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Abstract — In this article, I will give an integer non-linear programming model of the first phase of the
three-phase method. The objective function of this model has got an indefinite quadratic form. This problem
has not got any exact algorithm. But the variables of the model are special, as these are integer variables,
and their values are 0 or 1. If we substitute these variables with new special variables, and change some
conditions, the new model will be linear integer programming model. The components of the original
objective function are rational numbers (these components are cost components), so it can give a new
objective function with integer coefficients. The optimum of this new function will correspond with the
original objective function. The new model with the new objective function has got an exact solving method
this time.

Keywords — Non-Linear Programming, Integer Programming, Linear Programming, Gomory Cut Method, Section Plane,
Gradient Method, Cutting Plane

In this article | show that the centre problem with
three phases has got a non-linear condition system
with a non-linear objective function [1]. This
problem cannot solve generally. But the variables of
the problem are specially, especially are integer with
value 0 or 1. If we substitute these variables with a
new variables, and modify the condition system and
the objective function then we will get an linear
integer programming model. The components of the
original objective function have got rational values,
so we make a new objective function with same
optimum. Regarding this objective function, the
problem has got suitable exact solving method [10].

I. INTRODUCTION

In earlier articles | have shown that the problem
of establishment has got a mathematical
programming model [2,3]. The establishment
problem is not a special centre problem. The centre
problem has not got general solving method. But, in
special case like our problem good approximate
method can be given. In earlier articles | gave an
effective heuristic algorithm with three phases for
this problem. But the question is that the problem
has got an exact solving method. To answer this
question, | have to examine the third phase only,
because of another two phases has got exact solving
method [2,3,9].
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As follows | give the model and the solving
method.

Il. MATERIALS AND METHOD

A. The condition system of the problem

The condition system equals the condition system
of the model [1,2], so we use this system. In this
article 1 do not detail the meaning of the
components, | gave the meaning of the components
earlier, and I will not use the meaning of the
components.

In sort of the model of the problem is the
following:

xp; = 0;xy; =int @
(k=1,.ni=1,...,psv=1..,m) 1)

[z N
Vij = O,ykj =int

k=1,.nj=1,.,rou=1,..,w) (2)
g=1x}éi =1;(=1,...,p0v=1,..,m) (3)

Yy =Lk=1,mu=1.,w) (4
?01xquw Ck (k=1,. =1,..,m)(5)
b0 Xk Qi = ¢ (k = 1, v =1,..,m)(6)
k= 1yk] ve1 xkldl[,l < bju;

G=1,. ro,,u—l,..., w) (7)

Kred(x»Y) =

14 T
Zi£12£=12vm=1x%12 2 ZW 1kk1us(2t 1QLtatu)lk] k]

p BS
Zi£1 Z:/n=1 Zz=1(kkw ;éllkl + kkvckl) xkl — min

(8)

Denote

x =[xyl ¥y =[] ©)
This minimization problem is a non-linear
programming problem.

B. Converting the problem to a linear integer
problem

Solving this problem, we have to make a linear
condition system with a linear objective function.
Substitute the components y with components y’.
Components y are used in three conditions
[(2),(4),(7)] and objective function (8). We have to
convert these elements. Denote

Y’lek = Xllyk] (k =1,.ni=1, ""po;j —
1,.,rl=1...mu=1,...,w;v=1,..,m),

1. CONVERTING THE CONDITION (2)

Regard the condition (2). This will change in the
new condition system. The new condition is
y’;’l‘;k > 0;y') luk = int (12)

because the components x and y are non-negative.
These variables are integer (with value 0 or 1),
because product of two integer variable is integer

(with value O or 1).

2. CONVERTING THE CONDITION (4)
Using (10) and (3)

Ve _

=1y lijk ?=1x2/i}’16- = )’;ﬁtj Xl Xy = y,fj
(12)
we get the expression
1= 1}”;/5,( y,ﬁ‘,-; i€{1,..,po} (13)

This is the converting expression. Using the
condition (2) (4), we get the equation

SNy =1 (14)
Regardmg the condition (2) we get the expression

Z;O 1ylzljk = Z] 1xllyk] = xll Z;Ozlylgj = xlvl
(15)

Converting (16), the new condition (4) is

—x + 22,V =0 (16)

3.3. CONVERTING THE CONDITION (7)

%?ft side of the condition (7) is non-linear:

121 1xkld <b

in < (17)

k= lykj

Convertlng this expression for this way:

12 i= 1xklyk]dlﬂ < b (18)
Usmg the expression (10), get
12 121 1y,]1:t;kdl/,t = bju (19)

The left side of the new condition depends on

y" i ]k linearly. All conditions are linearly now.

4. THE OBJECTIVE FUNCTION

Regard the objective function (8) (this is the
reduced cost function). Sort this function to the
following form:

red(x }’) - -
Zpolzﬁ 121/ 12 012# 1 k]ug(zznlqttatu)lk]xktyk]

25;01 Zv:1 Z 1(kll(;{lglckllkl + kllg/ckt) xkl (20)
Apply the expression (10):
Kreq (x, }") = . v
Zfﬁl 2221 Ztr/n=12 0 kl?fus(zyil qitatu)ll’cjy’kli;‘k +
DI Zﬁzl(kEiC%llm + ki Ck) X (21)
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This function is an objective function of the
linear integer programming problem. The
completely new model is the following:

Xz 0xy=intek=1,.ni=1,..,psv=1,..,m)
ylv.[{ > Oy/vpt — lnt
lijk =— 7’7 lijk
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k=1
™o n
Zy,ril;k_l(l_l pok=1...mv=1..,mu
j=11=1
=1,..,w)
To
S Y Y = 0=k =
Jj=1
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i=1
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le]c/iqiv 2 Cv; (k = 1' WY = 1, ,m)

i=1
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(22)

C. Theorem

The problem (22) has got an optimum if, an only
if the original problem has got optimum. Optimum
of the original problem can give from the optimum
of the problem (22) The optimal value of the
objective function of the problem (22) is equal to the
optimal value of the objective function of the
original problem [16-18].

D. Proof

Denote Ly set of possible results of the original

problem and Ly set of possible results of the

problem (22). Choose a [;] € Ly. Convert this

possible result to [;,] using (10). According to (11)-
(19), this vector satisfies the condition system of
problem (22), so[;,] € Lg.

It will be true if the sets are exchanged. Now
choose[;,(,] € Lg. Use the converting expression.

X
The given vector [y] satisfies the conditions (1).

Non-negative and integer x and y satisfy the
condition (2). The truth of the condition (3) follows
from (13,16). The condition (7) is transformed from
(19,18,17) with equivalent steps.

X
Suppose that the vector [yg] € Ly is an optimal
solution of original problem. Then

Krea(X0,¥0) < Krea(X, Y),[;] € Ly

Make a vector [);Z] € Lg according to (10).

Krea(Xo,Yo0) :XI?red(XO'Y(’J)- (242

Every vector[y,] € L has got a vector [y] €
Lyi € {1,...,p0}-

(23)

This satisfies this expression

Kred (X' Y) = Ered (Xr yl) (25)
Then
_ Krea(X0,¥0) = Krea(X0,¥0) < Krea(X,y) =
Kreax,y") (26)

It follows from the foregoing that the vector
X
[YZ] € L is optimal solution of (22). This statement

X
IS true reverse. Suppose that the vector [y(’)] €Lgis
0
optimal solution of (22), and then according to
. . X :
previous sequence of ideas, the vector [yg] €Lyis

an optimal solution of original problem. //

Follows from this theorem, that the value of the
variables xy; is equal the value of the origin
variables x, the value of the origin variables y,fj can

be determined by converting expression (13). It
follows from this that we must solve only problem
(22).

The components of the objective function are
costs components. The cost components are rational
numbers. Multiple the components of the objective
function by a suitable constant. Let this constant be
the lowest common multiple of the denominators of
the cost components:

Kiea =k - I?red (27)

where k the lowest common multiple of the
denominators of the cost components.

Then all new components of the objective
function are integer numbers. Denote

%= [}’f] (28)
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¢ =[¢], ¢ (29)
where
¢ =k [(C0, Xioa (kdiekilis +
KieyCii) Xiei)], (30)
&=k [kz?fus(Z?il Qitatu)l;cj]' (31)

The model (22) can be transforming the next

form [10]:
x €{0;1}
AX<b

f(®) = &% > max

The objective function is limited on the set of the
possible results. Proof of this fact is very simplified.
The values of the components X are 0 or 1, the values
of the components € are integer numbers. It follows

f=¢x<e1=K (33)

¢.=int (32)

E. The solving algorithm

This problem already has got an exact solving
method. One of these methods is g-cut method for
integer programming problems. The other method is
the Gradient Method. This method is based on
method of the cutting planes [11]. | describe this
method in more detailed.

STEP 1.
Regard the continuous problem

0<x<1
AX<b (34)
gx) =xE*—-1) > max

and solve this problem. This problem has got
exact solving method, because

J®=%F-1)=¥¥-%¥1=¥Ex—%1 (35)

Matrix of the quadratic form is positive definite
(identity matrix E), then in this case the problem can
be solved [10].

Try to find the local minimum of the problem with
the Gradient Method, after then restrict the set with
the cutting plane method. Do this step until the set L
will be empty. Choose the maximum of the local
minimums. It is the optimum. Function g is limited
on the set of possible results (L), because

Jg@<0x€el (36)

In this case if the problem has got possible result,
then objective function g (is limited on L) has got
optimal result.

STEP 2.

It can be two cases:

a) g(’fo) = 01

b) §(%o) <O0.

In case b) the integer problem has not got any
possible results. In case a) it has got any possible
result. In this case add the condition

f&) = f(xp) +1 (37)
to the problem, and solve the problem below again
with objective function g:

0<x<1
AX<b
fG) = f(X) +1

gx) =x*—-1) > max

(38)

STEP 3.

Do this procedure from step 4.2. until will be case
b). It is bound to happen, because function f is
limited on the set of possible results of condition
system (32). If it happens in iterating step i, then the
optimal result will be ¥;_; of the previous step.

111. CONCLUSION AND DISCUSSION

In this article | show the model and solving
method of the inside phase of establishment of the
postponed assembly plants of the multinational
enterprise using reduced cost. | converted the origin
non-linear problem to a linear integer programming
problem. | used solving method [11] for this
problem. This method gives the optimal result if it
exists. This method gives the optimum, but this
method is not effective furthermore the size of the
problem changes form

(po-m+ryg-w+2n-m+ry-w) X [n-(py-
m+ry-w)l (39)

to

(po-m+py-n+m-w+py-n?-w-m+
2n-m+1ry-w)X[n-py-m-(A+1r,-w)]

(40)

Now I don’t know count of the steps of the
problem, but the algorithm is finite [2,11]. From the
early analyzing it seems the method is very
complicated ineffective. Earlier [3] | gave a new
effective heuristic algorithm for this problem. Based
on the above and [2] | can tell it is suitable the
heuristic algorithm for the solving of the
establishment problem, where the maximum order
of the efficient matrix is only

max(n - pg;n-ry;w-m) (42)

But very important fact, the establishment
problem has got exact solving method.
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