fractional linear telegraph equation. The technique yielded highly precise
approximate solutions that nearly correspond with the exact analytical results. Numerical simulations
across diverse fractional orders exhibited the stability, simplicity, and robust convergence characteristics
of the proposed methodology. The results underscore the efficacy of CFEDT as a robust computational
instrument for addressing Caputo—Fabrizio fractional differential equations and indicate its potential for
extension to more intricate nonlinear models in subsequent studies.
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