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Abstract – Brownian motion is defined in many literature sources as the random motion of microscopic 

particles in a liquid or gaseous medium. The cause of this motion has long been unknown. The explanation 

of Brownian motion is that molecules in solution are constantly colliding due to thermal motion and these 

are random. Over time, this motion has also become the basis for many problems and practical exercises in 

the natural sciences and has become popular in computer science. Brownian motion simulation and its 

variations have many positive features. They not only allow the understanding of natural phenomena but 

especially allow the understanding of random processes. In the classroom, we can practice generating 

random numbers (e.g. using our own random number generator and testing it), creating various commonly 

occurring phenomena with a random character (the shape of lightning, a drop running down glass, the 

formation of copper crystals or a snowflake), or even linking them to statistics (statistical evaluation of the 

results of work). The tasks presented in our paper are designed for two-dimensional simulations. However, 

the same procedures are also well applicable to three-dimensional simulations. This can be an assignment 

for students, for example, for a midterm project. In this way, we can also use Brownian motion for project-

based learning and contribute to collaborative teamwork.   
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I. INTRODUCTION 

Nowadays, there is a great emphasis on practical 

computer science in education as well. The current 

state of development of computer science as a 

discipline is finding its place in more and more 

areas. [9] This boom also brings with it many 

complications that must also be taken into account 

in the school environment - for example, children's 

rights and child protection. [20] Many of the modern 

practices used in practice are also finding their way 

into the teaching process. This is made possible, for 

example, by the affordability of both hardware and 

software products. Such include, for example, the 

various UAV implementations with their associated 

cultural heritage protection which is very modern. 

[2][4][5][6][7][8][9][10] The use of UAVs can 
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result in, for example, a 3D model. These 

implementations are nicely described in several 

publications, e.g.:[12][14] With emphasis also on 

the economic aspect, which has also gained in 

popularity in recent years, especially after the 

pandemic period. However, [22] in these 

implementations, basic simulations are often 

forgotten, while they can also help to foster cross-

curricular relationships, e.g. with mathematics or 

biology. Brownian motion is one such example, 

which can also be implemented in a playful way in 

many educational domains and innovative 

techniques. [6][11][13][14][15][16][17][21] 

Examples include random UAV flight planning, 

random processes in microworlds, etc.  [3][7] But 

for this we need to understand the basic principles 

of using random variables. And this is the area we 

want to address in our publication. We want to point 

out the support of both algorithmic thinking but also 

a deeper understanding of physical processes using 

simulations. But for this, a sufficient knowledge of 

programming is necessary, and therefore our work 

builds already on the basic knowledge of 

programming. [20][23] In the simulation of random 

processes, the wandering task is often used which 

we will also use.  Random wandering was first 

investigated by the Scottish botanist Robert Brown 

in 1827 using experimental tools. It was one of the 

first random processes to be simulated on a 

computer. Brown observed that the smaller the 

particles and the warmer the liquid, the more intense 

the motion. [1]  And we will try to simulate this 

movement.  

 

II. MATERIAL AND METHODS 

Assume that the random wandering of the particle 

occurs along a line. The particle takes equal steps of 

length l with probability p to the right and with 

probability 1-p to the left, i.e: 

∆𝑥 = {
+𝑙:         𝑝 𝑤𝑖𝑡ℎ 𝑝𝑟𝑜𝑏𝑎𝑏𝑖𝑙𝑖𝑡𝑖𝑒𝑠
−𝑙:  1 − 𝑝 𝑤𝑖𝑡ℎ 𝑝𝑟𝑜𝑏𝑎𝑏𝑖𝑙𝑖𝑡𝑖𝑒𝑠

 

 

Let xt denote the position of the particle after step 

t. In this case: 

𝑥𝑡+1 = 𝑥𝑡 + ∆𝑥 

 

It is therefore valid: 

𝑥𝑡 = ∑ ∆𝑥

𝑡

𝑖=1

 

 

Using the xt function, we can now graphically 

visualize the wander, as shown in the following 

figure, where t is on the x-axis and xt on the y-axis. 

 

   
Fig. 1 Some simulations of particle motion 

 

III. RESULTS 

The basic simulation mentioned above is well 

known. However, it is not suitable for practical 

demonstrations and simulations in the classroom. 

Therefore, we will adapt this basic principle to a 

two-dimensional simulation - to make it clearer.  

And this is the first task for students to create a 

program that represents the Brownian motion 

principle. Students should understand that in a two-

dimensional presentation, they will have to generate 

four random numbers. A common question from 

students is that what good is this?  We need to 

explain to them that it simulates the uniform and 

disordered motion of microscopic particles in a gas 

or liquid. Wandering was one of the first processes 

to be simulated by computer. Let's assume that this 

wandering takes place on a square grid. We can do 

this by making each node of the square grid a pixel. 

Furthermore, we can simplify the task by moving in 

only four directions in the pixel space, i.e. left, right, 

up and down - with probabilities p1, p2, p3 and p4. Of 

course, ∑pi = 1. The displacement travelled must 

also be equal to the size of the pixel, so that 

wandering from one pixel to another can only occur 

towards one of the pixels around it.  Generate a 

random number ξ   0, 1) with uniform 

distribution. Furthermore: 

- if ξ ≤ p1 - step left, 

- if p1  ξ ≤ p2 - step right, 

- if p2  ξ ≤ p3 - step up, 

- if p3  ξ ≤ p4 - step down. 

t 

xt 
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Fig. 2 Simulation of Brownian motion on the grid with 

different step distances 

 

You can also try to simulate Brownian motion in 

three dimensions with your students. This could be 

a joint project or homework.  In this case, it will be 

useful for us to present the time steps of the 

simulation with colour changes. 

 

Another task could be to simulate the movement 

of water droplets on window glass. The water 

droplets move down the glass due to gravity, but the 

surface of the glass also causes them to move left 

and right. The movement is not isotropic. We have 

4 directions: up, down, right and left, with 

probabilities p1 = 0.6, p2 = 0.1, p3 = 0.15 and p4 = 

0.15. Of course, ∑pi = 1. We can apply the 

simplifications above to this simulation. The result 

of such an experiment is illustrated in the figure. In 

further tests, we can try to vary the probabilities and 

observe how the trajectories of the water droplets 

change. In the same way, we could observe a small 

probability at each step, e.g.   0.03. If this were to 

happen, two water droplets would be created from 

one water droplet and both would continue on their 

paths. In this way, we could even simulate lightning. 

 
Fig. 3 Simulation of water droplets [1] 

 

The third task is Diffusion-limited aggregation. 

This is a more complex problem, which not all 

students may be able to solve easily. It is therefore 

very important for the teacher to explain the exercise 

to the students. Fluffing and particle diffusion are 

the basis of many growth processes. One of the most 

beautiful examples is the formation of snowflakes 

or crystals. The individual steps could be described 

as follows: 

− Place a nucleus in the centre of the square 

lattice.  

− The particles wander around the grid, and 

when they approach the nucleus to the point 

where they are in the vicinity of the nucleus, 

they stop wandering and at that position they 

land on the nucleus - they stay there.  

− It is important that the particles arrive 

isotropically - from a great distance and 

from all directions.  

− There should only be one particle wandering 

on the grid at a time - the particles should not 

be able to influence each other. 

− It is easy for particles to move away from the 

nucleus rather than towards it. Such cases 

would reduce the optimality of the 

simulation, so if the particle moves away 

from the nucleus, at a certain distance it is 

ignored, no longer counted and a new 

particle is launched. If an Image type 

component is used for the simulation, the 

boundary is the edges of the Image. 

 
 

   
Fig. 4 The shape obtained using the DLA algorithm after 40 

000 000, 55 000 000 000 and 95 000 000 particles are 

launched [1] 

 

Remember that as the particles adhere, the shape 

will also increase. We should expect this and launch 

the particles further and further away. Shapes 

created using diffusion-limited aggregation are 

some of the most beautiful. They have many 

variants and are used for statistical calculations.  

 

The last exercise that you can do with your 

students may involve different modifications of the 

previous exercise. Two examples of these are shown 

in the following figure. 
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Fig. 5 The two snowflakes created using the DLA algorithm 

(two seeds were placed at the beginning of the growth 

process) and the simulation of the growth process on a 

straight line [1] 
 

IV. CONCLUSION 

We have deliberately avoided showing program 

codes because we think that these are easy to 

compile from the mathematical equations we have 

presented. Nevertheless, we believe that by 

implementing the techniques mentioned above, we 

will contribute to the popularization of Brownian 

motion and to the understanding of its contribution 

in the natural sciences. As mentioned in the 

introduction of this paper, we are already building 

on some knowledge of programming. Thus, we do 

not recommend implementing these tasks in courses 

on programming fundamentals, but in classes that 

have already covered these fundamentals.  
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