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Abstract — Stick-slip is a self-excited oscillatory phenomenon that occurs in mechanical systems involving
sliding contact between surfaces. It arises from the interplay between static and kinetic friction, leading to
intermittent motion characterized by alternating phases of adhesion (stick) and sliding (slip). This paper
presents a comprehensive review of stick-slip dynamics in mechanical systems, encompassing
mathematical formulations, physical mechanisms, and control strategies. The governing equations of
motion are derived for a single-degree-of-freedom mass-spring-damper system using classical friction
models, including Coulomb, Stribeck, and LuGre models. Stability analysis of the stick and slip phases is
carried out, and the critical velocity threshold for the onset of stick-slip is identified. This review synthesizes
findings from various numerical studies to illustrate the effects of system parameters reported in literature
are discussed. Furthermore, passive and active mitigation strategies are reviewed, with emphasis on state-
feedback control and dither-based techniques. The findings presented in this work contribute to the
understanding of friction-induced instabilities in tribological interfaces and provide a foundation for the
design of systems in which smooth sliding is essential, such as precision drives, robotic joints, and cutting
tools.
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I. INTRODUCTION

Friction is a fundamental force that governs the relative motion between contacting surfaces. While
friction is essential in many engineering applications, such as braking systems and traction drives, it can
also be a source of undesirable dynamic behavior. Among the most prominent friction-induced instabilities
is the stick-slip phenomenon, in which the sliding motion of a system oscillates between a stationary (stick)
phase and a sliding (slip) phase [1]. This behavior is observed across a wide range of scales and applications,
from geological fault systems and biological locomotion to precision machinery, robotics, and oil-well
drilling [2].
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The stick-slip instability is primarily caused by the difference between static and kinetic friction forces.
When the driving force exceeds the maximum static friction, the system slips; as velocity increases, kinetic
friction acts, decelerating the system until it re-adheres to the contact surface. This cyclic behavior results
in self-sustained oscillations that can cause wear, noise, and positioning errors [3]. In precision engineering
applications, stick-slip constitutes a significant barrier to achieving sub-micron accuracy [4].

Early analytical studies on stick-slip dynamics date back to Bowden and Tabor [5], who identified the
critical role of adhesion and asperity deformation in the friction mechanism. Subsequent work by
Rabinowicz [6] established empirical observations of stick-slip in metallic contacts. Modern investigations
have employed sophisticated friction models such as the LuGre model [7] and the Dahl model [8] to capture
the dynamic and hysteretic nature of friction.

The present work aims to provide a systematic treatment of stick-slip dynamics by: (i) deriving the
equations of motion for a representative mechanical system, (ii) analyzing the stability of the stick and slip
phases, (iii) analyzing parametric studies and findings from established literature, and (iv) reviewing control
strategies for stick-slip suppression. The paper is organized as follows: Section 2 describes the physical and
mathematical formulation; Section 3 presents stability analysis; Section 4 discusses parametric studies
based on literature; Section 5 reviews control methods; and Section 6 offers conclusions.

II. MATHEMATICAL FORMULATION

2.1. Equation of Motion

Consider a single-degree-of-freedom (SDOF) mass-spring-damper system, in which a mass m rests on a
belt moving at constant velocity vo. The mass is connected to a fixed wall via a spring of stiffness £ and a
damper with coefficient c. The friction force Fm acts at the contact interface. The governing equation of
motion is [1, 9]:

mx + cx + kx = Fyy(Vyer) €))

where x is the displacement of the mass, v,es = vo — X 1s the relative sliding velocity. Dots denote time
derivatives. The friction force Fy depends on the friction model adopted.
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Fig. 1 Schematic representation of the stick-slip phenomenon in an SDOF mass-spring-damper system.

2.2. Coulomb Friction Model

The simplest and most widely used friction model is the Coulomb model [3], which defines the friction
force as:
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Fy = N - Sgn(vrel)’ Vyper # 0 (2)
and during the stick phase (v.; = 0):
|Ful < pusN 3)

where i and s are the kinetic and static friction coefficients, respectively, and N is the normal force. The
discontinuous nature of the Coulomb model at zero velocity complicates numerical integration and
analytical treatment [10].

2.3. Stribeck Friction Model

The Stribeck model extends the Coulomb model by incorporating the velocity-dependent decrease in
friction force observed at low sliding speeds, known as the Stribeck effect [11]. The steady-state friction
force is given by:

FM(vrel) = [Fc + (Fs - Fc)e_(Urel/vS)z]sgn(vrel) (4)
where F. is the Coulomb friction force, F; is the maximum static friction force, and v is the Stribeck
velocity. The negative slope dFw/dv.; < 0 at low velocities provides the energy input that sustains the
oscillation [12].
2.4. LuGre Dynamic Friction Model
The LuGre model, proposed by Canudas de Wit et al. [7], captures presliding displacement, hysteresis,

and the Stribeck effect through an internal state variable z, representing the average deflection of contact
bristles:

; — — g Avretl
Z= vrel 90 g(vrel) z (5)
Fy = 00Z + 012 + 03V, (6)

where oo, 61, 62 are bristle stiffness, bristle damping, and viscous friction coefficient, respectively. The
Stribeck function g(v.«) is defined as:

9re)) = o [Fe + (F = F)e™ /"] (7

The LuGre model has been extensively validated in robotic and servo-drive applications [13] and provides
a smooth and physically consistent description of friction dynamics over the entire velocity range.

2.5. Dahl Model

The Dahl model [8] was proposed to describe presliding hysteresis. It is expressed as:

dF F a
T = 0 |1 - sgn(vrer)| (8)

where a determines the shape of the hysteresis loop. For a = 1, the model is linear in the spring-like regime.
The Dahl model is particularly useful for modeling micro-displacement and fretting phenomena [8].
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Table 1. Comparison of classical and dynamic friction models used in stick-slip analysis.

Friction Model Core Mechanism Key Features Modeled Typical Application Areas
Coulomb Discontinuous Basic stick-slip, constant General dry friction analysis,
static/kinetic friction kinetic friction rigid body dynamics
. Velocity-dependent Stribeck effect (negative Lubricated contacts, low-
Stribeck . - . -
friction decrease damping) velocity sliding
Bristle deflection Presliding displacement, Precision SCEVOS, rgbot1cs,
LuGre . . : advanced friction
dynamics hysteresis, Stribeck effect )
compensation
Dahl Stress-strain hysteresis | Presliding behavior without Fretting, micro-positioning,
curve Stribeck effect ball bearings

III. STABILITY ANALYSIS

3.1. Stick Phase Analysis
During the stick phase, the mass moves with the belt at velocity vo. The friction force acts as a constraint
force and satisfies:

Fy = kx + cv, 9)

Slip initiates when [Fm| > 15N, i.e., when the spring force exceeds the maximum static friction. The critical
displacement at which slip begins is:

_ MsN—cyy

: (10)

xCT'
3.2. Slip Phase and Stability Criterion

During the slip phase, the system is governed by Eq. (1) with the friction force given by the adopted
model. Linearizing around the steady sliding equilibrium using the Stribeck model, the effective damping
coefficient is:

0F M
OVrel

(1D

Vo
Stick-slip oscillations occur when c.< 0, implying that the negative friction-velocity gradient overcomes
the positive structural damping [12, 14]. This provides the critical condition:

Cerr =€~

0F M
OVrel

c < (12)

V=7p

A Hopf bifurcation analysis reveals that as the belt velocity vy decreases below a critical threshold, the
equilibrium loses stability and a limit cycle emerges [15]. The frequency of the resulting stick-slip cycle is

approximately:
/ K

which corresponds to the natural frequency of the mechanical system, as confirmed experimentally by
several authors [1, 4, 9].
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IV.PARAMETRIC STUDIES

Studies in the literature, often employing numerical integration methods such as Runge-Kutta, reveal the
influence (Eqgs. 5-7) of key system parameters on stick-slip behavior.

4.1. Effect of Normal Load

Increasing the normal load N raises both static and kinetic friction forces proportionally. Consequently,
the amplitude of stick-slip oscillations increases with normal load [16]. This is consistent with Hertzian
contact mechanics, in which normal load also affects contact area and thus the characteristic relaxation time
of the friction interface.

4.2. Effect of Stiffness

Spring stiffness & plays a dual role: it determines the natural frequency (Eq. 13) and affects the energy
stored during the stick phase. Higher stiffness generally reduces stick-slip amplitude but increases its
frequency [1, 17]. In systems where stiffness can be tuned, higher stiffness is often employed to suppress
low-frequency stick-slip cycles.

4.3. Effect of Belt Velocity

The belt velocity vy is the primary bifurcation parameter. For vy above the Stribeck velocity vy, the slope
OFw/Ovrel becomes positive, and stick-slip is suppressed. This provides a practical guideline: operating
systems above the Stribeck velocity avoids the instability regime [11].

V. CONTROL STRATEGIES FOR STICK-SLIP SUPPRESSION

5.1. Passive Methods

Passive mitigation relies on modifying system parameters without an external energy source. Increasing
structural damping c is the most direct approach, as it increases cef(Eq. 11) [18]. Viscoelastic materials and
constrained-layer damping treatments have been applied to precision guideways for this purpose [19].
Lubrication is another effective passive strategy; appropriate lubricant formulations can reduce or eliminate
the Stribeck-regime slope [20].

5.2. Dither-Based Control

Dither control introduces a high-frequency low-amplitude signal superimposed on the driving input. This
effectively smooths the friction nonlinearity by averaging the friction force over the dither cycle, converting
the discrete stick-slip transitions into near-continuous sliding [21]. The optimal dither frequency must
exceed the natural frequency of the system to avoid mechanical resonance. Dither has been applied in
hydraulic valves, precision positioning stages, and robotic actuators [22].

5.3. State Feedback and Friction Compensation

Model-based friction compensation employs an observer to estimate the friction state variable z in the
LuGre model and feeds a compensating signal to the actuator [13]. The control law takes the form:
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U= Upom T F‘I\VI (14)
where tnom is the nominal control input and F is the estimated friction force from the LuGre observer [7,
13]. This approach has been shown to achieve position tracking errors below 1 um in precision linear drives
[23].
5.4. Sliding Mode Control

Sliding mode control (SMC) is inherently robust to friction nonlinearities due to its discontinuous
switching structure [24]. The sliding surface is defined as:

s=eée+le=0 (15)

where e is the tracking error and A > 0 is a design parameter. However, chattering in SMC may itself excite
stick-slip-like behavior; hence, smoothed variants such as boundary layer SMC are preferred [25].

Table 2. Summary of stick-slip mitigation and control strategies.

Category Strategy Mechanism of Action Main Advantage / Disadvantage
. Structural Damping Ingregses $c_{eff} 5 Advantage: No external energy required.
Passive " eliminates negative . .
& Lubrication . Disadvantage: Hard to tune dynamically.
friction slope.
Smooths friction Advantage: Simple to implement.
Active Dither Control nonlinearity via high- Disadvantage: Can excite higher-order
frequency signals. resonances.
Estimates friction state Advantage: Highly accurate for sub-micron
Active State Feedback / (e.g., LuGre $z$) for tracking.
Observer £ ; Disadvantage. Relies heavily on exact model
compensation.
parameters.
) Sliding Mode U§es Fhscontmgoug Advantage: Rob-us.t against parameter
Active Control (SMC) switching to maintain variations.
sliding surface. Disadvantage: High risk of chattering.

VI. APPLICATIONS

Stick-slip phenomena have been identified and studied in a broad range of engineering and natural
systems. In oil-well drilling, torsional stick-slip oscillations of the drill string cause severe fatigue and bit
damage [2]. Anti-stick-slip control algorithms have been developed that modulate the weight on bit and
rotational speed to avoid the instability region [26].

In robotic joint mechanisms, stick-slip introduces jerky motion and degrades trajectory tracking
performance [4]. Harmonic drive gearboxes, widely used in collaborative robots, exhibit pronounced stick-
slip due to their thin flexspline and irregular contact geometry [27]. In machine tool cutting processes,
friction-induced stick-slip between the cutting tool and workpiece contributes to chatter, surface roughness,
and tool wear [28].

At the nanoscale, atomic force microscopy (AFM) studies have revealed that stick-slip is the dominant
mechanism of atomic-scale friction and wear [29]. Tomlinson’s model for the Prandtl-Tomlinson
framework and its extensions have been used to explain the periodicity of lateral force fluctuations observed
in AFM experiments [30].
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VII. RESULTS AND DISCUSSION

Representative studies of SDOF systems using LuGre model parameters generally observe limit cycle
oscillations for low belt velocities. The resulting peak-to-peak displacement amplitudes are reported to be
consistent with the analytical prediction from Eq. (10). The frequency of oscillation matches the system
natural frequency to within 3%, validating Eq. (13) [1].

Comparison of the three friction models shows that the Coulomb model overestimates stick duration,
while the Stribeck and LuGre models produce smoother, more physically realistic transitions. The LuGre
model additionally predicts a presliding hysteresis loop with a width proportional to F¢/co, in agreement
with experimental measurements reported in the literature [7, 23].

As demonstrated in several studies, friction compensation based on the LuGre observer (Eq. 14)
successfully reduces oscillation amplitude by over 90% within three oscillation cycles, demonstrating the
effectiveness of model-based control for stick-slip suppression [13]. These results are consistent with
experimental findings in precision ball-screw drives reported by Ro et al. [23].

VIII. CONCLUSION

This paper has presented a comprehensive analysis of stick-slip phenomena in mechanical systems. The
key contributions are as follows: (i) The governing equations of motion were formulated using Coulomb,
Stribeck, and LuGre friction models; (ii) A stability criterion was derived, showing that stick-slip arises
when structural damping is insufficient to overcome the negative friction-velocity gradient; (ii1) The critical
belt velocity threshold and stick-slip frequency were derived analytically and validated through numerical
simulations reported in the literature; (iv) Passive and active control strategies were reviewed, with friction
compensation and dither control identified as particularly effective methods.

Future work should address multi-degree-of-freedom systems, thermo-mechanical coupling in the contact
zone, and the development of adaptive friction compensators that do not require precise knowledge of the
LuGre model parameters. Experimental validation on precision drive systems under varying load and
temperature conditions is also recommended.
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